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1 GENERAL CONCEPTS OF TELECOMMUNICATION SYSTEMS

The branch of science “telecommunication theory” studies the common rela-
tionships of information transfer on distance. The object of studying is telecommuni-
cation system.

Telecommunication system provides transfer of information on distance by
electric signals. The problem of information transfer on distance is formulated as:
there is a source of the information (a person, a computer, etc.), having some infor-
mation that is necessary to transfer to the remote recipient. This information should
be transferred with the given level of fidelity and with an allowable delay. To discuss
this problem we shall define the basic concepts: information, message, signal and
communication channel.

1.1 Definition of basic concepts

Information is a collection of knowledge on any process, events, object. This
knowledge reduces uncertainty for the recipient before it obtains knowledge. For
transfer or to store information it is used different signs (or symbols), which allow to
present it in some form.

Message is a material form of representation of information. First of all it is a
set of signs that represent information. Message transfer on a distance is carried out
by a signal.

Signal is a physical process in which message is represented and which is used
to transfer information on distance. Signal can be electric, sound or light. In the tele-
communication theory (by default) signal is an electric current or a voltage that repre-
sented the transferred message.

Information system is a system, which functions on the basis of information
usage. Information takes place outside and/or inside considered system. Special case
of information system is a telecommunication system.

Telecommunication system provides message transfer with a certain quality
from a message source to a message recipient. Telecommunication system can pro-
vide one-way message transfer (broadcasting) or two-way message transfer (commu-
nication). In the first case simplex transfer takes place, in the second case duplex
transfer takes place: full duplex— when a system provides simultaneously reception
and transfer of messages; half duplex — when a system provides reception and trans-
fer of messages one-by-one.

The generalized block diagram of telecommunication system for one-way mes-
sage transfer is shown on fig. 1. Here a(¢) is transmitting message; d(t) 1s receiving

message; b(f) is transmitting baseband signal,; l;(t) is receiving baseband signal. In
the case of duplex transfer it is necessary two sets of the units shown on fig. 1.

Message a() Source b(Q Communication b(t) Source (t) Message

source encoder channel | decoder recipient

Figure 1 — Generalized block diagram of telecommunication system



A source of information gives out information by messages. The construction
of the equipment is mainly defined by characteristics of transferred messages; there-
fore we speak about “message source”, instead of “information source”; in a similar
way we speak about “message recipient”, instead of “information recipient”.

1.2 Messages and baseband signals

All messages are divided into continuous and discrete messages.

Discrete message consists of sequence of separate signs, which quantity is fi-
nite. These signs form an alphabet of a source. An example of a typical discrete
message is the text. Transformation of discrete messages to electric signals consists in
their encoding which is carried out by a source encoder. Encoding of a message is

Encoding carried out on the basis of a code. Code is a rule or a table
on the basis of which each sign of a message is converted
into the code combination (a set of binary symbols) (fig.

A 111001 2). As a result of encoding we receive digital baseband
B 110001 signal (fig. 3, a). Inverse transformation of digital base-
C 000110 band signals to messages consists in decoding, which is
________ carried out in the source decoder (fig. 1). The basic char-
7 010110 acteristic of a digital signal is its rate R, bit per second (bit
M is the short name of binary symbols). On fig. 3, a it is
. shown 7}, = 1/R, T} 1s bit duration.
Decoding

Continuous message represents a change of some
Figure 2 —Illustration of  tjme continuous magnitude (for example, sound pres-
encoding and decoding ¢ \\re) Transformation of continuous messages to electric
signals is carried out by different transducers (for example, a microphone). As a re-
sult of transformation we receive a continuous baseband (analog) signal (fig. 3, b).
The basic characteristic of a continuous baseband signal is the maximum frequency
of its spectrum Fi,,« that characterizes its speed of change.

b(n

y b(?)

1 0 1 1 0 /

0 T 2T, 37, 4Ty t t
, ) "

Figure 3 — Baseband signals: a — digital signal; » — continuous signal

1.3 Communication channel

Communication channel is a set of devices for transfer of electric signals on
distance.

If a baseband signal is a digital one then communication channel must be digi-
tal. If a baseband signal is continuous then communication channel must be continu-
ous.

A continuous baseband signal can be transformed into a digital signal for trans-
fer by a digital communication channel. In that case there will be analogue-digital
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conversion. So, in case of digital transfer of continuous messages a source encoder
transforms messages into a baseband continuous signal, and then — in a digital signal.
Digital transfer has a lot of advantages in comparison with analogue transfer. Digi-
talization of transmission systems takes place during several last decades.

Transformations discussed above are shown on fig. 1.

A communication channel can be simple or compound.

We shall consider construction of compound channel as part of a telecommu-
nication network.

1.4 Communication network

Network is a set of nodes
and links which provide informa-
tion exchange between users (users
are sources and recipients).

There are user nodes (UN)
where a terminal equipment is used,
and switch nodes (SN) where Figure 4 — Fragment of network topology:
switching of channels or packages SN — switch node; UN — user node
is carried out. On fig. 4 the frag-
ment of logic topology of a network is shown. It takes part in transfer of information
between the considered user nodes. In one UN there is a message source and a source
encoder, and in other UN — a source decoder and a message recipient. User node is
called also the terminal equipment.

Links that form a communication channel are traced by dotted line.

1.5 Transmission systems

Links of network are called transmission systems. Transmission system that
connects user node with the nearest switch node is called access system.

On fig. 5 block diagram of typical digital transmission system is shown.

The transmission system is constructed on the basis of a transmission line.
Transmission line is a physical circuit (cable) or a free space (radio communication),
used for transfer of a signal on distance.

The baseband digital signal is coded by the error control code allowing at de-
coding to find out or correct errors, arising at transmission.

The modulator forms a signal, which is well suited for transmission over the
line. In other words, the modulator coordinates the characteristics of the signal with
channel characteristics, in particular bandwidth. The primary demodulator recovers
a digital signal from the modulated signal.

In some cases, the channel encoder and decoder may be absent, if a demodu-
lator recovered signal with high quality.

—

——1b(r)
b(t bt { Qi { b.(t
(O] Channel |b:0) Modulator s(1) Transmission Z()= Demodulator c() Channel |
encoder line (channel) decoder

Figure 5 — Block diagram of a typical digital transmission system



1.6 Interference and distortion

Interference — any impact on the signal during transmission, which causes the
random deviation of the signal values. Interference are classified according to the fol-
lowing criteria: origin, physical properties, nature of effects on the signal.

By origin interference can be divided on:

— thermal noise — noise from the equipment;

— interference from outside sources that enter to the input of demodulator.

By physical properties interference can be divided on:

— fluctuation of the obstacle (synonym) noise, a continuous oscillation that
varies randomly;

— pulse—interference — isolated short pulses of random duration and intensity.

— concentrated (on the spectrum) interference — modulated or is a harmonic
oscillation with a spectral width which is less than or comparable to the spectral
width of the useful signal.

By nature of the impact on the signal interference can be divided on:

— additive interference — its instantaneous value is added to the instantaneous
values of the signal.

— multiplicative interference — its instantaneous values are multiplied with the
instantaneous values of the signal.

Signal distortion is not accidental change of the waveform due to non-ideal
characteristics of electrical circuits and devices through which the signal passes.
There are linear and nonlinear distortions that occur, respectively, in linear and non-
linear circuits. In the general case of distortion of the signal negatively affect the
quality of messages recovering, and therefore they should not exceed the established
norms.

1.7 Main characteristics of telecommunication system

Main characteristics of telecommunication system are:

— accuracy of message transfer or quality of message transfer;

— transmission rate or quantity of transferred information per 1 second.

In communication channel signal is distorted because of noise action. A noise
is occasional influence on a signal that makes complicate signal transfer.

Distortion of digital signals will consist of occurrence of errors — instead of ac-
tually transferred symbols to the recipient other symbols come. Such kind of distor-
tion is quantitatively characterized by probability of a symbol error. Distortion of
continuous signals will consist of their form changing because of noise covering. Dis-
tortion of continuous signals can be characterized by an average square of difference
between accepted and transmitted signals or the signal/noise ratio.

For messages transfer on a telecommunication channel it is necessary to spend
a band of frequencies and power of a signal (the basic resources of a telecommunica-
tion channel). So, the main tasks of telecommunication theory following:

— how to provide necessary quality of message transfer on a telecommunica-
tion channel;

— how to provide necessary transmission rate on a telecommunication channel
at limited resources of a telecommunication channel.



Questions for section 1

1. Define the concepts of information, message, signal.

2. What problem does the system of electric communication solve?

3. What is the difference between "communication" and "broadcasting"?

4. Define discrete and continuous messages.

5. How to get the baseband digital and analog signals?

6. Define the concept of communication channel.

7. Under what conditions should the communication channel be continuous and
what be digital?

8. How is digital transmission of continuous signals carried out?

9. Define the concept of communication network.

10. Define the concept of terminal equipment and the switching node.

11. Define the concept of transmission system.

12. Define the concept of transmission line.

13. What is the purpose of digital signal encoding by error-control code?

14. Define the concept of modulator and demodulator.

15. Define the concept of noise and the classification of noise.

16. Define the concept of distortion.

17. What are the quantitative measures of noise impact estimation and the es-
timation of distortion on digital and continuous signals?
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2 ELEMENTS OF GENERAL THEORY OF SIGNALS

2.1 Classification of signals

Signal is rather wide concept. Signal is a process of change in time of the phys-
ical phenomenon or a state of any technical object. Signals serve for mapping, regis-
tration and transmission of message. The common for signals is that in them the in-
formation is assumed in it. We shall consider, that a signal is an electric voltage or a
current.

The most natural mathematical model of a signal is function of time b(¥), s(),
z(#) and etc. Such function of time establishes conformity between any moment of
time ¢ and size s(¢). Considering mathematical models of signals, we abstract from the
concrete physical nature of a signal (a voltage, a current, an intensity of an electro-
magnetic field, etc.), considering, that function s(z) completely reflects the important
properties of a signal.

Depending on what values of a signal s and values of a variable ¢ are possible,
distinguished following:

1. A signal is continuous (fig. 6, a) if a set of values ¢ is continuous, i.e. the ar-
gument accepts any values on an interval of existence of a signal.

s(f) s(?)

Si-1

Figure 6 — Types of signals

2. A signal is discrete (fig. 6, b) if a set of values ¢ is finite. Discrete signal is
called also sequence, a time series. Such signal appears as a result of sampling a con-
tinuous signal. The step in time, through which discrete signal is given is called sam-
pling interval T.

3. A signal is quantized (fig. 6, c) if value s accept final number of values.
Such signal is a result of discretization on a level of a continuous signal.

4. A signal is digital (fig. 6, d) if it is also discrete, and quantized. Digital sig-
nals appear as a result of coding discrete messages, and also as a result of coding con-
tinuous signals for their representation by digital signals.

Signals are divided into:
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1. Baseband signal is a representation of the message of not electric nature by
an electric signal.

2. Modulated signal is a result of transformation of a baseband telecommuni-
cation signal in a signal for transfer by transmission line.

All signals are categorized as:

1. Determined signals — mathematical expression of determined (completely
known) signal is completely certain function of time set by a formula, a plot or the
table of values. For example, s(¢) = Aocos(2mfot + @o), where Ay, fo and @, are defined
numbers. All values s(¢) are known at any moment.

2. Stochastic signals — mathematical representation of a stochastic signal is
stochastic function of time, its values cannot be precisely predicted beforehand. Sto-
chastic function of time (stochastic process) is described by statistical characteristics
that characterize those or other properties of this function on the average. Stochastic
processes are more full mathematical models of communication signals, than the de-
termined functions of time. But many transformations of signals can be studied, us-
ing the determined functions of time. It can be simple function — harmonious wave-
form, a pulse, etc.

Any real signal s(¢) has final duration 7;. In many cases it is convenient to
count, that the signal is infinite on duration and exists on an interval (—o, ) or
(0, ).

Signals are real and complex. It is clear, that a signal is the real function of
time which represents a state of some object. Sometimes for convenience of the
mathematical analysis of signal transformations a complex signal is entered into con-
sideration

s(1) = 51(2) +J 52(0),
where s(7), s2(¢) is the real functions of time; depending on a solved problem s,() is

result of some transformations of function s,(¢) or function, not dependent from s,(¢).
Widely used complex exponent is an example

s(t)= e/*™" = cos2mfyt + jsin 2nfyt .

Frequently in devices of signal transformation the auxiliary signals, which are
not containing the information, are used. Such signals are auxiliary and refer to as
waveforms.

2.2 Energy characteristics of determined signals

The basic energy characteristics of a signal s(¢) are its power and energy. In-
stant power of the real signal is defined as a square of instant value s(¢):

p() =51, V*. 2.1)
Power of a signal characterizes signal intensity, its ability to influence on de-
vices, which register a signal.
Average power of a signal of final duration is defined by averaging (2.1) on an
interval of existence of a signal (0, T5)
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i)

P=— (2.2)
T, 0

N

Energy of a signal of final duration is defined as
T,
E =PT,=s*(t)dr. (2.3)

From the last ratio it is clear, that energy of a signal takes into account both
signal intensity, and time of its action.

Power and energy of a complex signal s(¢) are defined by ratios (2.1)...(2.3) in
which instead of s*(7) it is necessary to substitute s(f)'s*(¢) = |s(¢)", where s*(7) is the
function in a complex conjugate with s(¢); |s(?)| is the module of a signal s(%).

The signal refers to normalized, if its energy

E=1. 2.4)

In addition to function of time s(#), which completely defines a signal, other
time characteristic — correlation function of a signal in some cases is used. For a
real signal of final duration it is defined

T,

N

K (1)= js(t)s(z‘ +1)dt, (2.5)

0
where t — time shift which accepts both positive, and negative values. At t=0

Ky(0)=E,. (2.6)

For a periodic signal with period 7 which energy indefinitely big, is used the

following definition
T

K per(r):% [5()s(e + vt 2.7)

0
Function K ;. (1) 1s periodic with period 7, and

K per(0) = P. (2.8)
There are two signals s1(¢) and s,(¢). Concepts of mutual correlation function
is introduced for them
T,

N

K ,(1)= jsl(t)sz(t+r)dt (2.9)
0
and scalar product are entered
T,
(s,,5,)= jsl (¢)s,(t)dt. (2.10)

0

From last ratio it is clear, that (s,,s,)=K,.,(0).
Signals are orthogonal if scalar product of signals is(s,,s,)=0.
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Let consider definition of energy characteristics for the rectangular video pulse
(fig. 7). Analytically record of the rectangular video pulse is:

A, 0=¢<T,
s(t)=
0, ¢<0,t=T,.
Average power and energy are defined by ratio (2.1) and (2.3)

T,
P, =ijA2dt; E = AT, .
s 0

The correlation function of a signal is defined by a ratio (2.5). Let 0 <t < T,
Then

A*, 0<t<T, -,
S(t)s(tﬂ)_{o £<0, 1>T, — 1

and
T,—t
K (t)= [A%di=4%(T,-7).
0

When 1 > T} then K (1) = 0. In view of parity property of correlation function
final expression is written as

Ks(r)—{Az(TS —[l) [ <7,
0, MZTS.

The graph of correlation function of the rectangular video pulse is shown on
fig. 7.

s(f) K(7)
A }\
0 Ts t _TS 0 Ts T

Figure 7 — Rectangular video pulse s(¢) and its correlation function K(t)

2.3 Representation of signals in orthogonal bases

Among various mathematical methods, which are used while describing elec-
tric circuits and signals, representation of any function as the sum of more simple
("elementary") functions is the most widely applied. Let s(7) is the determined signal
of duration 7. Let present its weighed sum of some basic functions as

s@)y=> a,v,t), 0<t<T, (2.11)
n=l

where a, — factors of decomposition; y,(¢) — basic functions.
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Basic functions are selected according to those or other reasons, and then factors
of decomposition calculate. But factors of decomposition are calculated in more simple
way if basic functions are orthogonal on an interval (0, 7). Let multiply the left and
right parts of equality (1) on y; (?) also we make integration on an interval (0, 75):

[s@w i = [Ya,w,00,0di =Y a, [, O, (0.
0 0 n=1 n=l1 0

As functions y,(¢) and y,(¢) are orthogonal integrals in the right part are equal
to zero except for a case n = k — in this case the integral is equal to energy of basic
functions y(¢). Therefore last equality will be written down as

T,
[s@w, (dt=a,E, .
0

Let return to an index n and we shall write down a rule of calculation of de-
composition factors

T,
a, =%js(t)wn(t)dt; n=1,2,3, .. (2.12)

yn 0

If basic functions are orthonormal, so
T,
a,=[s(ty,O)d=(s,9,), n=1,2,3, .. (2.13)
0

A series (2.11), in which decomposition factors are defined according to the
formula (2.12), is called as generalized Fourier series.

While practical using of decomposition (2.11) it is necessary to limit the num-
ber of terms

SO = au, (). (2.14)

Thus the approximate representation of a signal s(¢) is got, which satisfies to
the certain measure of accuracy

E =|

S C—

[s(6)— s(O)dt = E, — iajEwn . (2.15)

It is usually considered, that the number N is selected in the way so that to sat-
isfy to the given measure of accuracy, and in writing of decomposition of a signal
s(?), a sign of exact equality is used

N
s(0=2a,v,(0). (2.16)
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Depending on properties of a signal s(¢) different systems of orthogonal func-
tions are used: trigonometrical functions, exponent functions, functions of samples
and Walsh functions.

After series expansion of a signal s(¢), decomposition factors completely set a
signal s(7), i.e. according to factors it is possible to recover a signal. Factors of de-
composition also allow to define energy characteristics of signal s(¢):

E, =] (%anwn(t)j di=Y d’E, 2.17)

0\ n=l

and scalar product of signals s,(¢) and s,(¢)

I N N N
(81,8,) = J.(zanl\lfn(f)J(zanz\Vn(f)de = Z_:anlaan\un ) (2.18)

0\ n=l

where a,; and a,, — decomposition factors of signals s,(¢) and s,(¢) appropriately.

Definition of decomposition factors can be made with hardware as shown on
fig. 8, a. This procedure is called the signal analysis. Predicted decomposition factors
completely describe a signal. Knowing them, it is possible to synthesize a signal — to
recover it according to decomposition factors (fig. 8, »). The circuits shown on fig. 8
find application in communication techniques. In a transmitter the analysis of signals
is performed, on a transmission channel the decomposition factors are transferred, in
the receiver synthesis of a signal is performed.

a a
] x j OS —1> —1> x >
—> x > jo N > x > Z ﬁgt)
T ay ay
> x » jos ———> > x —>
i) (w2d) ... WMD) i) W) ... WMo
Generator of basic functions Generator of basic functions
a) b)

Figure 8 — Circuits of signal analysis (a) and synthesis ()

2.4 Geometrical representation of signals

s(al, az»---aN) . While.mat}'lematical describing signals are conven-

ient to consider it as vectors or points in some space

/ (fig. 9). Let remember, that a vector is a segment of a given
Figure 9 — Vector § in dirs:ction and lengths. Usually a vector is set by coordinate's
N-dimensional space of its end. The system of coordinates should be set by unit
vectors, angles between which are equal 90°. So, to a sig-
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nal s(¢) the vector s is put in conformity.
The basic ratios for N-dimensional linear metric space are:
— length (norm) of a vectors

Al 2
Is|= /éan ; (2.19)

— distance between vectorss; and s,

N

d(§19§2):\/2(a1n —dyy )2 ) (2.20)

n=l1

— scalar product of vectors s, and s,

N
(§17§2): Zaln ’ a2n : (221)
n=l

Total sum of all functions of time set on an interval (0, 7) is called a functional
space. These functions are considered as vectors in functional space. Coordinates of
these vectors are values of functions of time. It is clear, that N — 0, and ratios
(2.19) — (2.21) are passing in the following

— length (norm) of a vectors

Is| =[5> ()t =JE, , (2.22)

0

it is important to remember, that the length of a vector is equal to a root from energy
of a signal;
— distance between vectorss; and s,

d(m)-ﬁ@l(r)—sz(r»zdr; o2

0

— scalar product of vectors s, and s,

T,

(51,8,)= [ 5,(t)s,(r)ar . (2.24)

0

Let address to decomposition of signals in generalized Fourier series
N
s@)y=>Y a,v, (). (2.25)
n=l

We take into consideration, that basic functions are orthonormal and are nor-
malized. Let rewrite a ratio in the vector form

s=Yavy, . (2.26)
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Hence, if a signal is decomposed into generalized Fourier series it can be pre-
sented in N-dimensional space.

2.5 Spectral analysis of periodic signals

In the theory and techniques of communication the trigonometrical basis is
the most widely applied to the decomposition of signals in series. Wide application
of these functions in the theory and techniques of communication is caused by that
while passing through linear circuits the form of each of them does not change — only
their levels and phases change (there is a shift in time).

For a periodic signal Fourier series:

s(t) = %0 +Y (a, cos2mnf,t + b, sin2mnft). 2.27)

n=l

where f; = 1/T, Tis period of a signal s(¢);
2 T/2 2 T/2
a,== [s(@t)cos2nnfitdt, n=0,1,2,..; b,== [s(t)sin2mnfytdt, n=1,2, ..
T—T/Z T—T/Z

If to enter definitions

b
A4, =\/a,f +bf , ¢, =—arctg—",
a

n

that a series (1) will be transformed in:

s(f) = “—20 +3 4, cosQmnfit +¢,). (2.27a)

n=1

Decomposition of a signal (2.27) and (2.27a) are called Fourier series in a
trigonometrical form. It is more convenient to use a series (2.27a) as it directly es-
tablishes, what harmonious components a signal will consist of — what values of their
frequencies nf;, amplitudes A4, and initial phases @,. Series (2.27), defines a signal
spectrum.

Obvious representation of a spectrum is given by fig. 10 which an amplitude
spectrum is built on — dependence of amplitudes A4, on frequency and a phase spec-
trum — dependence of initial phases ¢, from frequency. Frequency f is called a ba-
sic frequency of a signal, it is equal to number of the periods of a signal in a second.
Harmonious fluctuations with frequencies nf; (n = 2, 3, ...) are called harmonics of a
signal s(¢): 2f; —second harmonic, 3f; —third harmonic, etc.

The amplitude spectrum allows to define bandwidth, as dimension of fre-
quency range where total energy of components equals the certain share of full en-
ergy. If a considered signal spectrum adjoins to zero frequency its bandwidth is ex-
pressed by number Fi.x. Using Fi.x, assume that the signal does not contain frequen-
cies upper Fiyax.

Spectral representation of a periodic signal can be made, using exponential ba-
sic functions
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o,)=e>™" n=.,-1,0,1,2, ..
An
A
S
A %
Aj Ay
a0/2 A5
As
0 fi 20 3/ 4 SHh o S Frax — f
Fmax
Figure 10 — Amplitude spectrum Figure 11 — Amplitude spectrum
of a periodic signal of a nonperiodic signal

Thus series 1s written as

s()= Y c,e™" (2.28)

n=—00

Such decomposition of a signal is called Fourier series in a complex form.
Coefficients of decomposition are defined as:

1 T2 —j2mnfit
¢,=— [s(®e*™'dt,n=..-1,0,1,2,..
T—T/Z

Thus:
a b A

n _ :"n _ nej(Pn

"2 /T
Feature of Fourier series in a complex form is a compact record of series and
coefficients of decomposition. Other feature is using of negative frequencies.
The spectrum, corresponding to series (2.28), refers to two-sided spectrum.

2.6 Spectral analysis of nonperiodic signals

Expressions:

S(jo)= ojzs(t)e_j(”’a’t and s(t)= 2L TS(joo)ej(”’doo (2.29)
T

—o0

make a pair of direct and inverse Fourier transforms. Function S(jo) refers to as
spectral density of a signal. In general case spectral density S(jw) is a complex func-
tion. It is determined on an interval (—oo, o). Let present it through a module and
argument S(jm) = S(®)e’*

Function S(w) refers to as an amplitude spectrum of a signal, and ¢(®) — a
phase spectrum of a signal. Function S(®w) — even function of frequency.
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Many signals possess even symmetry (it is achieved by a corresponding choice
of a reference mark of time). Spectral density of such signals is a real function

S(w) = 2J's(t) cos wtdt .
0
Because of evenness of function S(w) inverse Fourier transform is
1 [e0]
s(t)y=— J' S(w)coswtdw.
Ty

Last two integrals make a pair of Fourier cosine-transforms.

Basic difference of spectrum is (fig. 10 and 11), that a nonperiodic signal has a
continuous spectrum, and periodic signal has a discrete spectrum, it contains harmon-
ics of frequency f; = 1/T.

The apparatus of Fourier transforms is rather effective mathematical means to
solve many problems of theory and techniques of communication. Note only some
properties of Fourier transforms.

1. Product of two signals (a general case):

s()= S (t)Sz(f)p
S(jw) =5, (jo) * S, (joo) = 2in [5,(/)S, (o - v))dv = i [8,()S, (o= v)dv

multiplication of signals in time domain corresponds to convolution of their spec-
trum.

2. Convolution of signals
s(6) = 5,(8) * 5,(1) = [ 5, (D)5, (t = D)de = [5,(V)s, (¢ ~ D),

S(jw)=S8,(jo)-S,(jo).

3. Calculation of signals energy
a0 1 a0 )
E,= JIs) di = [IS()f do -

this ratio is called Parseval relation.
4. Scalar product of signals:

(51520 = [ @O0t (559) = [S,(0)S3 (oo

Having equated last ratio to zero, we shall receive a condition of orthogonality
of signals given by spectral density.
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2.7 Kotelnikov theorem and series

Kotelnikov theorem states: the signal s(7), not containing frequencies high-
er than F,,,, can be strictly recovered on the samples, taken through an interval
T, < 1/(2Fnay); Ts — sampling interval; f; = 1/7; — sampling frequency.

As for any real signal it is possible to specify a highest frequency of a spectrum
it is possible to suppose, that Kotelnikov theorem can be applied to all real signals.

It is possible to show, that a spectral density of a discrete signal is periodic
repetition with the period f; of spectral density of a continuous signal from which
the discrete signal is received. It is illustrated by graph: on fig. 12, a an amplitude
spectrum of any continuous signal with the maximal frequency Fi,.x of a spectrum is
shown; on fig. 12, b its periodic repetition is shown (figure is constructed for a case
Ty < 1/(2Fmax) or fs > 2Fax. From fig. 12, b it is understand, that at f; > 2F,, on a
discrete signal (samples) with LPF it is possible to recover an initial continuous sig-
nal (by dotted line it is shown amplitude response AR of the recovering filter). At
fs < 2Fax there 1s an imposing periodic repetitions of a spectrum, and to recover with-
out an error a continuous signal it is impossible. Thus Kotelnikov theorem is proved.

In time domain connection between a continuous and discrete signal is de-
scribed by Kotelnikov series

® in2nxkF _ (t—nT.
S(f)z z S(I’ZTS)SIH T max( n s)-
n=-00 2TEF'max (t - nTs)

Values s(nTy) are coefficients of decomposition of a signal s(¢) on known sys-
tem of orthogonal basic functions known from mathematics

_sin2nF'(t — nT) ;

t ,n=..,-1,0,1,2,....
0= G —nT)

S

a

_Fmax Fmax f
S
S AR
; s s
—2ﬁ _fé _Fmax 0 Fmax ﬁ 2fé f

Figure 12 — a— spectrum of a continuous signal;
b — spectrum of a discrete signal and AR of a recovering filter
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The graphic illustration of Kotelnikov series is given on fig. 13

n-2)Ts, (n—-1)Ts nTs (n+t1)T; (n+2)7T;

Figure 13 — Signal s(¢) and five components of Kotelnikov series

2.8 Representation of bandpass signals

A signal refers to bandpass if its spectrum does not adjoin to zero frequency.
Their spectra are concentrated in a frequency band from fui, t0 fimax, and fuim > 0 (fig.
14). To describe bandpass signals such parameters are presented: a middle frequency
of a spectrum fj = 0,5(fmin + fmax) and bandwidth of a spectrum AF = fax — fmin- As @
rule, for bandpass signals the relation AF << f; is carried out, and then they are ref-
ered to narrow-band signals. Narrow-band signals look like quasi-harmonic oscilla-
tions with middle frequency f, (fig. 15) in time domain.

S(f) S¢) AF

A

/ 1\ [\

]; _ﬁ) 0 f min ﬁ) f max f
a) b)

Figure 14 — Spectrum of low-frequency (a) and bandpass (b) signals

[ |
LA A

|

Figure 15 — Time diagram of a bandpass signal
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Any bandpass signal can be presented by following mathematical expression:

s(t)= A(t)cos[w (7)), (2.30)
where A(t) — an envelope of a bandpass signal;
\p(z‘) — a full phase of a bandpass signal.

An envelope of a bandpass signal is positively certain function, i.e. A(t ) >0,

not being crossed with a signal, it has with it common points at moments, when in-
stant value of a signal is maximal. A full phase of a bandpass signal will consist of
three components:

y(t) = oyt + ot)+ ¢, (2.31)
where o(t) — increment of a phase;
¢, — 1nitial phase.

An increment of a phase causes changing of instant frequency of a signal. By
definition frequency of a signal is a speed of its phase changing, i.e.:

m(f):a%@:mo +a‘a’;ff). (2.32)

The integral of instant frequency gives a full phase of a signal:
t
= [olr)dt + @, (2.33)
0

It is widely used quadrature representation of bandpass signals
s(t) = A(t)cos[wt + o(t)+ @, | =
= A(t)cos[p(t) + @, cos|myt] - A()sin[e(t)+ ¢, Jsin[w,¢] = (2.34)
= I(t)cos[o,t]- O(t)sin[w,z],
where ()= A(t)cos[o(t)+ @, | — inphase or cosine component;
O(t)= A(¢)sin[o(z) + ¢, ] — quadrature or sinus component.

If quadrature components /(¢) and Q(¢) are known, then it is possible to find
an envelope and full phase of a bandpass signal:

= I*(e)+ 0*(1);
Q(f)j

y(t)= o, + arctg(m .

One more form of representation of bandpass signals is the complex form s'(z‘):

s(r) = Re[3(¢)] = Re|(t)e? | = 4(¢)coslw(?)]

While analysing of bandpass signals in the complex form a concept of com-
plex envelope of a signal is entered:

( ) (t)e Jwle ( ) j(@or+0(t)+0q) (t)e Joot J(o(t)}+op) A(t)ej@of, (2.35)
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where A(t) — complex envelope of a bandpass signal.
Complex envelope has the following form:

At)= Ae)e ) = A(t)coslo(e) + 0o ]+ jA(t)sinlo(t) + 9, ] = 1)+ jO(e)
2.9 Analytical signal
Complex signal x(t)= x(¢)+ jX(¢) refers to an analytical one, if %(¢) is Hilbert
transform from x(¢). On figures a complex signal is represented as two circuits, as it
is shown on fig. 16.

x(?) X
” H) 0= 0

.| Hilbert Converter

Figure 16 — Production of analytical signal

Hilbert converter is a linear circuit with the impulse response
glt)=—, —ow<t<o,

Let take advantage of Duhamel integral

f(t)zl]?@dr.
T t—71

This relation refers to Hilbert transform of a signal x(¢). Let we find transfer
function of Hilbert converter like Fourier transformation from impulse response

< _ 1 7 e /ot —jat ©>0
H(jo)= Jot gy — — dr = ’
(J(D) _J;Og(t)e ! T I it ! { j at o<O. (2.36)

Or another form:
H(jo) =~ sign(o).

Let Si(jo) 1s a spectral density of a signal x(¢). Then spectral density of a signal
X(¢) is defined as

] —ij(joo) at >0,
S. = 2.37
(o) {j S.(jo) at w<O. 37)

Let we find spectral density of an analytical signal

5o}, o)+ s, o) =V 10 239

at o<0.
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We have revealed the important property of an analytical signal — its spec-
trum on negative frequencies is equal to zero (fig. 17).

S.(jo) ()

5:(0) 25(0) |
/ \ \

0 ) 0 ®
a) b)
Figure 17 — Spectral density: a — a signal x(¢);
b — an analytical signal corresponding to it |S % ( j(o]

Inverse Hilbert transform is

The module of an analytical signal

Alt)=+x*(t)+%%(t)
is an envelope of a signal x(¢), and an argument

%(¢)

olt)= arctg%

is a phase of a signal x(?).
From last expressions follows that the analytical signal can be written down as:

()= A(r)e’" (2.39)

Thus, concepts of an envelope and a phase of a signal can be applied not only
to bandpass signal, but also to baseband signals. An envelope satisfies two condi-
tions: A(t) > |x(z‘)| — function A(¢) does not cross function x(¢) anywhere and in
points of contact of functions A(¢) and x(¢) their derivatives are equal: A'(¢) = x'(¢),
that is functions have the common tangents.

2.10 Sampling of bandpass signals

Representation of bandpass signals by discrete signals is necessary, when
transformation of signals (a filtration, detecting, etc.) is carried out by digital signal
processors. In case of bandpass signals, and especially narrow-band signals, a sam-
pling frequency can be essentially less 2fnax-

The spectral density of a discrete signal writes down:

S =f. S.S(2n(f —nf.), —o<f<w, (2.40)

n=—00

where S(j27f) is spectral density of a continuous signal s(7).
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From this expression comes next: the spectrum of a discrete signal is an infi-
nite sum of periodic repetition of a spectrum S(j2rf) of a continuous signal s(7)
with the period f;, and scale multiplier f;.

On fig. 18,a the amplitude spectrum of any form S(f) of bandpass signal is
shown. It is concentrated on an interval (fiin, fmax). On fig. 18,6 the amplitude spec-
trum of a discrete signal which can take place at sampling of a signal with a spectrum
shown on fig. 18,a is represented.

Components of a discrete signal spectrum, which are caused by periodic repeti-
tion of frequency bands (fiin, fmax) and (—fmax, —fmin) are designated with "filling" dif-
ferent density for descriptive reasons. For impossibility of spectrum components with
different n aliasing, a choice of value f; is made on the basis of inequalities

2fﬂéfs Szf—mi“, k=0,1,2,.., k.- (2.41)
k+1 k

In a case, when k£ = 0, a sampling frequency f; > 2f.x, 1.€. this condition of a
sampling frequency choice for baseband signals, which satisfies Kotelnikov theorem.
When k£ > 0, then representation of a bandpass signal by a discrete signal becomes
more economical (smaller number of samples). The most economical representation
of a signal will be, when k = k.

S(H)a o AP
0 -
_fmax _fmin (1) fmin fmax
Ss(f) 4
_fmax _fmin b) _fmin+kﬁl fmin fmax _fmax+(k+ 1 )f;

Figure 18 — Spectrum of continuous bandpass signal and discrete signal

A bandpass filter carries out recovering of a continuous bandpass signal
on samples. Its lower cutoff frequency f . 1S no more than fy;,, and upper cutoff
frequency f, cu 1S not less than fi.x.

Questions for section 2

1. Define continuous, discrete, quantized and digital signals.
2. Define baseband and modulated signals.
3. Define deterministic and random signals.
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4. Define periodic and non-periodic signals.

5. What is the difference between signal and oscillation?

6. Define the instantaneous power of the signal. What is its dimension and
what does it represent?

7. Define the average power and the signal energy.

8. Under what conditions the signal is called normalized?

9. Define correlation function of signal.

10. What is called the generalized Fourier series? Write down the expression
and the expression of the calculation of the expansion coefficients.

11. Explain the concepts of analysis and synthesis of signal.

12. Write down the basic equations for an N-dimensional linear metric space.

13. Write down the form of the Fourier series at trigonometrically basis.

14. Define the amplitude and phase spectrum of the periodic signal.

15. Define the concepts of fundamental frequency and harmonics of the signal
width of the signal spectrum.

16. How to conduct the spectral analysis of periodic and non-periodic signals?
What is the fundamental difference in their spectra?

17. Give known properties of the Fourier transformation.

18. What is the feature of the spectrum of a discrete signal?

19. Formulate the sampling (Nyquist, Kotelnikov) theorem.

20. What is called to Nyquist series, and what does it illustrate?

21. Define bandpass and narrowband signal. As they are described, what are
their basic features?

22. Write down the form of a bandpass signal.

23. What kind of signal is called analytical and what is necessary to obtain it?

24. Explain the features of the sampling bandpass signals.
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3 DESCRIPTION OF RANDOM PROCESSES

3.1 Classification of random processes

Random (stochastic) process is random function of time. Main feature of
random process is that its values cannot be precisely predicted beforehand. Random
function of time is described by statistical characteristics that characterize those or
other properties of this function on the average.

Random processes are more full mathematical models of communication sig-
nals, than the determined functions of time. Many tasks of the theory and techniques
of communication can be solved only at the description of signals and noise by ran-
dom functions. For example, the voltage of a noise on an output of a transmission line
or on an output of a microphone is random function of time.

Let designate considered random process as X(f). Separate supervisions of
process give different functions x(¢) — different realizations of random process. Set
all possible realizations of the given random process {xi(f)} is called ensemble

(fig. 19).
x1(7)
SN A WY N\ /\

AWA /)
\

i

e~y
/
)

Z

x2(%)
x—zAx /\

X3(t) 1
x+Ax I/\\

x4(?)
x+Ax ’/\

VANAWAN
¢ \/

Figure 19 — Ensemble of realizations
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The description of random process gives possibility to define some average
characteristics of ensemble {x(¢)} as a whole. Such characteristics refer to statistical.

Random process refers to stationary if its statistical characteristics do not
change with time.

Stationary random process refers to ergodic if its statistical characteristics are
found by averaging on ensemble, coincide with the characteristics found by averag-
ing one realization in time.

Let consider further, if it is not stipulated another, that considered random pro-
cess 1s stationary and ergodic.

3.2 Probabilistic characteristics of random processes

Probabilistic characteristics are probability distribution function and prob-
ability density function. Probabilistic characteristics are the most used among sta-
tistical characteristics of random processes.

By definition, the value of probability distribution function F(x) is equal to the
probability of that in the arbitrary time moment process X(¢) will take on the value
that does not exceed x:

F(x) = P{X(£) < x). 3.1)

By definition, the value of probability density function p(x) is equal to the limit
of ratio of probability of that in the arbitrary time moment process X(¢) will take on
the value on interval (x - Ax/2, x + Ax/2) to the interval length Ax when Ax — 0:

— 2<X()< 2
() = lim Plx—Ax/2< X(t) < x+Ax/ }- (3.2)
Ax—0 Ax

The properties of F(x) and p(x) functions shown on the table 1 are easy to
prove using their definitional formulas (3.1) and (3.2).

Table 1 — The properties of the functions F(x) and p(x)

pX) F(x)
1 Plx < X(t) < x+dx} = p(x)dx F(x)=P{X(t)< x}
2 P{x1<X(z‘)Sx2}=xfp(x)dx P{x1 <X(t)£x2}:F(x2)—F(x1)
3 Tp(x)dx =1 F(o)=1;, F(-0)=0
4 _oop(x) >0 F(x,)>F(x;) when x,>x
5 plx)= L F(x)= [ p(ds
dx “o

The considered functions (3.1) and (3.2) are one-dimensional distributions of
probabilities. They characterize process only during one moment of time. Two-
dimensional distribution function and two-dimensional probability density func-
tion characterize process during two moments of time ¢ and ¢ +r.
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The two-dimensional probability distribution function of process X(¢) is de-
fined as

Fo(x;,x,, ) =P{X@)<x;; X(t+1)<Xx,}. (3.3)

The two-dimensional probability density function of process X(¢) is defined as
aze(xla X;,7)
0x,0x, '
For n = 3, 4, ... moments of time by analogy with (3.3) and (3.4), n-
dimensional distributions of probability can be found. The more value », the more
full random process is described. But consideration of n-dimensional distributions

demands complex process of realizations x,(#). Knowledge of one-dimensional and
two-dimensional distributions of probabilities is used for solving of many problems.

Pr(x), %, T) = (3.4)

3.3 Numerical characteristics of processes

Many problems can be solved, using more "rough" characteristics of processes,
than using of probability distributions.

Average value (or expectation) X (¢) of process is equal to value around of

which process accepts the values. Knowing probability density of process, we can
define

X(t) = Txp(x)dx. (3.5)

Average value on time is designated by wavy line above dependence, which is
averaged on time. So, average in time value of process X(¢) is defined by averaging
on time of realization x(¢)

X(1) = lim — sz (1)dt (3.6)
B T1—>oo T _T/‘;C | '

Average power of process is average value of a square of process

0

Py =X2(t)= [x* p(x)dx (3.7)
or
172
P, =lim— [x*(¢t)dt. (3.8)
T T _7‘[/2
Average value of a square of deviations from average value is a variance of
process

DIX(1)} =[X(0) - XOT = [[x - XOF p(x)ds. (3.9)

—o0
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or
| T2

DX (1); = lim —

(e)- X (O)F ar. (3.10)

)

Positive root from variance is

o, =DX([). (3.11)

It is called a root-mean-square deviation of a process.
3.4 Correlation function of random process

Dependence between values X(¢) and X(¢ + 1) (t — any shift in time) is statisti-
cally estimated by correlation function (CF) of process X(¢). CF is calculated as av-
erage value of product

Ky(M)=XOX(@t+1)= [ [xx,p,(x.x,,1)dxdx, (3.12)
or
1 T/2
Ky(v)=lim— [x(t)x(t+7)dt. (3.13)
T>oT 7

CF properties of stationary process:
1. If in the expression (3.13) put T = 0 it passes to expression (3.8), therefore

K, (0)=P,. (3.14)

2. As correlation function of stationary process does not depend on time ¢, av-
erage value of product is X (#) X (¢ + 1) = X (¢ —1)X(¢), therefore

Ky (1) =Ky (1) (3.15)

correlation function of random process is even.
3. Let consider an average square of a difference of process values which will
be distant in time t

E()=[XO)-Xt+1)] =X*O)-2XOXt+1)+X*(t+1)=
=2K ,(0)—2K , (7).

(3.16)

Average square is always non-negative. Therefore
K, (0)=K (1) (3.17)
value of correlation function of any random process at argument T = 0 maximal.

4. Let answer a question: what are the difference in process values, which are
distant on t? The answer is in the ratio (3.21):

() =2[K(0) ~ Ky (v)] (3.18)
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the more difference between Ky(t) and Kx(0), the more average difference between
values of process, which are distant on t. Thus, correlation function of random proc-
ess Kx(t) characterizes a degree of statistical dependence between values of process,
which are distant on .

It is obvious, that with growth | t|, statistical dependence between values X(7)
and X(¢ + 1) decreases and at rather big K1 dependence disappears. At ] > o
function Kx(t) tends to zero, decreasing monotonously or oscillating around of zero,
as shown on fig. 20,a.

Kx(7) Kx(7)

—_—2
X(0)

0 v a) -~ T 0 b) T

Figure 20 — Correlation functions of random processes:
a—at X(t) =0;b— at X(¢t) #0

5. Definition of statistical dependence is convenient for carrying out the nor-
malized correlation function

Ry(1)=K (1)K 4(0). (3.19)

From ratio (3.19) it follows, that —1 < Rx(t) < 1. The closer value Rx(7) to 1, the more
strong correlated values of process, which are distant on .

For the rough description of correlation dependence it is introduced the con-
cept of correlation interval (time) of process t.: values of process, which are distant
on 1 < 1. are essentially correlated among themselves, and values of process, which
are distant on 1t > 1, are uncorrelated. Correlation interval is defined differently. One

of the ways is the way, as duration of a pulse is estimated. So, it is possible to agree,
that

T, =T‘RX(T)‘d’C. (3.20)
0

Here 7. is equaled to the basis of a rectangular with height Rx(0) = 1, having the same
area, as the area under a curve | Ry(t) | at t > 0 and an axis absciss. It is possible to
define time of correlation 1, as duration of function | R(t) | att>0ata level, for ex-
ample, 0,1.

Function of mutual correlation for the characteristic of dependence between
values of two random processes X(¢) and Y(¢), which are distant on 1, is defined in
the similar way as correlation function of process
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Ky(=X@OY(@+0)= [ [xyp,(x.y,)dxdy, (3.21)
where p,(x,y,t) — joint probability density of values of stationary processes X(¢) and
Y(¢), which are distant on 1, or

T/2
K yy(1)=lim % [x(@)y(t+ ). (3.22)
-T/2

3.5 Power spectral density function of stationary random process
Let find Fourier transformation from realization of process x(¢), i.e. its spectral

density
T/2 .
lim S, (jo)=lim [x,(1)e”/™dt. (3.23)
T—o T—o
-T/2
But it will be the spectral characteristic only of realization x,(¢), instead of pro-
cess as a whole. It is possible to show, that

.l 7 _

lim —| S, (jo)|> = [ K (v)e ™ dr, (3.24)

T—o T S
where the direct line means averaging on ensemble of realizations. As correlation
function characterizes process as a whole, the left part in (3.24) is also the spectral
characteristic of all process. It is designated as

A By
Gy (0)= Jim —| 5, (jo) (3.25)

Function | Si(jm) |2 characterizes distribution of energy of process on fre-
quency. As a result of division of this function on 7 we shall receive distribution of
power of process on frequency. Function Gy(®) is called spectral dencity of process
power.

The expression (3.24) can be rewritten as direct and inverse Fourier transfor-
mations

Gy(w)= [Ky(v)e ' dr,
. . (3.26)

Ky (1) == [Gy(0)e’” do.
21 =,

On the basis (3.26) it is possible to write down
1 a0 a0
Ky (0= [Gy(@do= [G (/). (3.27)

But K(0) = Py. It follows from (3.27), that function Gx(®) really characterizes
distribution of power of process on frequency on an interval (—oo, o), and value of
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function Gx(®) or Gx(f) is equal power of process in bands in 1 Hz near of frequen-
cies +f and —f. Therefore function Gx(w) refers to as power spectral density function
of process. Thus, the power spectral density function and correlation function of
stationary random process are connected by Fourier transformations. This
statement is known as Khinchin-Wiener's theorem. Dimension of function Gx(®) is
V?/Hz or Watt/Hz, coincides with dimension of energy and, probably, therefore
sometimes function Gx(®) is called energy spectrum of process.

As functions Kx(t) and Gx(®) are even instead of pair transformations (3.26) it
is possible to write down a pair of Fourier cosine-transformations which are, as a
rule, more simple in calculations, than ratio (3.26)

Gy(w)= 2JKX (t)cosmrtdr,
0 . (3.28)

K, (1) = %J‘GX (w)coswtdm.
0

Knowing function Gy(w), it is possible to define width of a spectrum of proc-
ess from some condition, for example, length of area of positive frequencies, outside
of which value of function is not exceeded with values 0,1max{Gy(®)}. If the spec-
trum adjoins to zero bandwidth of a spectrum is defined as Fi.x (fig. 21, a), and if a
spectrum is bandpass, bandwidth of a spectrum is defined as AF (fig. 21, b).

G (f) G, (f)
max G, (f) max G, (/)
1 1
0,1
~_ 0,1
Fmax f AF f
a) b) '

Figure 21 — Definition of bandwidth of process: a — the spectrum adjoins
to zero frequency; b — bandpass spectrum

As functions Gy(®w) and Kx(t) are connected by Fourier transformation accord-
ing to property of change of scale, than the less correlation interval, the more wide a
spectrum of process and on the contrary. In other words, the correlation interval
and bandwidth of process are inversely proportional values.

3.6 Gaussian random process

Most frequently in the theory and techniques of communication meets so-
called gaussian (or normal) random process. Random stationary process X(¢) re-
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fers to gaussian process if its one-dimensional and two-dimensional probability
density functions are described by the following expressions

1 (x-a)®
_ _X—-a) 3.29
p(x) \/EG exp[ 162 )’ ( )
_ 1 exd (x, —a)? — 2Ry (D)(x; —a)(x, —a)+(x, ~a)’ 3.30)
P2 (%x1,%,,7) znczm X 26°[1 —R)z((r)] j (

where o” — variance of process X(¢);

a — average value of process X(¢);

Rx(t) — value of the normalized correlation function of process X(¥).

To define two-dimensional probability density of normal random stationary
process, it is enough to know only its correlation function. Thus, normal stationary
processes can differ one from another with kind of correlation function and power
spectral density.

The one-dimensional probability distribution function of normal process is
described

F(x):l—Q(x_aj, (3.31)
()
where 0(z) = ﬁ j exp(—%)dt— (3.32)

Q-function or addition to probability distribution function. Graphs of functions
(3.29) and (3.31) are shown on fig. 22.

1,0 7

F(x) 0.4 —

o =
p(x)
0,5 a=0 a=1

0,2 / \/

Figure 22 — Gaussian distribution:
a — probability distribution function; b— probability density function

Gaussian bandpass process is convenient to present through quadrature com-
ponents

X(t)=A(t)cos(wyt + D(t)) = A, (t)cosoyt + A, (H)sin oyt = X (1) + X (1), (3.33)

where X.(¢) and X,(¢) are quadrature components of process;
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o — some frequency belonging to a band of process X(¢).

Quadrature components are uncorrelated processes having gaussian probability
distribution. Their variances are identical and equal to half of variance of process
X(@).

Envelope A(¢) and phase ®(¢) are also uncorrelated processes. Envelope A(r)
has Reyleigh probability distribution (fig. 23,a)

In expressions (3.34) ¢ is the variance of process X(¢). Average value of proc-

ess m = \EG , variance D[A(t)] = (2 —g)cs2 , average power P, = 26",

a exp| — a’ a>0
p(a) — GZU p 262 9 3
0, a<o;

. (3.34)
l—ex —i a>0
F(a) = P72 | >
0, a<0.

The phase ®(¢) has uniform probability distribution on interval (0, 2r) (fig.
23,b)
1

—, 0<Z0¢p<2m,
p(©) =121 b=m (3.35)

0, ¢0<0, o=2m.

: ~ 0.6

Fla)] o=1 c= ’ \0 -
/ pla) \

0.5 0,4

/ 0. / )\\S: 2

0 0 \

0 2 4 a 6 0 2 4 a 6
a) b)

Figure 23 — Reyleigh distribution:
a — probability distribution function; b— probability density function

3.7 White noise

Random process refers to as white noise, if power spectral density function is a
constant

Glo)=—"", -w<o<wo, (3.36)

where N, is a power of process in a band equals 1 Hz.
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Graphic dependences shown on fig. 24 correspond to expression (3.36).
The correlation function of a white noise is defined as inverse Fourier trans-
form from (3.36)

1 TN, ; N,
K(t)=— [ =2e™ da =—23(). :
(1) ol do 7es(r) (3.37)

On fig. 25 the graph of correlation function of white noise is represented.

G(o) G(f) K(t
N
No/2 0 No 5(x)
2
0 ® 0 f 0 T
a) b)

Figure 24 — Power spectral density function of white noise: Figure 25 — Correlation
a — two-sided spectrum; b— one-sided spectrum function of white noise

3.8 Transformation of random processes by linear electric circuits

While studying of passage of random processes through linear circuits it is
considered, that statistical characteristics of input random process X(¢) are known;
X y( transfer function of a linear circuit H(jo) is known
—>| Linear circuit ——> also. It is necessary to find characteristics of output
process Y(?).

Power spectral density function (PSDF) of process on output of a linear circuit
is connected with PSDF of input process through square AR of a circuit

GH(®) = Go)H*(®). (3.38)

In particular, if input process is white noise, then PSDF of output process re-
peats square AR of a linear circuit.

Correlation function (CF) of process on output of a linear circuit is defined as
Fourier transform from PSDF of process

Ky(t)= %TGX (o) - cos(wt)dw . (3.39)
0

Let X(¢) is white noise with one-sided PSDF Gx(f) = Ny, 0 <f <o, it acts on
an input of ideal LPF with AR

H,, 0<f<F,

ut 3.40
0, f>F (3.40)

- |

ut ?

where F — cut off frequency of LPF. Then PSDF of process Y(?):
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N,H;, 0<f<F
Gyf) = G()-H'(H=1 > cut> (3.41)
Hf) = Gx()-H(f) { 0. fF.
PSDF of process Y(¢) is shown on fig. 26,a.
Average power of process ¥(¢) is:
© Foye
Py=[Gy(f)df = [NoHgdf =NoH; Fou. (3.42)
0 0
Correlation function of process Y(¢) is:
in 21k
KA(t) = Ny {2 Foymm it (3.43)

2nF

cut

On fig. 26,b the normalized correlation function Ry(t) = Ky{(1)/K(0) is shown.
Correlation interval of process Y(¢) 1. = 1/(2F.y).

Gr/)
NoHy Ry(7)
Fcut f/ 0 T
-0,3 ¢
-2 ~1 0 I . 2
a F cut F cut b F cut F cut

Figure 26 — Characteristics of process Y(¢) at a filtering with ideal LPF:
a—PSDF; b—-CF

The concept noise band of a linear circuit is entered. Noise band of a circuit
is equal to integral from a square normalized AR of circuit

F,= TH Zz(f ) df | (3.44)
0

max

where H,,.x 1S the maximal value of AR.

An ideal LPF has noise band F, = F.x. Noise band of a circuit allows easy to
define power of process on an output of a circuit if on an input of a circuit white
noise with one-sided PSDF N, acts:

Py= Ny-F, H>

max

(3.45)

Consider probability distribution of process on output of a linear circuit. If on
an input of a linear circuit Gaussian process acts, then output process will be also
Gaussian — a type of distribution is not changed, only its parameters are changed. If
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on an input of a circuit process is not gaussian, then the distribution kind is changed,
and output process has probability distribution closer to gaussian, then distribution of
input process.

The filtering is narrow-band if bandwidth of circuit is much less than width of
a spectrum of input process. At a narrow-band filtering the phenomenon of normali-
zation of process takes place, which consists in the following — irrespective of a kind
of distribution of input process, probability distribution of process on an output of a
circuit is Gaussian.

3.9 Transformation of random processes by non-linear electric circuits

While researching of random processes passing through non-linear inertial cir-
cuit it is considered, that statistical characteristics of input process X(¢) and depend-
ence y = f(x) between instant values of input and output processes are known. It is
necessary to find characteristics of output process Y(¢).

X(0) ¥(t) The m.os‘F Widespreaq function f{(x)
—>| Non-linear circuit y = fix) —> for the description of non-linear transfor-
mations is the polynomial of degree n

fx)=ap+ ax + axx*+ ... + a,x", (3.46)

where ay, ai, ay,..., a, are coefficients of polynomial.

Factors and degree of a polynomial are defined as a result of approximation of
the characteristic of a real electric circuit or proceeding from some assumptions.
There are other dependences also used, except polynomial dependence (3.46).

Each of composed functions (3.46) brings the contribution to formation of val-
ues of reaction of a non-linear circuit on input action. So, ao describes occurrence of
a constant component at x = 0; a;x 1s linear composed element which provides pro-
portional mapping of values x in y; a,x* is square-law composed element, asx’ is cu-
bic composed, that are provided by the contributions proportional to x, x°, etc.

The elementary action is a harmonious fluctuation x(f) = A,cos2nfit. In this
case

y(t) = ap+ a1A cos2nfit + a2A12c05227£f1t + ... + a,A,"cos"2nfit. (3.47)
If to take advantage of formulas of multiple arguments we shall receive
W(t) = Yo+ Yicos 2nfit + Yrcos2m2fit + ... + Y,cos2nnfit, (3.48)

where Y, is constant component of response;

Yy, Vs, ..., Y, are amplitudes of the first, the second..., n-th harmonics of action.

Thus, response to harmonious action contains a constant component and har-
monics of frequency of action — it essentially distinguishes non-linear circuits from
linear in which new components do not arise.

In the case of biharmonic action

x(t) = Aicos2nfit + A,cos2Tft. (3.49)

The approach to definition of response is the same, as well as used above, ex-
pression for x(¢) is substituted in a polynomial (3.46). While raising the sum (3.49) to
such power as square, a cube, etc., degrees of cosine frequencies f; and £, will appear,
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that after transformations it gives expression of such kind (3.48) for fluctuations of

frequencies f; and f,. But products of cosines and their degrees are also appeared.

Product of cosines gives components of summing and differential frequencies.
Components of combinational frequencies generally will take place

ﬁomb=|pﬁi% s (3.50)

where p, g are integers 0, 1, 2, ..., but such, that p + ¢ < n. Theirsum N=p + g is
called the order of combinational frequency.

So, if n = 3, that in a spectrum of response there can be components of fre-
quencies fi, f2, 2f1, 2f2, | fixfal, 3f1, 3o, 12fixfal, 111215 . Amplitudes of compo-
nents depend on amplitudes 4, and 4, and coefficients of a polynomial (3.46).

While passing of random process through a non-linear circuit the type of dis-
tribution of momentary values are significantly changed.

On fig. 27 non-linear dependence is

b

g shown as y = f(x). All values of process X(¢),
got on the interval Ax, are mapped in values of
process Y(¢), got on the interval Ay. Therefore

A equality p(x)Ax = p(y)Ay is correct. As for the
Y infinitesimal increments dx and dy, we shall re-
ceive, that
Ax ply) = 2 (3.51)
Figure 27 — The characteristic ‘dy / dx‘
of nonlinearity

It also is the general rule of calculation of
probability density of output process.

To define power spectral density function of output process Gy(f) the next way
is possible: to define correlation function of output process Ky(t), and then to per-
form with it Fourier transform. It follows from definition of correlation function

Ky (1) = J jf(xl)f(xz )P, (xp, %, T)dx,dx,, (3.52)
where f(x) is the function describing a non-linear circuit;
pa2(x1, x2, T) 1s two-dimensional probability density of input process.
Methods of definition of characteristics of output process are stated. Certainly,
in particular cases there can be mathematical difficulties.

Questions for section 3

1. Define random function and random process.

2. Define realization and ensemble of realizations of a random process.

3. What is the meaning of the statistical approach to the description of random
processes?

4. Define probabilistic characteristics of random processes. What properties do
they have?



40

5. What process is called stationary? Write down expressions that determine
the numerical characteristics of such process.

6. Define correlation function of a random process. What properties does it
have?

7. How is it roughly described the correlation between the values of random
process in different points of time?

8. What process is called ergodic? Write down expressions that determine the
numerical characteristics and CF of such process.

9. What is power spectral density of random process?

10. Formulate Khinchin-Wiener theorem, write down the corresponding math-
ematical expression.

11. Define Gaussian (normal) random process.

12. What is the probability distribution of envelope and phase of normal band-
pass process?

13. Define white noise. What is the correlation function of white noise?

14. Define the linear electric circuit. How these circuits can be described?

15. How to determine PSDF, CF, and average power of the process at the out-
put of the circuits?

16. Define the noise band of the linear circuit. What purpose is such feature in-
troduced for?

17. How do linear transformations affect on the distribution of instantaneous
values of a random process?

18. What is called the normalization of a random process, What are the condi-
tions it occurs under?

19. Define nonlinear uninertial circuit. How can this circuits be described?

20. What fundamentally distinguishes nonlinear from linear circuit?

21. How do nonlinear transformations affect on the distribution of instantane-
ous values of a random process?
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4 MODULATED SIGNALS

4.1 Classification of modulation types

In most transmission systems, telecommunication baseband signals cannot be
passed directly by communication channels without transformation into other signals.
Transformations have as an object to co-ordinate signals characteristics with commu-
nication channels characteristics. One of such transformations is modulation.

It 1s distinguished that if a modulating signal is continuous it belongs to analog
modulation, and if modulating signal is digital it belongs to digital modulation.

4.2 General information on analog modulation

At analog modulation one of carrier parameters uc,(f) gets increases, that are
proportional to the values of modulating signal b(z).

Carrier is auxiliary harmonic oscillation, necessary for implementation of
modulation process

Uear(t) = Aocos(2Ttfot + ¢y). 4.1)

At such oscillation amplitude, frequency or initial phase can get increases.

Name of parameter which gets increases determines the name of type of modu-
lation (amplitude, phase, and frequency).

While considering analog types of modulation we will consider that a modulat-
ing signal is a telecommunication baseband signal h(¢) with such characteristics:

— maximal frequency of signal spectrum Fi,, is given;

— a signal is normalized so, that maximal on the module value |b(#)|max = 1;

— average value of signal b(¢)=0;

— the coefficient of amplitude K, is given. It determines, in how many times

the maximal on the module value of signal is exceeded its average quadratic value
(root out of average power Py):

K, = ‘b(t)‘max : (4.2)
/7
If a signal is normalized by the method indicated above
P, =1/K?. (4.3)

4.3 The most common types of analog modulation

At amplitude modulation the amplitude of harmonious carrier are proportional
to the instantaneous values of modulating signal, i.e. amplitude of the modulated sig-
nal is

A() = Ay + AAb(), (4.4)

where AA4 is a coefficient of proportionality, which is chosen so that amplitude A(¢)
does not take on negative values. Frequency and initial phase of carrier remain con-
stant.
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In the case of arbitrary modulating signal, analytical expression of AM signal
looks like
sam(?) = Ao[1 + mamb(£)]cos(2fot + @o), (4.5)
where m,,, = A4/ A, — amplitude modulation factor; 0 <mam < 1.

The time base diagram of AM signal is shown on fig. 28. Envelope of the
modulated signal repeats the form of modulating signal.

A A
b(?) Si(f)
r \
y . - -
sam(?) /,H \ ! \ . A Foma / Aond(f~o)
TS
| R\;,. A M.
AN /20 =
u U ﬁ)_F max ﬁ) ﬁ)+F max }
Figure 28 — Modulating b(7) Figure 29 — Spectrums
and modulated sam(?) signals modulating and AM signals

We will pass to consideration of spectrum of AM signal in a case of complex
modulating signal which complies with the real signals of telecommunication. The
complex signal b(?) has finite or infinite sum of harmonious components. Every com-
ponent causes appearance in the spectrum of the modulated signal two components —
summing and differential frequencies. Their total sums create accordingly upper and
lower sidebands of frequencies.

On fig. 29 arbitrary amplitude spectrum of modulating signal and its proper
amplitude spectrum of AM signal are shown. It consists of harmonious oscillation of
carrier frequency, upper sideband of frequencies (USB) and lower sideband of fre-
quencies (LSB). Thus USB is the scale copy of spectrum of modulating signal, which
is shifted on frequency on the value f). LSB is the mirror reflection of USB according
to carrier frequency fy. Fig. 29 gives an important result: the width of spectrum of
AM signal AFay equals the doubled value of maximal frequency of spectrum of
modulating signal Fi,,x, 1.€.

AFAM = 2Fmax- (46)
42
It is possible to show that average power of carrier P, =2, and side-
Aim?
band Py = ; /;M . Then ratio of sideband power to total power of AM signal is
K
Pgg m,iM

= . If to take on a maximally possible value may = 1, and value of
P K2 +m;
AM RNV
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amplitude modulating signal coefficient Ky = 5 (voice signal), so part of sidebands
power is Psp/Pay = 0,04 or 4%.

We see that while using of AM for transmission of telecommunication signals,
prevailing part of power of AM signal is spent on oscillation of carrier frequency,
although this oscillation does not carry information, as its level in the process of
modulation remains constant — information is contained in the sidebands of frequen-
cies. Therefore it is efficient to form a signal with a spectrum, consisting only of two
sidebands of frequencies (without oscillation of carrier frequency), — such signal is
called the signal of double-sideband with suppressed carrier modulation.

Analytical expression of signal double-sideband with suppressed carrier modu-
lation (DSB-SC) looks like

spsp-sc(?) = Aob()cos(2fot). 4.7)

The time base diagrams of modulating and modulated signals are shown on fig.
30. From fig. 30 it is evident, that envelope of DSB-SC signal A(¢) = 4y | b(z‘)| (it 1s
shown by dotted line) does not repeat modulating signal.

From comparison of mathematical expressions, describing AM and DSB-SC
signals it is clear that the spectrum of DSB-SC signal differs from the spectrum of
AM signal by absence of oscillation of carrier frequency.

Random amplitude spectrum of modulating signal and its proper amplitude
spectrum of DSB-SC signal are shown on fig. 31. It consists of USB and LSB.

From fig. 31 it flows, that the width of spectrum of DSB-SC signal AFpsp.sc
equals the doubled value of maximal frequency of modulating signal spectrum Fi,,y,
i.e.

AFpsp-sc = 2F max- (4.8)

The width of spectrum of DSB-SC signal is the same as width of spectrum of
AM signal.

\ A

bt | Si(f)

t - \ »
\_/ Finax f
A q” A

spsp-sc(? ’ H
V UWVUVUV YV /LSB_USB\ ‘
\ | J foFon  fo o fot P f

Figure 30 — Modulating b() Figure 31 — Spectra of
and modulated spsp-sc(?) signals modulating and DSB-SC signals

Important advantage of DSB-SC signals in comparison with the AM signals is
the advanced efficiency of the use of transmitter power, as considerable part of signal
power is not spent on carrier oscillation, which is in the spectra of AM signals.



44

Without the losses of information about the signal b(¢) it is possible to take out
one sideband (upper or lower) from the spectrum of DSB-SC signal. Thus we will
get single sideband modulation (SSB).

In general case (for the arbitrary signal b(¢)) SSB signal is written down as

Sesp (1) = Ayb(¢) cos(2nfyt + @ ) F Aol;(t) sin(2mnf ot +@,), (4.9)

¢ 9

where sign refers to description of signal with the upper sideband of frequencies,

and sign “+” — with a lower sideband; b (¢) is a signal, conjugated on Gilbert with a
signal b(%).

On fig. 32 the time base diagrams of random modulating signal b(¢), the conju-
gated on Gilbert signal b () and SSB signal calculated for it are shown. From fig. 32

it is evident, that SSB signal envelope A(f) = A,/ b2(1)+ b 2(;) (shown by dotted line)
does not repeat a modulating signal.

b (1) / Su(f)

NN \
A Fmax }

SSSB(’*‘)[ ﬂ ‘ﬂ \]\‘ h \[\;/\,\ ‘CA{]\- ]\"/‘ ;SSSB(/‘) _
iRt

Figure 32 — Modulating b(?) Figure 33 — Spectra
and modulated sssp(?) signals of modulating and SSB signals

\ b(t)

A

On fig. 33 amplitude spectrum of SSB signal, got from the spectrum of DSB-
SC signal by the exception of lower sideband of frequencies (it is possible to elimi-
nate the upper sideband of frequencies) is shown. So, such type of modulation, when
the spectrum of the modulated signal coincides with the spectrum of modulating sig-
nal, shifted on carrier frequency, or is the inversion of the shifted spectrum respec-
tively carrier frequency is called single sideband.

From fig. 33 it flows, that spectrum width of SSB signal AFssg equals maximal
frequency of spectrum of modulating signal

AF7SSB = Fmax- (410)

Important advantage of SSB signal in comparison with DSB-SC and AM sig-
nals is twice decreased width of modulated signal spectrum, which allows the signals
amount to increase twice in the set frequencies band. Therefore SSB is widely used in
the systems of multichannel transmission with a frequency division. SSB is a single
type of analog modulation, when the band of frequencies of signal is not broaden
while modulation. Except of considered “clean” SSB in communication networks it
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was found the use of SSB signals with carrier (with pilot signal) and with partial sup-
pression of one sideband of frequencies. It creates certain comforts at forming and
detection of the modulated signals.

At phase modulation the increase of phase is proportional to the instantaneous
values of modulating signal

A@(?) = Agq b(2), (4.11)
where A, is a coefficient of proportion, which is called phase deviation. As maxi-
mal on the module value | b(?) | max = 1, deviation of phase at PM is the most maximal

deviation of phase from linear dependence in time.
Mathematical description of PM signal

spm(t) = Ag cos(2mfy t + Apq b(t) + ¢o). (4.12)

At phase modulation instantaneous frequency depends on a modulating signal
by next way

2n dt 2n dt '

At frequency modulation the increase of frequency is proportional to the in-
stantaneous value of modulating signal

A1) = Afa D(D), (4.14)

where Afy is coefficient of proportionality, which is called frequency deviation and
determines the maximal deviation of instantaneous frequency of the modulated signal
from carrier frequency f.

The increase of phase is at frequency modulation

NOE

AG(1) = 27rj A f(£)dt = 2nAf, j b(t)dt . (4.15)

Will get mathematical description of FM signal by the substitution of expres-
sion (4.15) in formula (4.1):

Seng (1) = Ay cOSnf, t + 2mAS, jb(t)dt +9,). (4.16)

—00

From the given above descriptions of signals it follows, that FM and PM have
a lot in common. Both FM and PM have the increases of frequency and phase. The
name of modulation type is determined by which of parameters gets increases, pro-
portional to modulating signal.

At angular modulations connection between the spectra of modulating and
modulated signals is considerably more difficult, than at AM and its varieties. There-
fore an analysis of spectra of angular modulations here is not given. We will discuss a
final result. The analysis shows that theoretically the bandwidth of amplitude spec-
trum is infinite. However basic part of power of signal is concentrated in some lim-
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ited frequency interval around f;, which is considered as the width of signal spectrum.
The spectrum width of FM and PM signals is calculated on formulas:

AFpv = 2 (mem + 1) Frax, (4.17)
AFpp = 2 (mpm + 1) Frax, (4.18)

where
mem = Afa/Finax— (4.19)

is an index of frequency modulation, which is determined by ratio of frequency de-
viation of FM signal to frequency of modulating signal;

mpmMm = A(Pd— (420)

is an index of phase modulation, which equals phase deviation of PM signal.

Only frequency modulation has got wide distribution. It is distinguished nar-
rowband (in the case of mgy < 1) and broadband (in the case of mpy >> 1) modula-
tions. Narrowband FM signal spectrum width is comparable with the AM signal spec-
trum width. If FM is broadband, then signal spectrum width approximately equals
doubled deviation of frequency.

The modulator diagram realize a forming algorithm which follows from
mathematical description of the modulated signal — expressions (4.5), (4.7), (4.9),
(4.12) and (4.16).

Device which output voltage is proportional to some parameter of input band-
pass signal is called detector. On the base of this determination, it is necessary to use
definitions: amplitude, frequency and phase detectors.

4.4 General information on digital modulation

Modulation refers to digital if a modulating signal is the digital signal.

Digital signal (DS) is a sequence of digital symbols, which belong to the cer-
tain alphabet. As a rule, symbols are binary and designated 1 and 0, them name bits,
and they act through interval 7. DS appears as a result of coding signs on discrete
messages or samples of continuous messages. DS is possible to present, writing down
sequence, for example, 10110..., and specifying value 7. Basic characteristic of DS
is rate of a signal or bit rate R = 1/Ty, bit/s.
b(oyt In the terminal equipment of trans-
mission systems, executed on logic micro-
circuits or processors, digital signals look
> like sequence of rectangular pulses. The
0 L, 2T, 3T 4T t  example of such signal is resulted on fig.
34. Carrier of information is the rectangu-
lar pulse, and the information is displayed
in amplitude of a pulse which accepts values 4 and 0.

For transfer of digital signals by communication channels methods of digital
modulation, basically, with serial transfer are used.

The modulated signal for transfer by a communication channel is formed from
signals s;(f) — elementary pulse signals belonging to ensemble {s,(#)},i=0, 1., M—1,

A

Figure 34 — Digital signal
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where M — quantity of elementary signals (M > 2). Elementary signals are called also
channel symbols.

At formation of the modulated signal the sequence of binary symbols is broken
into blocks from n = log, M bits. To each such block (the quantity of possible various
blocks is M = 2") is put in conformity an elementary signal s{¢). Duration n bits
makes clock interval 7= Ty-log,M. The received sequence of the channel symbols
acting through time 7, forms the modulated signal

s(t) = kiws}") (t—kT), (4.21)
k=—o0

where sl.(k ) (t—kT) — i-th signal transmitting on a k-th clock interval.

On fig. 35 transition from DS to the modulated signal (n = 4, M = 16) is shown.
On the plot s(¢) transmitting elementary signals s5(2), s1(¢), s3(¢), s¢(?), ... are shown.
Digital modulation is a display of blocks of bits in pulses-carriers.

by n bits
> Tyie . , :
1J0[1 1[000[1[0O0[1 1[0O[1 1|00
. A i\ A J.
oo LT
s(?) su@ 1 s b s se(f) |
’ T i ’ Lt

Figure 35 — Arrangement of transformation DS into the modulated signal

If M = 2, a signal s(¢) is binary; if M > 2, a signal s(¢) is multilevel or M-ary.

Serial transmission is considered. Also there is a parallel-serial transmission
(OFDM). It will be considered later.

Key parameter of the modulated signal is the bandwidth. It depends on rate R
and ensemble of channel symbols {si¢)}. The problem of a choice of digital modula-
tion kind is reduced to a choice of ensemble of channel symbols.

4.5 Choice channel symbols forms

The information is displayed in amplitudes of pulses, instead of in their form.
Therefore the form of a pulse-carrier is necessary for choosing under spectral and
other characteristics.

Shown on fig. 34 DS does not approach for direct transmission on communica-
tion channels because of its spectral properties. On fig. 34 channel symbols are the
rectangular pulses

(4.22)

I, 0<|t|<T/2,

A)={" O=K=T)
0, ‘t‘ >T/2;

the symbol 1 is represented by a pulse A(¢), and a symbol 0 — a pulse with zero ampli-

tude.
Let's find spectral density of function A(¢):
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T/2

S,(f)= | Al dr =73 (4.23)
-T)2 mft
The amplitude spectrum of function A(¥) is
S ,(f)=Tl|sinnft/nfi. (4.24)
On fig. 36 the plot of the normalized
S4(NH/T amplitude spectrum S,(f)/T is resulted. The

spectrum of the rectangular pulse decreases
extremely slowly — with a speed 1/f. With
the purpose of economy of a band of fre-
quencies of a communication channel it is
necessary to use pulses of the smoothed
form.

The pulse A(¢) should satisfy to a con-

0,5+

0 vr 2/ 3/T 4T S5/T f dition

Figure 36 — Normalized spectrum 1 t=0
of the rectangular pulse A(t) = { ’ ’ (4.25)
0, t=kT, k=%1,2,...

The condition (4.25) is a sampling condition or a condition of absence of inter-
symbol interference (ISI). After sampling of a pulse A(¢), satisfying a condition
(4.25), the discrete signal 1s formed 4(n)=...,0,0, 1,0, 0, ...

It 1s possible to show, that the spectrum of a pulse A(¢) should be skew sym-

metric
S (0, ~0)+S, (0, +®)=T, 0<w<2n/T, (4.26)
where oy = /T — Nyquist frequency.

On fig. 37 examples of functions S4(®) with skew symmetry are resulted.

Su(®)
T

T2 1------

® coN o)
b)

Figure 37 —Examples of functions S4(®) with skew symmetry

The spectrum of pulse signals satisfying a sampling condition (4.25), refer to
as Nyquist spectrum. Them designate as N(f). More often Nyquist spectrum describe
by function
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T, OS‘f‘S(l—OL)fN,
Nuyzaﬂ{namff{kiﬁjﬂ,a—ay;4ﬂ<a+ay@ (4.27)
2 Sy
0, 12+ a)fy.

where fy = 1/(27) is Nyquist frequency;

o — roll-off factor of a signal spectrum, 0 <a <1.

Dependence (4.27) refers to ,,raised cosine®. On fig. 38 such dependences are
resulted for oo = 0; 0,2; 0,5 and 1. From fig. 38 it is visible, that bandwidth of a pulse
Fiax = (1 + a)fn. Minimal possible bandwidth minF,x = fn = 1/(27).

T
\

—

172 0.2

0,5

N7~

N
0 N
0 0,5 1 1,5 SN 2

Figure 38 — Nyquist spectrum

Typical values of factor a lay in limits from 0,2 up to 0,4.
Function A(7) can be received as inverse Fourier transform from N(¥)

sin 2nf ¢ cos 2mof ¢
2nfit 1-(4afit)’

Pulses 4(¢) name Nyquist pulses (fig. 39).

1

A = (4.28)

A()

0,5

—AT 3T 2T -T 0 T 2T 37 t+ 4T

Figure 39 — Nyquist pulses
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The type of pulse at the transmission of a baseband signal is considered. If the
spectrum should be bandpass radio impulses A(#)-cos(2nfot) and A(r)-sin(2mfot) are
used. Their amplitude spectrum have two side band which are copies of a spectrum
of pulse A(¢) (fig. 40). If A(¢) has Nyquist spectrum the bandwidth of a radio pulse is
defined AF = 2(1 + a)fn.

S()

AF f

Figure 40 — Spectrum of radio pulses

4.6 Pulse-amplitude modulation

Modulation is named pulse-amplitude, if by channel symbols, used for forming
of the modulated signal, are low-frequency impulses, i.e. their spectrum joins to a ze-
ro frequency. Channel symbols are described as

s.()=a,A(t), i=0,1,...M -1, (4.29)

where A(f) — impulse with certain time and spectral descriptions, the maximal value
of which is equal 1; that intersymbol interference was not, impulse A(¢)
must be the Nyquist impulse;
a; 1s a coefficient, representing information.

The signals of pulse-amplitude modulation are designated as M-ary PAM,
where M is a number of channel symbols.

Evident presentation of signals of digital modulation is signal constellation. On
signal constellation each of channel symbols is represented a point, the co-ordinates
of points are coefficients, which are, describe channel symbols. In the case of MPAM
signals every channel symbol is described only one coefficient a;, therefore for pres-
entation of MPAM signals one-dimensional space is used. On a fig. 41 signal constel-
lation of 2PAM or BPAM signal is shown. A mapping code, setting accordance be-
tween binary characters and coefficients, is specified also a;.

0 1 01 00 10 11

o ! o -0 o | ° o—>

—a 0 a —3a —a 0 a 3a
Figure 41 — BPAM signal constellation Figure 42 — QPAM signal constellation

On a fig. 42 signal constellation of 4PAM or QPAM signal is shown. A map-
ping code for the QPAM signal sets accordance between the pair of binary symbols
(n = 2) and by the coefficients a;. These pair also determines the signal number - bi-
nary symbols are the record of signal number in the binary notation scale. A mapping
code must be a Gray code blocks from n bits, which correspond nearby signals, must
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differ only in one bit. Gray code minimizes the amount of erroneous bits in the case
of origin of error of decision about the passed channel symbol at demodulation.

Both at BPAM and at QPAM number a determines energies each of channel symbols
and middle power of the modulated signal.

Like the considered examples it is possible to build signal constellations for
M=238, 16, ....

The chart of MPAM signal forming is resulted on a fig. 43. DS acts at the in-
put. Mapper takes n = log,M is bits and gives out the coefficients of a; rectangular
pulses duration 7. From these impulses a forming filter produces the impulses a;4(2).
This procedure repeats oneself on every clock interval.

For different values M work of chart differs only a mapping code.

S t
&. Mapper Shaping filter M),

Figure 43 — Modulator of MPAM signal

MPAM signals bandwidth is determined by the width of impulses spectrum
A(t). As T = Tplog,M, then

l1+a R(1+a)

A 2T, log, M - 2log, M

(4.30)

4.7 One-dimensional bandpass signals of digital modulation

One-dimensional bandpass signals of digital modulation are MASK signals —
M-ary amplitude shift keying (M > 2) and BPSK signals — binary phase shift keying.

At the MASK and BPSK signals channel symbols are radiopulses and they are
written down:

s,(t) = a,N2A(t) cos(2nifyt), i=0,1,..,M —1, (4.31)

where a; — number, representing n = log,M bits, transmitted the signal s,(7);
A(t) — function, determining the form of radiopulses, its maximal value is equal 1;
fo — frequency of radiopulses.

As channel symbols differs only the coefficient a;, signal constellations of the-
se types of modulation appear in one-dimensional space, and the modulated signals
are named one-dimensional. On a fig. 44 signal constellations of BPSK signals,
BASK and QASK with pointing of mapping codes are resulted.

0 1 0 1 01 00 10 11
—o | o © °o—> —o o | o 0>
—a 0 a 0 a 3a —a 0 a 3a

a) b) c)

Figure 44 - Signal constellations of signals: a — BPSK; » — BASK; ¢ — QASK

Energy of i-th channel symbol calculated
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E = Tsf(t)dt =a’. (4.32)

Comfortably to compare the different methods of modulation on the size of
minimum distance between the signals d, characterizing the difference of signals is
quantitative. The size d i1s determined on signal constellation. The size d must be ex-
pressed through the physical parameters of signals. Comfortably to consider £}, such
parameter is energy, expended on the transmission of one bit: E, = PT, =P /R.
The last sizes are set on the system of transmission. Energy E, is expressed through
middle energy of signals E,, and amount bit, passed one signal n

1 M-
Ey,=E,/n, By = M ' Zf:nl Ei;n= log, M.
We will conduct calculations. For BASK:
d=a;Ey=0; E; =a’; Eyy=0,5a"; Ey = E,,=0,5a"; d =J2E, .

For BPSK:
d=2a,Ey=FE =d"; En=a"; E,=En=a"; d =2.|E, .
For QASK:

d=2a; Ey=FE, =a2; E,=E;= 9a2;
Ea=0,5(a" + 9d°) = 5a% Ey=0,5E.=2,5a% d=2./2/5-E, =125./E, .
Time diagrams of the examined channel symbols are resulted on a fig. 45. For
obviousness it is accepted at a construction, that A(¢) — rectangular pulse of duration,

equal to the clock interval. Like considered it is possible to build signal constellations
and time diagrams for the 8 ASK, 16ASK signals etc.

i) o) sty sl 30, 50 20 0@ s
a i :
\A \ . AU AN
vy TATAY R AR A e
| —3a U U
@) b) c)

Figure 45 — Time diagrams of channel symbols: a — BASK; 5 — BPSK; ¢ — QASK

We will consider the spectrum of carrier pulse /2 A(f)-cos(2nfof), which chan-
nel symbols are built on the basis of (4.31). This carrier pulse is the signal of ana-
logue DSB-SC, and that is why his spectrum consists of two sidebands, concentrated
near frequency of radiopulse fy, which can be considered frequency of carrier oscilla-
tion. Frequencies sidebands is the reflection of spectrum of impulse A(¢). So, spectral
properties any of channel symbols s:(f) wholly determined the function A(¥?).
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Frequencies sidebands are the copies of Nyquist spectrum (fig. 46), and the
spectrum width of MASK and BPSK signals is determined:
AF =21 (1+0)=R0FD)
log, M

An important conclusion follows from expression (4.33) — the increase of lev-
els number of MASK signal at the

(4.33)

2801 fixed speed R allows decreasing the
1 spectrum width of channel symbols.

We will consider the chart of

0,5 forming of MASK and BPSK sig-

nals. From comparison of expres-

sions (4.29) and (4.31) follows, that

fo-IN o fo St S at the MPAM signals carrier pulse
fofu(1+00) forfu(1+oy  A(f), and at the bandpass signals car-
Figure 46 - Spectrums of MASK and BPSK rier pulse 2 A(f)-cos(2nfor). Thus,
channel symbols the chart of forming of one-

dimensional bandpass signals (modu-
lator) is built on the basis of chart of fig. 43 with addition the generator of carrying
waveform G /2 cos(2mfof) and multiplier X (fig. 47).

ﬂ. Mapper Shaping R x A} mod(f)
filter
T
G

Figure 47 — Modulator of one-dimensional bandpass signals

So, on the basis of analysis of one-dimensional bandpass signals of digital
modulation became obvious, that the name of modulation method specifies, what
channel symbols parameter differs: MASK — M signals differ in amplitudes, BPSK —
two signals differ in initial phases (0 and 180°).

4.8 Two-dimensional bandpass digitally modulated signals

For two-dimensional bandpass signals of digital modulation the signals M-ary
PSK (M > 4) and M-ary APSK (amplitude-phase shift keying) uses. At these types of
modulation channel symbols are described the sum of cosine and sine radiopulses:

5,(t) = a,\[2A(t)cos 2nfyt + b\ 2A(f)sin 2nfyt, =0, 1,..., M —1, (4.34)

where a;, b; — pair of coefficients, which jointly represents a sequence from n = log,M
bits, transmitted the channel symbol s,(?);
A(t) — function, determining the form of radiopulses, its maximal value is equal 1;
fo — radiopulses frequency.
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As every channel symbol is described two coefficients a; and b;, signal constel-
lations of these types of modulation appear in two-dimensional space, and the modu-
lated signals are named two-dimensional.

Sum of cosine and sine radiopulses of monotonous forms in (4.34) can be
transferable one radiopulse of the same form with the amplitude multiplier 4; and ini-
tial phase ¢;, determined:

Ai = 1/2‘611.2 +bi2 L Q; = —arctgﬁ, = (), 1, o M -1. (435)

a.

1

The identical amplitude multipliers 4; = a have elementary MPSK signals for
all i, and their initial phases @; differ with the step 2n/M. On a fig. 48 signal constella-
tions of MPSK signals are resulted with pointing of mapping codes. Evidently, that
mapping codes are Gray codes.

The elementary MAPSK signals of differ or by the amplitude multipliers 4;, or
initial phases ¢;, or amplitude multipliers and initial phases simultaneously. On a
fig. 49 constellations of 16-ary of quadrature amplitude modulation (16QAM) are
resulted. Signals of MQAM are the separate cases of MAPSK signals.

For signals MQAM attribute the signals of MAPSK, if points of signal constel-
lation are in the knots of square grate. Such structure of constellation gives certain
comforts at demodulation.

o e 1010 O
10 g 011 1004 o lll 00% 01110
, : 1001,
° 01100
+ 0009 + o110 + $1101
‘ 0000;
\ 1 \ ° 90101
00\0\\\ /”,01 001\‘\\ ’/,oblo 0010\‘\\ /,fq)l()()
———e - ‘\\»»_0‘__‘—" - ~--Q---
o 0011 53770110
(1) b) C)

Figure 48 - Signal constellations of signals a — QPSK; b — 8PSK; ¢ — 16PSK

For QPSK:
d=~2a;Ey=E = Ey=E3=d* Eo = a’; Ey= 0,5E,, = 0,54% a=[2E, ;
d=2\F, ; maxd=2a=2,2F, .
For 8PSK:
d2 = a-sin22,5°; d=0,765: E;=a’;
Ew=d’ Ey=E./3=d"3; d=0,765\/3E, =136,/E, .
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0010 0110 1110 1010 The followings MQAM signals of are used in

§ § § practice: 4QAM (the same, that QPSK), 8QAM,
' ’ ’ 16QAM, 64QAM, 256QAM, 1024QAM.

7 S— P S o Signals, described expression (4.34), are a sum
+ . two DSB-SC signals with identical amplitude spectra
0001 olol 1101 1001 Which are determined the signal A(¢) spectrum. In case if
| S Qoo Qo ®  A(f) — the Nyquist pulse, amplitude spectrum to each of

: : : : constituents, and also their sum, looks like, resulted on a
0(%:90 0100 1190 1090 fig. 46. Therefore the spectrum width of channel sym-
Figure 49 — 16QAM signal bols in the case of MPSK and MAPSK is described ex-
constellation pression (4.33).
We will consider the chart of forming of MPSK and
MAPSK signals. From comparison of expressions (4.34) and (4.31) flows out, that the
chart of two-dimensional bandpass signals forming (modulator) is built on the basis of
fig. 47 chart with addition of second subchannel and summarizing (fig. 50). Mapping
code coder puts in accordance n = log;M to the entrance bits two rectangular impulse
with amplitudes a@; and b;; rectangular impulse is filtered forming filters, to get the Ny-
quist impulses; the impulses @;4(f) and b;A(¢) act at the inputs of double sideband sup-
pressed carrier modulator; the gotten modulated signals are added up.

ai Shaping a;:A(1)
! filter > x
b(t) Mapper G Lt ﬁcosanot Smod(f)
] V2 sin2mfot

bi | Shaping | bid(?)
| filter 1 X

Figure 50 — Modulator of two-dimensional bandpass signals

Thus, made sure again, that the name of method of digital modulation specified
what parameter (or by what parameters) channel symbols differ: MPSK — M signals
differ in initial phases; MAPSK — M signals differ in amplitudes and/or initial phases.
To the two-dimensional signals the signals of binary frequency modulation (BFSK)
belong also. From the name of modulation follows that channel symbols are radio-
pulses, different frequencies:

5o (1) = ad(t)cos(2m(f, = Af /2)t+ ¢, ),
s,(t) = ad(t)cos(2n( f, + Af [2)t + ¢, ),

where s¢(f) — signal for the transmission of symbol 0;
s1(¢) — signal for the transmission of symbol 1;
fo— middle frequency of radiopulses;
Af — frequency spacing;
A(t) — function, determining the form of radiopulses, its maximal value is equal 1;
a — coefficient which determines energy of signals;
@9, ®1 — initial phases of impulses.

(4.36)
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The modulated signal is written down

o0

sprsk ()= Zka)(f—kT)- (4.37)

k=—o0

In order that at demodulation radiopulses can it was be divided on condition
that their phases g and ¢, are arbitrary, the spectra of radiopulses sy(¢) and s;(¢) must
not be recovered. If the spectrums of signals are not recovered, such signals orthogo-
nal. We will pass to vector representation of channel symbols

S; =a; oy + by, (4.38)

where
Wo(6) = A(t)cos(2n(fy — Af/2) t + ),
w1 (2) = A(t)cos2n(fy + AF[2) 1+ ¢,),

and a mapping code which does equivalent records (4.38) and (4.36) is resulted in table
2. On the basis of expression (4.38) and table 2 BFSK signal constellation looks like,
shown on a fig. 51. Here the impulses (1) and (1) form the base of signals space.

(4.39)

Table 2 — BFSK mapping code In order that a width of spectra of
i ai bi radiopulses was minimum and there was
0 a 0 not intersymbol interference (ISI), an im-
1 0 a pulse A(#) must be the Nyquist impulse. At

that rate it is possible to consider that a
spectrum of signal sgrsk(?) is the sum of spectra of two radiopulses of frequencies
fo— AfI2 and f; + Af/2. On a fig. 52 the rationed spectrum of BFSK signal, from which
follows, is presented, that frequency spacing of will be minimum, when the spectra of
radiopulses join one to other, and evened:

Mo =122, (4.40)
T
where 7 — a clock interval is equal Ty,

Then spectrum width of BFSK signal:

l+a 2(1+a)
Fgrsk = A min + A ) (4.41)
T T
it is twice greater spectrum widths of BASK and BPSK signals.

a o So S(f) i

|

(05 e R A ‘_:“

|

Y |
Vo | 51 |

Vi a Jo=Af2 fo fotAf2 f

Figure 52 — Spectrum of BFSK signal, on the

Figure 51 — BFSK signal constellation ) 2
basis of Nyquist impulses
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From expression (4.38) and table 2 the chart of BFSK modulator flows
(fig. 53). Forming of BFSK signals differs from forming of MPSK signals work of
mapping code coder and that generators of carrying waveform frequencies in double
sideband suppressed carrier modulators differ on the size Af/2 from frequency of
bearing oscillation.

a; Shaping aiA(1) ‘ x

filter
b(?) i Smod(?)
Mapper G cos2n(fotAf12)t T
bi | Shaping | biA(t)
| filter 1 X
c
cos2nt(fo—Af12)t

Figure 53 — BFSK signal modulator, if channel symbols are Nyquist impulses

1 If the function A() is rec-
S tangular impulse, it is necessary
to provide forming of BFSK sig-

0,5 nal the chart of modulator with-
/ \ out the «open-phase faulty». It is

possible, when frequency

0 ] ~— spacing Af = k/(2T), where k=1,
f1ST  foUT /05T fy  fit0S5T  fitr fersit 2, 3, o T = T, When k = 1,

Af=0,5/T and modulation is
named modulation of minimal
shift keying (MSK). In the case
of MSK the rationed spectrum of signal is described expression

\/1+cos (4Tt(f—f0)T)
- -1)7F)
Dependence (4.42) is resulted on a fig. 54. With the increase |f— ;| spectrum

decreases at a speed 1/, If to define the AFysk spectrum width on the first zeros of
dependence (4.42) then

Figure 54 — MSK signal spectrum

S(f)=

(4.42)

AFMSK = I,S/T (443)
4.9 Signals with spread spectrum

Broadband signals have been used in the systems of telecommunication, since
50-s. The properties of these signals for the first time were used in the systems of ra-
dio communication for removal effect of radiowaves multipath propagation.

The next stage of implementation of broadband signals in telecommunication
systems was early 90-s, when these signals were used in mobile communication of
second generation of standard of IS-95 networks for Code Division Multiple Access
realization (CDMA). Code Division Multiple Access has appeared extraordinarily
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effective in mobile communication networks, therefore the systems of third genera-
tion of cdma2000 and UMTS also use broadband signals.

Since middle of 90-s implementation of wireless ports of access, which allow
to connect various devices, for example, mobile telephone and computer was begun.
The example of such port is Bluetooth, which provides connection of various devices
in a radius of 100 m. The known property of broadband signals is their high stability
to the narrow-band hindrances which are made by other devices of radio contact.

Broadband signals (BS) are called such signals, which spectrum width is more
than minimum band of frequencies, necessary to pass a digital signal of the set rate:

AfBS >> Afmin ’ (444)

where Afgq 1s a width of spectrum of broadband signal;
Af.., 15 a minimum band of frequencies, necessary for a transmission; that is

equal to the limit of Nyquist, which for binary bandpass signals is equal to transmis-
sion rate, 1.e. Af . =R.

One of widespread methods of broadband signals forming is Direct Sequence
Spread Spectrum — DSSS. Signals, formed by such method, are used in mobile com-
munication of standards of IS-95 and UMTS networks.

o) , , The principle of direct expansion is
T | "o that information character is multiplied by a

so called Pseudo-noise sequence (PNS) the
period of which is equal to duration of char-
acter T, (fig. 55). Expansion of spectrum
A P ! : takes a place due to that duration of element
_| |_| of PNS, which is called a chip, is less then
L J L J >, duration of information character, 1.e.
T chip <<T b-

PNS is a sequence of binary charac-
ters which values correspond a certain law.

v

Abps(H)P(7)

] _I ~ Such PNS are the function of Walsh, m-
R sequence etc.
o7, ! After multiplying by PNS a signal is
" T, 27,

given on the input of standard modulator of

Figure 55 — Direct spread of spectrum: ~ BPSK, on the output of which a broadband

bps(?) — digital signal; P(#) - PNS signal appears with Direct Sequence Spread
Spectrum:

Spss () = bos (1) P(£)V24(2) cos (2nf;t), (4.45)
where by (¢) is digital signal;
P(t) is PNS;
A(t) is envelope signal with Direct Sequence Spread Spectrum;
/o 1s carrier frequency.
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The chart of signal modulator with Direct Sequence Spread Spectrum is pre-
sented on fig. 56. Modulator contains forming LPF, which task is to form impulses
for the transmission of chips with a compact spectrum. This filter forms envelope
signal. It is chosen such AR LPF, that on his output a spectrum of chip (element of
PNS) is the spectrum of Nyquist. In this case, the width of spectrum of signal with
direct spread is calculated as:

Afpsss = (1+0) Ry, =(1+a) NR,, (4.46)

where Repip =1/Tehip — chip rate, i.e. transmission rate of PNS elements;
R, =1/T, — rate of digital signal;
N is a number of chips on single informative symbol;
o 1s a Nyquist spectrum roll-off factor 0 <a <1.

R e ivistia From the expression (4.46)
follows, that signal spectrum with

bps(t SF . Spsss(f)  direct e)fpansion is szactly .in N
| times wider, than signal without
: : spreading of spectrum, therefore a

number is often called the coeffi-
cient of spectrum spreading.
Spreading of spectrum allows

Figure 56 — Direct Sequence Spread Spectrum getting some useful properties.

signal modulator: GPNS — PNS generator; Eig- 57 demonstrates spectral
CG — carrier generator properties of broadband signals.

From the figure follows, that under

spreading of spectrum of a signal of
value of his spectral density is reduced. Values of spectral density of a broadband
signal under considerable spreading of a spectrum (hundreds and thousands times)
become near to the value of spectral density of noise. In this case it is difficult to dis-
tinguish a signal from noise, if the parameters of signal are unknown, for example,
bearing frequency is unknown. Broadband signals are in general called noise-like, as
their properties are similar property of white noise.

A S(f)

GPNS

178 |
i Lo AN

v

Figure 57 — Spectrums of: 1 — broadband signals;
2 — narrowband signal; 3 — white noise
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Similarity of values of spectral density of broadband signals and value of spec-
tral density of noise means, that these signals do not create considerable hindrances to
signals without spectrum spreading. On the other side fig. 57 demonstrates another
property of broadband signals, namely firmness to the narrow-band hindrances. On a
figure it is possible to see, that the spectrum of narrow-band signal (2) destruct insig-
nificant part of spectrum of broadband signal (shaded part), that allows effectively to
remove influencing of such hindrance. In fact both systems in which broadband sig-
nals are used and the systems in which signals are used without spreading of spec-
trum can work in one band of frequencies.

At demodulation of signals with the spreading spectrum the so-called matched
filters are used. Their properties are:

1) If on the input of a filter is given a signal which is matched with a filter,
output response repeats the correlation function of this signal.

2) If on the input of a filter is given a signal which is not matched with a filter,
output response repeats the mutual correlation function of input signal and signal
which a filter is matched with.

On fig. 58 and fig. 59 correlation properties of broadband signals are demon-
strated. The function of correlation of any signal s(¢) is determined by expression:

K(x)= [s(t)s(e -, 4.47)

—00

and mutual correlation function of two signals s,(¢) and s,(¢) is determined by ex-

pression:

js s2 t— r (4.48)

\K12(7)

ww“m%v*v%ﬁo‘wv—;

Figure 58 — Broadband signal correlation Figure 59 — Two PNS mutual correlation
function function

As it follows from fig. 58 a correlation function of broadband signal has main
narrow signal spike and small on values sideband signal spikes. Duration of the main
signal spike of correlation function 1, is inversely proportional the band of frequen-

cies of broadband signal, i.e.:
1
TO z .
M s

(4.49)
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A function of mutual correlation of two broadband signals has small on values
signal spikes (fig. 59). It allows realizing the code division of signals (wave-form
separation).

Multipath propagation of radiowaves is characteristic for systems of radio con-
tact and leads a few copies of a passed signal s(¢), which appear as a result of reflec-
tion of electromagnetic wave from various objects, enter into the input of receiver.
These copies of a passed signal enter into input of receiver with different delays ¢, :

Sreet) =

where / is a ray number; a way of distribution of electromagnetic wave is called ray;

L 1is an amount of rays.

There will be observed sum of functions of correlation on the output of a
matched filter (fig. 60). As a function of correlation of broadband signals has the nar-
row main bursts and small on values sideband bursts, signals of separate rays can be
put together laid down — processed by Rake-receiver. Realization of Rake-receiver
for processing of signals of two rays is represented on a fig. 61.

s(t—t,), (4.50)

L
=1

ASout (t)

A\ 4

At P Sout(tz)
P T

b

Figure 60 — MF output signal in a case of input Figure 61 — Rake-receiver
sum of two PNS

In communication networks with multiple access with code division on the in-
put of MF a few broadband signals of different subscribers which are transmitted si-
multaneously and in one band of frequencies, enter into input of matched filter:

sclt)= 250 @)

where M is an amount of active subscribers.

For waveform separation of broadband signals property 2 of matched filters is
used. As a value of function of mutual correlation of broadband signals tends to zero,
signals, which are not matched with a filter, will not create considerable hindrances
for a signal, which is matched with a filter.

4.10 OFDM

Orthogonal Frequency Division Multiplex (OFDM) realize a parallel-serial
transmission (fig. 62). A communication channel is simultaneously transmit L of
modulated signals with a serial transfer which has been examined before. For this
purpose sequence of binary characters is demultiplexed in L parallel sequences
ba)(®), bay(?), ..., br)(?)... On the basis of each of such sequences the modulated sig-



62

nals of s(1)(t) are formed, s(1y(?), S2)(?), ..., S@)(f) as well as under a serial transfer.
Sum of signals s(?), /=1, 2, ...,L forms the modulated signal of parallel-serial
transmission, which is written down as

L L k=
s(t) =Y sy ()= Xs((e—kT), (4.52)
=1 1=1 k=—0
where s((lk)l). (t — kT') — i-th signal, passed by /-th subchannel on k-th clock interval.
ba (1) sa)(®)
» ST mod >
bt t
b(t) 2 o > ST mod 0, D ._.S(t)
—1 DMX ;
byt i {
L Gas » ST mod Swld) >

Figure 62 — Modulator of parallel-serial transfer:
DMX — demultiplexer;
ST mod — serial transfer modulator

The feature of this method of transmission are:

- rate of digital signals b () lower, than signal H(¢) in L times;

- on the output of modulator L of the modulated signals s¢(#) simultaneously
present;

- the modulated signals of separate subchannels s()(f) must be such, that they
can be divided out of a sum (4.52) for separate demodulation; these signals occupy
different bands of frequencies.

In real systems the number L can make thousands. If AR and PR of communi-
cation channel are distorting, in the bands of frequencies for separate signals s(;(?) a
channel is practically nondistorted. At first glance complication of method of trans-
mission actually requires simple transformations: all L of modulators are realized by
one procedure of inverse fast Fourier transform. For demodulation direct fast Fourier
transform is used. OFDM is used in systems of radio contact and digital sound and
television broadcasting.

Questions for section 4

1. Define analog modulation. What is used as a carrier in the process of ana-
log modulation?

2. Define amplitude modulation, select needed mathematical expressions.
What are the spectral components of AM signal? How to determine the AM signal
bandwidth?

3. Explain why is the use of AM signal inefficient?

4. What are the reasons of double sideband suppressed carrier modulation
signals appearing? Write down mathematical description of DSB-SC signals. How to
determine the DSC-SC signal bandwidth?

5. What are the reasons of single-sideband modulation signals appearing?
Write down mathematical description of SSB signals. How to determine the SSB sig-
nal bandwidth?
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6. Define frequency modulation of signal. Write down mathematical expres-
sion of FM signal.

7. Define phase modulation of signal. Write down mathematical expression of
PM signal.

8. Define frequency deviation and phase deviation.

9. What is decisive in the construction of schemes of modern modulators?

10. Write down mathematical expression and draw modulator scheme of AM
and DSB-SC signals.

11. Write down mathematical expression of SSB signal and explain the possi-
ble ways of SSB signal forming.

12. Write down mathematical expression and draw modulator scheme of FM
and PM signal.

13. Define detection process.

14. Define digital signal. What digital signal is called binary? What is its main
characteristics?

15. What is the reason for the rejection of the use of rectangular pulses in the
transmission over communication channel?

16. What conditions should satisfy the impulses with compact spectrum,
transmitted over communication channels? What are the names of corresponding im-
pulses?

17. What is called "skew symmetry" of the spectrum? Why is the slope of the
pulses spectrum smooth one in practical applications?

18. Give an example of the Nyquist pulse shape and its spectrum. What pa-
rameters describe the Nyquist pulse? What is the spectrum width of the Nyquist
pulse?

19. Define pulse-amplitude modulation signal. Give the signal constellations of
the MPAM (M = 2, 4, 8) signals, draw scheme for its formation. Write down formula
for the spectrum width calculation.

20. Define modulation code and explain what is Gray code.

21. What kind of device is called a shaping filter? What is the purpose of its
application?

22. Define one-dimensional bandpass signals of digital modulation. Draw sig-
nal constellations of MASK (M = 2, 4, 8) and BPSK signals, draw scheme for their
formation. Write down formula for the spectrum width calculation.

23. Define two-dimensional bandpass signals of digital modulation. Draw sig-
nal constellations of MPSK (M > 4) and 16QAM signals, draw scheme for their for-
mation. Write down formula for the spectrum width calculation.

24. Explain the relationship between the quantity of channel symbols and a
spectral width of digital modulation signals.

25. Define broadband signal. What purpose is this signal in transmission sys-
tems used for?

26. Give an example of the formation of broadband signals.

27. Define parallel-to-serial transmission. What features are it characterized

by?
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5 NOISE IMMUNITY OF DIGITALLY MODULATED SIGNALS
RECEPTION

5.1 General information about the demodulation of digital modulated
signals

A transmission system is considered (Fig. 63). The input transmission system
receives a baseband signal b(¢). The modulator converts the baseband signal H(7) into
the modulated signal s(¢) for transmission over a distance through the transmission
line. Transmission line is undistorted. The demodulator input receives the sum of sig-
nal s(¢) and noise n(¢): z(t) = s(¢) + n(¢). It is believed, unless expressly agreed that the
noise n(f) is AWGN (more precisely, the white noise in the passband of the transmis-

sion line). On signal z(#) demodulator have to restore the baseband signal l;(t), the

least different from the transmitted signal b(¢). Demodulator must take into account
all characteristics of signal s(¢) and noise n(¢) at demodulation.

__.b(t) Modulator | 3 Transmission line (%) | Demodulator b(o)
| (communication channel) g -

Figure 63 — Transmission system

Depending on the nature of the baseband signal (digital or analog) transmission
system is divided into digital and analog. In these systems, different modulation and
demodulation are performed; quantitatively accuracy of the baseband signal recovery
is estimated in different ways. Properties and signals formation of analog and digital
modulation types are considered in the section 4. This module examines the problems
arising in the demodulation of signals:

— algorithms (schemes) of signals demodulation;

— noise immunity of transmission systems — the ability of transmission sys-
tems to resist the action of noise.

In digital transmission systems signal s(¢) is a sequence determined channel
symbols, which reflect the baseband digital signal, and following through clock inter-
val Tt

s(= Y5O (- kT), 5.1)
k=—00

where si(¢),i=0, ..., M — 1 — channel symbols;
M = 2" — number of channel symbols;
n —number of bits transmitting by channel symbol;
T — clock interval is time, which the channel symbols passed through;
s (t — kT) — i-th channel symbol, transmitting on k-th clock interval.

At demodulation the numbers i of channel symbols are unknown. Channel
symbols (a form of pulses, their frequency (frequencies), their phase, clock interval,
moments of the reference clock intervals) are known. Each channel symbol s;(¢), if it
is convenient, designated as channel symbol s;.



65

Demodulator must make a difference between channel symbols — to make de-
cision §, about numbers of transmitted channel symbols, and gives out a decision bits

in accordance with the mapping code.
We assume that the demodulator makes a decision §j on the transmitted chan-

nel symbol at every clock interval, independently of the decisions of other clock in-
tervals. This method is called symbol-by-symbol demodulation. At symbol-by-
symbol demodulation the work of demodulator can be considered at individual clock
intervals, for example, when £ = 0 demodulated signal has the form

2(6) = s(¢) + n(t). (5.2)

Here, number of channel symbol is unknown, and the demodulator is required
to make a decision about number i. As on the demodulator input a distorted by noise
signal is received, the decision about transmitted channel symbols will contain errors.
Channel symbol error is the demodulator decision §, when receiving on the demodu-

lator input symbol is s; and j # i. Errors appears randomly as the random nature of
noise. Wrong decision by the demodulator about channel symbol reduces to one or
more incorrect bits (depending on the mapping code) on the demodulator output. Bit
error probability p is a quantitative measure of noise immunity of digital transmission
systems. Bit error probability p, along with the signal rate R is a basic characteristic
of digital transmission system.

5.2 Criterion of optimality of digital modulation signals demodulators de-
cision rules

You can offer a lot of number of algorithms for demodulation of the signal
(5.2). Any demodulation algorithms must take into account all or part of the initial
data were: description of the channel symbols s4¢), i = 0, ..., M — 1; a prior probabili-
ties of channel symbols P(s;), i =0, ..., M — 1; statistical characteristics of noise n(¢),
in particular the probability density p(n).

Our task is to find the optimal demodulation algorithms, assuming that the cri-
terion of optimality is the minimum total error probability of demodulator decision
about channel symbol. To minimize the bit error probability at the demodulator out-
put provided the minimum error probability decision about channel symbol one opti-
mizes the mapping code.

Obviously, the minimum total error probability of demodulator decision about
channel symbol is a decision on the maximum a posterior probability of channel
symbols P(s;/z). Rule of maximum a posterior probability is formulated in the fol-

lowing way: demodulator makes a decision about symbol transfers,, if a system of
M — 1 inequalities is satisfied:

P(s;/z)>Pls,; /z) j=0,1,..,M~1; j=#i. (5.3)
Then use the Bayes formula

P(s,/z)= P(s;)p(z/s,) (5.4)

plz)
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where p(z) is unconditional probability density of the signal z(7);

p(z/s;) 1s conditional probability density of the signal z(f) provided that
z(t) = s,(t)+n(z).

This assumes that a prior probabilities of channel symbol P(s;), i=0, ..., M — 1
and the probability density of the noise p(n) allow us to calculate the conditional
probabilities density p(z/s;). Typically, channel symbols are equally probable in
transmission systems, 1.e.

P(s;)=1/M, i=0,..,M-1. (5.5)

With this in mind we rewrite the system of inequalities (5.3) by deleting the en-
tries unconditional probability density p(z), that is included in the right and left sides,
and not dependent on the index:

plz/s;)>plz/s;) j=0,1.. ., M1 j=i. (5.6)

The system of inequalities (5.6) is called usually the maximum likelihood rule,
which is formulated in the following way: demodulator makes a decision about trans-
fer symbol $,, if conditional probability density of the signal z(#) provided that

z(t) = s,(t)+ n(t) is maximal. Conditional probability density is called also the likeli-

hood function.

Note that the maximum likelihood rule is used for demodulators’ construction,
if the channel symbols are equiprobable (in this case is realized generally maximum a
posterior probability) or a prior probabilities of channel symbols are unknown.

To move from decision rules (5.6) to the demodulation algorithm it is neces-
sary to use representation of signals and noise in a multidimensional space. Full de-
scription of the set of channel symbols s4¢), i =0, ..., M — 1 is their representation in
the N-dimensional space (see section 4). They considered one-dimensional (N = 1)
and two-dimensional (N = 2) signals as the most frequently used. For clarity of the
description the signal constellations are used.

Realization of input demodulator sum of signal and noise z(#) — the relation
(5.2) — can be also represented in a multidimensional space formed by the orthonor-
mal basis functions {wy(¢)}, which are used for the description of channel symbols
S i(f):

N-1

s;(t)=> a,w, (), i=0,1,...,M~1; (5.7)
k=0

N-1
Z(t): ];)Zkllfk(t)a (5.8)
where

T,
zp = [z()y,()dt, k=0,1,...,N-1- (5.9)
0
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is decomposition coefficients of demodulated signal. This ratio suggests that the
functions {y(¢)} form an orthonormal basis with orthogonality interval (0, 7;), where
T} is duration of channel symbols.

The coefficients z; are uncorrelated Gaussian random values. Therefore, the
conditional probability densities p(z/s;), i = 0, ..., M — 1 are N-dimensional distribu-
tions, determined by the product N one-dimensional distributions. The right and left

sides of inequalities (6) can be rewritten as
1 Nl

1 ) 1 1 N-!
(V2ro)” eXp(_F;;(Z" ~ax) j g (V2ro)" eXp(_ Fk:O(Zk I )Zj (5.10)

j=0,1, ...,M —1; j#1,
where G 1s a root mean square deviation (RMS) of the coefficients z;.

Verification of inequalities (10) is equivalent to checking the inequalities
N-1 N-1

;;o(z" S ;;o(zk —ay P, =0, L, M~ j#i. (5.11)

Sums in inequality (5.11) are nothing other than squares of the distances be-
tween the demodulated signal and the channel symbols in the N-dimensional space.
Last relation expressed the maximum likelihood rule for the optimal demodulation:
decision about the number of channel symbols shall be in favour of the signal, the
distance between that and demodulated signal is minimal. Note that there is no need
to take a square root of the left and right sides of inequality (5.11), the square of the
distance can be also compared.

Rule of the demodulation can be interpreted in a following way:

— signal space is divided into M disjoint areas with the names s,
i=0,.., M—1,each area s; is a set of points that are closer to the signal s4¢), rather
than to other signals;

— demodulator makes a decision about transfer signal s,(¢), if the point z(¢) in
N-dimensional space falls in the area s;.

Notes:

1. The criterion of minimum total error probability of demodulator decision in
the Russian-language literature is also called the criterion of the ideal observer (a
term introduced by V.A. Kotelnikov).

2. If the error making by demodulator differently undesirable for various
channel symbol, they used the criterion of minimum average risk (criterion minimal
total error probability of demodulator decision assumes that all errors are equally un-
desirable).

Example 1. Let’s find the decision rule for optimal demodulation of one-
dimensional (N = 1) BPAM signal, whose channel symbols are described

s;()=a,A(t), i=0, 1, (5.12)
where A(¢) is pulse, with set time and spectral characteristics, which maximum value
and energy are equal to 1;

a; 1s factors that show the transmitted bits: a; = a, ap = — a; value a determines

the energy of channel symbols.
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The function A(¢) plays the role of the basis functions y(¢) for the representa-
tion of the signal s54¢) in one-dimensional space.
On the demodulator input on a concrete clock interval (e.g., £ = 0) comes

z(t) = a, A(t)+n(z). (5.13)

Find the coefficient submission signal z(?) in the basis A4(¢)

zo = [ 2(t)At)dt = a; + (5.14)
where £ — random variable with Gaussian probability distribution, since it is the result
of linear transformation noise with a Gaussian distribution.

In accordance with expression (5.11) for the restoration of binary symbol,
transfer at this clock interval, you should compare the distances zyp — a; and zy — ap and
decide in favor of the minimal of these:

ifZ() —da; < Zzy— Ay, then b,\l. =1 ;
ifZ()—Cll > zg — do, then b,\l. =0.

As follows from relation (5.14) z, is nothing short of the estimate a of the co-
efficient a;. Let us discuss the decision on a comparison of conditional probabilities
densities (6) (rule of maximum likelihood): demodulator makes a decision about the
transmitted channel symbol §,, if p(a/s,)> p(a/s,), and the decision §,, if
plafs) < pla/s,).

In fig. 64 the BPAM signal constellation and the conditional probability den-
sity estimates of the coefficient, which describes demodulated signal are shown. This
figure shows that instead of comparing the conditional probability density demodula-
tor can make a decision on the result of comparison of estimates a with threshold
value A according to the rule: if @ > A, then a signal s,(¢) was transmitted, and if
a < A, then a signal sy(f) was transmitted.

A) A% A%,) H9)

Area sg Area sy
_./l L~

{
/

Ao A aj

>

aop A a

a) b)
Figure 64 — BPAM signal constellation and the conditional probability density estimates:
a — not optimal setup of threshold; 5 — optimal setup of threshold

>

The error probability in the transmission (%)
A
Per(sl): jp(&/sl)d& (515)

Similarly, we define the error probability in the transmission sy(?)
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P_(s,)={ pla/s,)da. (5.16)

> ey 8

The unconditional error probability of signal and bit
pP= P(Sl )Per(sl)+ P(SO )Per(SO): ODS[Per(Sl )+ Per(SO )] (517)

From fig. 64, a can be seen that the probabilities in square brackets equal to the
shaded areas. It is easy to see that the total area will be minimal when the threshold is
midway between a; and ay:

A= 0,5(611 + Cl()). (518)

This value is shown in fig. 64, b. It is seen that P.(s;) = Pe(s¢) in this case. It
also shows the partition of the signals space (in this example, the number axis) in the
signals areas: the range of values a, where p(&/ s]) > p(&/ so), is an area of the sym-

bol s, and the range of values @, where p(a/s,) < p(a/s,) is the area of symbol s,.

Note. Fig. 64 shows that the probability of error depends on the values of RMS
c of estimate @ — the less RMS, the less error probability. It will be shown that the
calculation of estimates for the algorithm (5.14) provides a minimum value of RMS
estimates.

5.3 Algorithm for optimal demodulation of digital modulation signals
(general case)

The received above maximum likelihood rule is reflected in the form of M-ary
signals optimal demodulator scheme (Fig. 65). Individual circuit blocks perform the
following functions:

1. Determination of signal z(¢) coordinates in the space of channel symbols, on
the basis of (5.9).

2. Determination of the squares of the distances between z(¢) and s,(¢) in the
space of channel symbols based on the ratio

N-1
d*(z,5,)= Yz, —a, ), i=0,1,...,M—1. (5.19)
k=0

3. Comparison of the squares of distances (or distances), identification number
j, which corresponds to the minimum value of d°(z, sj), delivery of solutions §, .

4. Presentation channel symbol s; by bits in accordance with the mapping code.

On the next clock interval mentioned actions are repeated.

The scheme of optimal demodulator (fig. 65) can be used to demodulate the
signal of an arbitrary specified type of modulation — types of modulation have differ-
ent values N and M, form of channel symbols. There is one limit. Channel symbols
are equally probable, but this restriction is usually performed in practice.

Depending on the modulation type, by considering properties of channel sym-
bols, coordinates of the signal z(f) can calculate in different ways in the space of
channel symbols. This diversity of ways of demodulators constructing, which will be
devoted a significant place in the following sections. The remaining blocks of the
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demodulator: calculation of the square distances between z(¢) and s,(¢), a decision on
the basis of minimum distance value, decoding based on the mapping code are the
standard for the demodulator, and thereafter will be merged into one unit which will
be called "decision".

_____________________________________________________________

Decision scheme

20 | d*(z, o) |
Calculation of | 7 Calculation of d’(z, 1) g Docodor i
signal z(?) co- ?| squares dis- "| Decisiononthe| » | cipe man- | 2
z(?) | ordinates in ! tances . basis of mini- | 5 , dp | b(¢)
~ | channel sym- 1| between : mum ’| ping code r—
bols space | z(¢) and si(¢) value i
ZN-1 R dz(z’ SMfl) i

Figure 65 — Optimal demodulator of M-ary signal

Calculation of signal z(¢) coordinates in the space of channel symbols based on
the ratio (5.9) can be satisfied by correlators schemes (fig. 66). The scheme of the
correlator includes a signal generator yi(f) — a replica of the k-th basis function of
channel symbol, multiplier and integrator with reset. Switch takes sample at the end
of the signal y(¢), and the integrator is given in the zero state to be ready for the next
signal processing.

The term "correlator” is due to the fact that the scheme calculates the value of
cross-correlation function between signals z(¢) and (7).

The calculation corresponding to the relation (5.12), can be performed by lin-
ear electric circuit with a specially chosen impulse response gi(¢). In the general case,
the output signal y(¢) and the input signal z(¢) linear circuit are connected by the rela-
tion, called the Duhamel integral

y(0)= [=0)gle—pe. (5.20

—00

where g(7) is the impulse response of a circuit.
Let

g = YT — 1). (5.21)
Since the signal y(¢) exists on the interval (0, 7), then at the same interval

there exists a function yi(7; — ¢). Therefore, the limits of integration are 0 and 7.
Let’s find the value y(Ty)

y ()= [ 2N, (T, ~T, + <k = [ (e, (e = =, (522)

Linear electric circuit with the impulse response (5.21) is called a matched fil-
ter with the signal y(¢) (the impulse response is a mirror reflection of a signal).

Thus, the calculation of expansion coefficients of the signal z(¢) can be accom-
plished with the help of correlator or matched filter (fig. 67). Accordingly, the de-
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modulator scheme will contain N correlators or N matched filter and decision scheme

(fig. 68).
T
Z(f) x R J.T3 ) Zk
el ¥
t z(t i
Wi(?) (9) |IMF \(xgth Zp
G A
Figure 67 — Calculation
Figure 66 — Calculation of the coefficient zx
of the coefficient z; by correlator by matched filter
T, T,
»| Corr. \Vo(t) —}:/l—> »] MF with \Vo(l‘) —):1—>
: Deci- | » : Deci- | ~
20— Comwi() |l gon [50) 2(1) $—| MF with v (9 - Gon [20)

v

A4

Corr. yyi(7) =1l ME with yy 1()}—*"1

a) b)
Figure 68 — Optimum demodulators:
a — on the basis of correlators; b — on the basis of matched filters

5.4 Matched filter

In section 5.3 the term "matched filter" (MF) was introduced as a device for
coefficient calculation representation of demodulated signal in orthonormal basis. MF
is more widely used in transmission systems equipment. Therefore we consider be-
low MF with common positions.

to There is a linear quadripole (fil-

. ter) with transfer function H(jw). Its in-

ﬂ. Linear 40 4 (do) put is the sum of deterministic pulse
quadripole Sampler signal  s(?) and noise n(t):

z(t) = s(t) + n(¢). There is a sum of re-
sponses to the signal and noise y(¢) =
ys(f) + yu(t) on the quadripole output.
Sampler is connected to the quadripole output to sample at the time ¢, (fig. 69). This
device is used to reduce noise and to sample in order to determine the maximum val-
ue of the pulse.

The filter is called matched with a signal s(z), if at submission on its input of
the sum of the signal s(¢) and a noise n(¢) on its output at the certain moment (desig-
nated f;) the maximum ratio of the instantaneous power of a signal y,°(f;) to the aver-
age power of noise P, o, takes place: ppeak = ysz(z‘o)/Pn ou.

Figure 69 — Inclusion of quadripole
and sampler



72

Matched filter is used not only for signal/noise ratio maximization, but for oth-
er important signal and noise transformations also. Therefore we will consider prop-
erties of MF:

1. Let’s find the transfer function H(jw). Signal s(¢) is specified and the noise
n(t) is white noise with power spectral density Ny/2.

Let

S(jo)= [s(e)e " dr - (5.23)

—00

spectral density of a signal s(¢). Then spectral density of the output signal y(¢) is de-
fined as

Sou (J©)= S(jo)H(jo). (5.24)

Sampling value of signal y(#) is the inverse Fourier transforms from Sy, (j®)
», (fo)zzi [S(o)H (jo)e™ do. (5.25)
TE —o0

Noise power on the filter output and average square of noise sample y,(¢) is
defined as

n out 0

1 2N,
P =2—j007 jo) do. (5.26)

Signal to noise ratio is a signal power y,*(f) to average square of noise sample
ratio P, o in the sampling moment

(]| Tstioprtoeao
o= = . (5.27)
LN Tt
o o [|H(jo) do

2

We seek a transfer function H(j®), in which there is a maximum value of the
numerator in the ratio (5.27). For the next calculation it is necessary to take advan-

tage of that the integral in the numerator — scalar product of two functions § *( jO))
and H(jw)e’ (S*(jw) is complex conjugate function with the function S(jw)). Sca-
lar product is maximum if these functions coincide with accuracy to any positive co-
efficient ¢, 1.e. H ( j(;))ej(’”" = ¢-S*(jw). Hence, the maximum of the numerator (5.27)
takes place when the transfer function

H(jo)=c-S*(jo)e /. (5.28)

After substituting expression (5.28) in relation (5.27) we obtain
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Here it is used, that energy of a signal is defined as
1 % 2
E =—|SUo) do. 5.30
s =55 JIsUe) (5.30)

We see that ratio (5.28) provides not only a maximum of the numerator of the
SNR (5.27), but the maximum of this ratio (the value of p does not depend on the
specific form of the transfer function H(jw), included in the denominator). In such a
way, the problem of determining the transfer function of MF H(jw) is solved.

2. Value (5.29) determines the maximum possible signal to noise ratio at the
output of the filter in the sampling moment. This ratio is called peak

2E
.

0

ppeak = (531)

Let’s define the gain in the signal/noise ratio, which shows how many times in-
creases the signal/noise ratio provided with the MF,
Ppac 2E P 2PT N F,

— — s [ sTsT70 n:2FT’ 532
TP/ NoP NPT (32

where F), is band of noise on filter input;

T} is signal s(¢) duration;

P and P, are average powers of signal and noise on filter input.

From the expression (5.32) evidently, that at certain correlations between the
noise band and duration of signal gain can take on large values.

3. Let’s find amplitude response and phase response of MF. Transfer function
of a linear circuit defines AR and PR circuit

H(jo) = H(o) exp(jp(w)), (5.33)

where H(w) is AR circuit, ¢(w) is PR circuit.
Let's present the spectral density of a signal through the module and the argu-
ment

S(jw) = S(o) exp(jy(w)), (5.34)

where S(w) is an amplitude spectrum of a signal, y() is a phase spectrum of a sig-
nal.
After substituting (5.33) and (5.34) in (5.28) we find that the frequency re-
sponse of MF
H(w) = cS(o) (5.35)
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up to an arbitrary factor coincides with the amplitude of the signal the filter is
matched with. MF transmission coefficient is bigger at those frequencies at which
signal s(f)components is bigger.

Equality arguments of left and right sides of (5.28) gives

P(©) = ~y(w) - of, (5.36)
that is interpreted as follows: PR of MF up to a linear term is opposite in sign to the
phase spectrum signal the filter is matched with.

For finding out of physical essence of MF PR will consider some signal har-
monic of frequency f;: A,cos(2nf; + ;). This harmonic on the MF output is deter-
mined:

A:H(f))cos2nf; t+ y; + o(f) = A:H(f;)cos(2nfi t + y; — y; — 21f; ty).

The full phase of oscillation is equal 2rf; (t — #y). At a moment ¢ = ¢, the full
phase of oscillation is equal to the zero independently of frequency. At this moment
all harmonics are in a phase and at addition give the maximally possible value of re-
sponse.

4. Let’s find the impulse response of MF as the inverse Fourier transform of
the transfer function
J' S(- jo)e /e gt :2c_n J'S(j(o)ej(”("’_’)dt =cs(ty —1).(5.37)

1 % ~ c
- [ H(jold =5
g(t) - _{o (joo)e!™ dt -

We see, that impulse response of matched filter is mirror reflection of a signal
which the filter is matched with, about the point ¢, in scale c.

Example 2. We will build the graph of impulse response of filter, matched with
a signal

1-¢/T., 0<t<T
S(f)z{ /s’ 59
0, <0, t>T,.

Condition of a physical realization of a circuit is g (f) = 0 at # <0. The matched
filter accumulates all of the components of a signal and in sampling moment forms of
them the greatest possible value. It is obvious, that the filter accumulated all compo-
nents of a signal, sampling moment should not be less than the duration of a signal:
to > Ty, where T is a signal s(¢) duration.

a(t
ol

t d to— Ty to ;
b)

Figure 70 — Graphs: a — signal,
b — impulse response of filter matched with signal
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5. Let on the MF input operates arbitrary signal z(¢). The response of the filter
is determined by the Duhamel integral

W)= [20)g(t— )t = [2(2)slty — 1+ Dt =K ((~1, ). (5.38)

—00 —00

where K_(t) — cross-correlation function of signals z(¢) and s(z).

From the expression (5.38) follows that the shape of the signal on the MF out-
put is determined by cross-correlation function of the input signal and the signal
which the filter is matched with, namely, it repeats the cross-correlation function in
the scale ¢ and shifted to the right on #,.

If in the ratio (5.38) put ¢ = 1 and ¢y = Tj, it is easy to see that y(7;) gives the
value of the scalar product of signals z(¢) and s(¢). This property of MF was used to
determine the expansion coefficients in the ratio (5.22).

6. Let on an input of MF be the signal s(f) with which the filter is matched.
Then, on foundation (5.38) will write down

()= K, (t~1,), (5.39)

where K(t) — correlation function of signal s(z).

Thus, if on the MF input we have signal, which filter is matched with, the re-
sponse of the filter is determined by the correlation function of signal, namely, it re-
peats the correlation function in the scale ¢ and shifted to the right on .

Exercise 3. Let’s illustrate the properties of MF considered by the example of a
filter, matched with a rectangular pulse of amplitude 4 and duration 7. Let ¢ = 1/4
and ¢y, = T. Impulse response of filter, matched with rectangular pulse have rectangu-
lar shape, amplitude 1 and duration Ty, i.e. impulse response coincides with the signal
(fig. 71,a).

The spectral density of the rectangular impulse is defined with the aid of Fou-
rier transform

=—Sm——:-¢

. T
A et 1] 2in Ofs otz (5.40)
— jo o

Si(jw) = [Ae™ ' dr =
0

According to the ratio (5.28) we will get the expression for transfer function of
filter, matched with rectangular pulse, if ¢ =1/4 and ¢, = T}

Hijo) =+ [1-e7]. (5.41)
Jjo

Hence this relationship follows that the scheme of the filter, matched with the
rectangular impulse consists of the integrator (with transfer function 1/j®), delay de-
vice for the period of 7y (with transfer function exp(—jwT7;)) and the subtracter
(Fig. 71,¢). In this figure the numbers denote the individual points of scheme to dis-

cuss its work.
It is easy to receive expression for AR of the filter, matched with the rectangular
impulse. Final expression for AR after transition to a variable flooks like function sin(x)/x
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o sinfT
Hr(f)_Ts TffTs :

AR of MF and amplitude spectrum of the signal is shown in fig. 71,b.

Fig. 72,a shows the processes taking place in MF for its input 8-function. There
is the impulse response on the output. Fig. 72,b shows the process taking place in MF
for its input pulse which filter is matched with. On the scheme output is observed a
response, which coincides with the correlation function of the rectangular pulse dura-
tion 7 (see subsection 2.2).

(5.42)

S«(f), H{f)
1 J 2 4 4
—> »> -|— —
s(1), (o)
[R—
Rl
0 T, ¢ o UT, 2T, f c)
a) b)

Figure 71 — Characteristics of the filter matched with rectangular pulse:
a — impulse response; b — AFC; ¢ — MF scheme

1 1
‘ ! ‘
2 2 !
| t E t
3 3 /
! t E S
4 4 ! :
0 T, t 0 T, 2T, ¢
a) b)

Figure 72 — Time diagrams, which illustrated work of the filter matched with
rectangular pulse: @ — d-function, b — rectangular pulse on the input

5.5 Application of matched filter in the MPAM signal demodulator

Consider the joint scheme of the MPAM signal modulator and demodulator
(fig. 73). Scheme of the modulator is based on the description of MPAM signals (dis-
cussed in section 4)

s.(t)=a . At), i=0,1,... M -1, (5.43)

where A(¢) — pulse with a certain frequency and temporal characteristics;
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a; — coefficient that map transferred bits.
In terms of signals space MPAM is a one-dimensional space, A(?) is basic function, a;
are decomposition coefficients.

Mapper generates the coefficients a; by the input digital signal. On each clock
interval n = log,M bits block is assigned to coefficient a;. This coefficient applied to
the shaping filter (SF) input by a signal @;0(¢). SF generates a pulse a;A(%).

Demodulator scheme is based on earlier sections material. The input filter re-
ceives a sum of signal and noise @;A(¢) + n(¢). Matched filter reduces noise, and on its
output there is a useful signal a;P(¢) and noise {(¢). Sampler takes the sample and
gives out an estimate a of the coefficient a;. The maximum value of pulse P(¢) at the
sample time equals to 1, @ = a; + C (estimate a can be considered as the coefficient
zop submission signal z(#) in one-dimensional space on the basic function A(¢)). The
Sampler is controlled by a sequence of pulses from a clock recovery scheme (CIR),
which ensures the samples in the time of maximum signal/noise ratio. Based on in-
formation received from the sampler estimate a decision scheme makes a decision
about the number of transmitted channel symbol and gives the solution of binary
symbols in accordance with the modulation code.

Since shaping filter is excited by o-function, then the amplitude spectrum of
pulse A(¢) is equal to the AR of SF

SA(f) = HSF(/) (544)
Amplitude spectrum of pulse P(7) s defined as
SK(f) = Sa(N)-Hur(f), (5.45)
where H)(f) is an amplitude response of filter matched with pulse A(¥).
a;(1) a;P(t) + {(?) X
, : ] blt
b(t), Mapper SF w ﬁ Mi(wt)lth Sampler a: Decision —(-2
|
a) b) CIR

Figure 73 — Schemes: a — MPAM signals modulator;
b — MPAM signals demodulator

Pulse on the MF output P(#) must satisfy the absence of ISI, so we require that
the spectrum Sp(f) will be a Nyquist spectrum N(f).

Sp(f) = N(f). (5.46)
We use the property of MF: its amplitude response coincides with the ampli-
tude spectrum of the signal, matched with (if ¢ = 1)

Hyf) = Sa(f). (5.47)
Given the equality (5.44) — (5.47) we conclude that
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As they say the AR of MF and SF is described by the "square root of the Ny-
quist spectrum" dependence.
Usually Nyquist spectrum is described by the "raised cosine" dependence.

T, 0<|f|<d-a)fy,

N(f) = O,ST{1+sin(i( —mjﬂ A-o)fy <|fl<U+a)fy, (5.49)
20 In
0, A=A +a)fy,

where T — clock interval;
fv=1/(2T) — Nyquist frequency;
o — roll-off factor.
Dependence "square root of the Nyquist spectrum" is described as

VT, fl<d=0)fy,
JN(f) = ﬁsin{%(l+a—‘fiﬂ, A-a)fy <|fl<U+a)fy, (5.50)
N
0, A=A+ a) fy

Fig. 74 shows the dependences N(f) and /N(f) for a. = 0,4. Fig. 74,b shows
that the shaping and matched filters are a lowpass filters, but with a special response.
If as MF and SF filters of Butterworth, Chebyshev, etc. are used, synthesized with a
view to bringing them as close to the AR of rectangular, it will not be fulfilled the
condition of absence of ISI.

1 : L] :
N()YT \ INGVIT \
075 0,75 T
0,5 0,5 \\
0,25 \ 0,25 :
0 , 0 \
0 Ml-0)  fyv (1) f 0 M-a) v f(1ta) f
a) b)

Figure 74 — Spectra: a — Nyquist spectrum, b — root of Nyquist spectrum

The expression for the pulse 4(f) can be obtained as the inverse Fourier transform
of dependence /N(f), assuming that the phase spectrum is identically equal to zero:
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i 8a )
A) = 8o+ 27t(1 - Ot){n(l - (SOthl‘)z) . [COS(zn(l ’ a)th)+ Rt Sm(zn(l ) a)th)] ' (5.51)
+2(1_a\sin(2n(l—oc)th) Cw<i<om
g o2n(l—a)fyt .

P(¢) function can be obtained as the inverse Fourier transform of N(f), assum-
ing that the phase spectrum is identically equal to zero:

sin 2ntfy ¢ cos 2mo- ft
2nfyt 1= (da- fyt)*

Fig. 75 shows graphs of pulses A(¢) and P(¢). From graphs P(¢) shows that its
peak value is 1. This means that when the pulse a;4(¢) transfer sample on the output
of the sampler is a;. Fig. 75 shows that the pulse P(¢) takes zero value at ¢t = kT
(k=1, 2, 3,...), i.e. satisfies the sampling condition. Impulse 4(¢) doesn’t take zero
values att = kT (k=1, 2, 3,...).

P(t) = (5.52)

~P()

0,5
A

/ 7 \

3T 2T -T 0 T 2T 3T ¢t
Figure 75 — A(¢) and P(¢) pulses

Define the value of the pulse A(f) energy which require in further analysis,
1 % ® o o
E, = Si(oko=2[Si(/)df = 2 (N df =2[ N(fMF =1.  (5.53)
—0 0 0 0

The result was obtained, based on the fact that the integral equals the area un-
der the curve described by the integrand (fig. 84, a). Since the function N(f) has anti-
symmetric slope, then this area is the area of a rectangle of height 7 and the base
v=1/(2T7). This value allows you to easily determine the signal energy
s;(t)=a;A(t):

E =a’. (5.54)

1 1

For further analysis the value of noise average power is also required on the
MF output, which response are described by the dependence /N(f),
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TN, 2 N,
Prow =2] S Hige () = No [N(f)df == (5.55)
0 0
When integrating the same approach as in the calculation of the integral (5.53).
The value of RMS noise on the MF output is equal to

c=+/N,/2. (5.56)

Given (5.54) and (5.56) is easily seen that the signal to noise ratio at the sam-

pling moment
, 2F.
i _ |25 (5.57)
c N,

corresponds to a matched filter property (5.31).
5.6 Correlator

In analyzing the properties of the matched filter has been related between the
output signal y(¢) and input signal z(¢) — relation (5.38). Let ¢ = 1, ty = T, and under
these conditions, the relation (5.38) define y(7;). At the same time we take into ac-
count that the signal s(¢) exists on the interval (0, 75):

T,

N

oT,)= [0 (5.59
0
Hence the last relation follows that you can make an optimal signal processing
with the noise z(¢) = s(¢) + n(¢) by scheme, which work is described by the relation
(5.58). The device, which work is described by the relation (5.58) is called correlator
and it is considered in Section 5.3.
T, Fig. 76 shows the scheme of the corre-

T, Jl/ AT lator. It contains the signal s(f) generator (a

Z(i. X f ", replica of the processed signal), multiplier
o |Y® and integrator with reset. At the end of the
5(7) §igna1 s(7) .sampler tgkes the sample, and the
integrator is given in the zero state to be

G ready to process the next signal.

From the description of the scheme it
is understandable that have not been shown
circuit of synchronization signal generator
s(?), the control circuit of the sampler and the integrator reset.

Equivalence of signal processing with the noise by matched filter and correla-
tor in both cases is

Figure 76 — Correlator

2F

=—. 5.59
pout N ( )

0

However, the processes taking place in the schemes of matched filter and cor-
relator are different. Illustrate this for an example of the radio pulse s(¢) (fig. 77,a).
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The output of matched filter response is observed in the form of the correlation func-
tion of the signal s(¢) (fig. 77,b). From the output of the filter sample y(T5) is taken.
Fig. 77,c shows the signal at the output of the integrator with the reset of the correla-
tor y,(¢) and the sample value from the output of the correlator y(75). Despite the fact
that the processes are different, the outputs of both circuits of the signal/noise ratio
equal

where ¢ is RMS of sample y(¢) .

Relationships (5.59) and (5.60) are valid for the correlator, if the signal proc-
essing time by correlator equals to the duration of the signal. Situation is different in
the processing of pulses with a substantially limited range, for example, Nyquist
pulses. In this case, the pulse duration can take values 7 = (8...20)7, where T — clock
interval duration. Processing time by correlator cannot be more than 7 at digital mod-
ulation signal demodulation.

s ys(0)

/\AATS "’//
| v \/ \/ \/t i
@

Figure 77 — Signals: a — on the processing device input; b — on the matched filter output; ¢ —
on the integrator output of the correlator

N ys(To) s(0)
\\‘ S(TS)

.
< .
N .
S,
<. ,
. c)

In fig. 78 pulse A(?) is
shown. The shaded area under
the curve A(¢) on the interval
(=772, T/2) shows the result of
integrating by correlator — in the
A1) processing of the pulse are not
using the pulse value at intervals
PR / P (-0, =772) and (772, ). There-
\/ \/ fore, signal/noise ratio at the cor-
relator output is less than the pro-

=37 2T -T 0 T 2T 3T ¢t cessing of a matched filter. Proc-

Figure 78 — Processing of the pulse by correlator essing time of matched filter is
equal to the duration of its im-

pulse response, and it is equal to the duration of the signal 7, and all the signal values
used in processing. For this reason, the correlator was used in the digital modulation

P A

< >
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demodulator using weakly filtered rectangular pulses, when the duration of the signal
is practically equal to the duration of the clock interval. Matched filters are applied
when pulses with a substantially limited range are used.

5.7 Matched filtering of radio pulses

In the case of bandpass signals of digital modulation (MAPSK, MPSK, MQAM
etc.) channel symbols are based on pulse-carrier

s(t)=/24(¢)cos 2nft . (5.61)

Signal s(¢) is bandpass. Its spectrum is centered round the frequency fo. We
must perform an optimal filtering of the signal s(¢), coming together with the noise
n(t), and take sample. We suppose that the noise is white noise, its spectrum is con-
centrated in the bandwidth of the communication channel.

First method. Used bandpass filter which amplitude response is described by
the relation (5.35). Engineering practice has shown that the bandpass filters have a
low accuracy of implementation.

Second method. First is the coherent (synchronous) detection of the signal and
noise sum z(¢) = s(¢f) + n(¢), and then pulse filtering 4(¢) with noise by low-pass
matched filter (fig. 79). Carrier recovery (CR) scheme produces an oscillation
V2 cos2mfot, which is necessary for the detector.

For the analysis of noise transmission through the synchronous detector we
represent bandpass noise by quadrature components

n(f) = No(£)+2 cos 2mfot +Ny(£)~2 sin 2fyt, (5.62)

where N.(¢) is amplitude of the cosine component of the noise;
Ny(¢) is amplitude of the sine component of the noise.
The output multiplier we obtain

Umut() = [A(?) + N(6)] + [A(2) + N(r)]cos 2m2fot. (5.63)
Lo
s(2) + n(t) | Mutiplier MF with () () (o) = ys(to) + yu(to)
Sampler
V2 cos 2nfot
> CR Figure 79 — Matched filtering of radio pulse by
low-pass filter

The first term in (5.63) is low-frequency component, and the second term is
DSB-SC signal with a carrier frequency 2fy. In transmission systems, carrier fre-
quency is substantially greater than the maximum frequency of the signal spectrum
A(t), and the spectra of two terms in (5.63) do not overlap. For signal A(¢) after the
multiplier one should include low-pass filter, transmitting A(¢) and weakening
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A(t)cos2m2fot. 1.e. requires a low-pass filter with a cut off frequency is higher than the
maximum frequency in the spectrum of the signal A(7). The same filter after the mul-
tiplier (in fact LPF) performs optimal filtering of the signal A(#). On the MF output
due to the pulse A(¢) we obtain the pulse P(7) (see section 5.5).

Let us discuss the passing of noise through the synchronous detector and
matched filter. Noise 7n(¢) is white in the bandwidth of the communication channel F,
with average frequency fo. Its average power is determined P, = NoF,. This power is
divided equally between the cosine and sine components. Thus, the power of cosine
component

(N (W2 cos2nfytf =P, /2. (5.64)

Performing the averaging over the left-hand side of equation (5.64), we obtain

NZ(t)=P,/2. (5.65)

Noise N(¢) is white in the frequency band (0, F/2). Its power density is
F/2 _ B _
Fch /2 Fch v

(5.66)

An analysis of transformations of the signal and noise synchronous detector
can be seen that the input filter, matched with A(#), signal A(¢) and white noise with
power density N, act. This filtering is considered in the previous section. MF pro-
vides the ratio of the instantaneous signal power to average noise power

P e = 2]50 . (5.67)
Define the signal energy s(7)
E = T s*(¢)dt = T (A(t)ﬁcosznfot)zdt = TAz(t)dt -E,. (5.68)
Thus, the ;ircuit show_n in fig. 79, provides the s_ignal/noise ratio
Ppeac = 2]\? ) (5.69)

0
then there is a filter, matched with the bandpass signal s(¢).

This is precisely the scheme used in the demodulator of two-dimensional digi-
tal modulation signals for optimum signal filtering, as the inclusion of two such
schemes with the reference oscillations cos2mfyf and sin2nfyf a division of cosine and
sine of radio pulse and their subsequent separate processing performed.

5.8 Optimal demodulator for bandpass signals

Let’s consider the one-dimensional MASK and BPSK signals. Channel sym-
bols are described as

s,(t) = a,N2A(t)cos2nfyt, i=0,1,..,M -1, (5.70)
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where \/EA(t) cos 2nf,t 1s radio pulse, with time and spectral characteristics, whose

energy is equal to 1, the maximum value is equal to /2 ;
a; — coefficients that reflect n = log,M transmitted bits in accordance with
mapping code.
Above it was found that the main elements of the optimal demodulator are: a
matched filter, sampler, and decision. We have said that the optimal filtering of radio
pulse should perform circuit containing a synchronous detector and low-frequency

matched filter. To synchronous detector it is necessary to use oscillation V2 cos 2nf

that generates by a carrier recovery scheme (CR). Coming from the clock recovery
scheme (CIR) impulses controls the work of the sampler. Therefore, the demodulator
circuit has the form shown in fig. 80.

Rule making decisions formulated on the basis of partitioning the space of sig-
nals into M disjoint areas s;, i =0, ..., M — 1; each area s; is a set of points that are
closer to the signal s;(¢), rather than to other signals. Decision scheme gives solutions
bits in accordance with the mapping code (fig. 81).

(1 i b (1)
@ » Multiplier [— Mi;?‘?he ig;ter +—{ Sampler N Decision |[—
T 1
~ CR CIR
Figure 80 — Optimal demodulator of MASK and BPSK signals
Area s Area sy Area s Area s Areas;, Area sy Area s, Area s3
0 1 0 1 01 00 10 11
—o o—> —o ° —e o [ °
0 a a ap 0 a a 3a —a 0 a 3a a
a) b) c)

Figure 81 — Partitioning of signals space on the signals areas:
a — BASK; b — BPSK; c— QASK
In the case of two-dimensional signals MPSK (M > 4), MAPSK, MQAM chan-
nel symbols are described as

5,(t) = aN2A(t) cos 2nfyt + a N2 A(f)sin 2nfyt, =0, 1., M -1, (5.71)

where a.; and ay; — pair of coefficients that reflect n = log,M transmitted bits in accor-
dance with mapping code.

Channel symbols consist of cosine and sinus impulses. They should be divided.
This is done by two synchronous detectors, supporting different variations — if the

reference oscillation ~/2 cos2mfot, that the detector does not respond to the sinus com-

ponent of the input signal, if the reference oscillation ~/2 sin2nfy, that the detector
does not respond to the cosine component of the input signal. Therefore, two detec-
tors divide cosine and sine pulses and their subsequent separate processing in the two
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subchannel demodulator (fig. 82): matched filtering and sampling. Estimates coeffi-
cients @, and a, act at the decision scheme.

. o |Matched filter| _ a,
»| Multiplier |— with A(7) »| Sampler
2 cos2mfyt Il .

) /o b ()

> CR CIR Decision F——

! V2 'sin 2nft !
Matched filter a,
. i R ' R o L%
Multiplier with A(f) Sampler

Figure 82 — Optimal demodulator of MPSK (M > 4), MAPSK, MQAM signals

Just as in the case of one-dimensional signals, generally make decisions formu-
lated on the basis of partitioning the space of signals into M disjoint areas s;, i =0, ...,
M — 1; each area s; is a set of points that are closer to the signal s,(¢), rather than to
other signals. The difference lies in the fact that the space is two-dimensional. If the
point (a4, a, ) appears in the region signal s;, then decides that the transmitted signal

s;. Decision scheme gives out solutions bits in accordance with the mapping code.

Fig. 83 shows a partition of signal space on the signals areas. Boundaries of the
areas shown in heavy lines. In the case of QPSK signal the signals areas are 4 quad-
rant, in the case of 8PSK signal the signals areas are 8 sectors, in the case of 16QAM
signal the signals area are formed by vertical and horizontal lines. Due to the simplic-
ity of two-dimensional MQAM signal space partitioning on the signals areas they
have received the widest distributed among the MAPSK signals.

as
o {---o--}--- *---1--e
So a So : .
R . . ;
Area s, Area o S I KO B!
’ a ! '
Area s3 ¢ o doe ) e di Qe
, Area s ! :
SRR RR— .
83 S1 o Joe ] *----|---0
a) c)

Figure 83 — Partitioning of signals space on the signals areas:
a — QPSK; b — 8PSK; ¢ — 16QAM

BFSK signals referred to two-dimensional signals also. Channel symbols are
described as

so(1) = aN2A(t) cos 2n(f, = Af/2)), s,(t) = ax2A(t)cos (2n(f, + AF/2)), (5.72)
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where Af — frequency spacing.

i Matched filter 4,
Multiplier |— with A(f) Sampler
V2 cos (2n(fy +Af/2)) ! X
2(0) L, — b0
. CR r' CIR »| Decision [—
| V2 cos (2n(fy - a7 /2)) |
Matched fil ay
-~ Multiplier it/(;the i(;)ter »[ Sampler ———

Figure 84 — Optimal demodulator of BFSK signal

Area s

If frequency spacing satisfies Af = k/(27),
where £ = 1, 2, ..., the signals are orthogonal, and
they can be separated by a synchronous detector
(similar to the separation of cosine and sine pulses).
a, Scheme of optimal demodulator of BFSK signal is
similar to the scheme shown in fig. 83, but differs in
supporting synchronous oscillations in the detectors
(fig. 84).

Fig. 85 shows a partition of the BFSK signal
space on signals areas. A heavy line shows the border area. This figure shows that it
is enough to compare estimates of the signal amplitudes sy(¢) and s,(¢) for a decision
on the transmitted signal: if @, > 4, demodulator decides 5, and on the contrary.

Figure 85 — Partitioning of
BFSK signals space
on the signals areas

5.9 The error probability at the optimum demodulation

Bit error probability p is a quantitative measure of noise immunity of digital
transmission systems. Analysis of bit error probability will start from the considera-
tion of one-dimensional signals (MPAM, MASK, BPSK) — see fig. 64,b and relations
(5.15)—(5.18).

The conditional probability density p(&/ so) has a normal probability distribu-
tion with average equals to ag. With this in mind (5.16) we can write

O 57

A ¢

where o; — noise RMS on the matched filter output, defined earlier by the ratio
(5.56).
We take into consideration the distance between signals

d= (Cl] - Cl()). (574)
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Express the threshold A through distance d (fig. 64):

A=ay+ 0,5d. (5.75)
In view of (5.56) and (5.75) ratio (5.73) can be rewritten
P.(2)=0 1| (5.76)
V2N,

where P.(2) — signal error probability in the binary transmission system.

The definition of Gaussian Q-function Q 14t follows that for

J—J
the larger value of the argument is the lower value of the function Q(z). Signal error
probability (5.76) will be decreased with distance d between signals increasing and
the noise power density at the demodulator input N, decreasing.

It's easy (5.73) stated in terms of errors, when the line connecting the signal
point is parallel to the axis a; or the axis a.. If the line connecting the signal point is
not parallel to anyone of the axes, then the condition of the error is stated differently.
But we can show that in such cases, the probability of error signal in the binary
transmission system P, (2) is defined by (5.76).

The task is to express the distance d through the physical parameters of the sig-
nal at the demodulator input — the average signal power P, and the digital signal
transmitted rate R. This problem is solved in section 4. To compare the noise immu-
nity of different types of modulation signals is conveniently expressed in terms of
distance Ej, — average value of signal energy to transfer one bit.

For binary transmission systems p = P.,. Formulas are given in table 3.

Table 3 — Bit error probability in binary transmission systems

Modulation method BPAM BASK BPSK BFSK
Distance 2\ E, 2F, 2\ E, 2F,
Bit error probability| p=0W2n,) | p=0) | p=0oW2n,) | p=0()

In a table i = E, /N, is signal/noise ratio;

Eb=Ps'Tb=PS/R.
We pass on now to multilevel transmission systems, i.e. M > 2. If the channel
symbols are equiprobable, the signal error probability is determined

Puolsi.s,),

where Pe(s;, s;) 1s error probability in binary transmission systems, using signals s;
and s;, error appears when the demodulator makes a decision on s;, if s; was trans-
ferred.

lMlMl

Fo=ar 2 2R

leO
J#I

(5.77)
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To simplify the calculations take into account only the transitions in the nearest
signals. Table 4 shows the formulas of error probability for certain multilevel modu-
lation types when mapping Gray code is used.

Table 4 — Bit error probability in multilevel transmission systems
Type of modulation QPAM QPSK 8PSK 16QAM

Bit error probability | p=0(/2/5h,) | p=0W2h,)|p = %Q(O,94hb) » =0(0,89%, )

5.10 Carrier recovery system

Carrier recovery system (CR) of bandpass digital modulation signals demodu-
lators is intended for the formation of the reference harmonic oscillation whose phase
coincides with the phase of the carrier on which demodulated signal is formed.

Already in the 30-th years of the last century became clear that the BPSK sig-
nals have highest noise immunity. It was necessary to solve the problem of carrier
recovery in demodulator for application of these signals in the transmission systems.
The reference oscillation is necessary for the synchronous detector (fig. 86). Let on
the detector input BPSK signal acts. Channel symbol is described as

s,(t)= ai\/EA(l‘)COSZTEfOZ‘. (5.78)
If the oscillations phase from the generator
o (1) =2 cos(2nfyt + AQ). (5.79)

differs from the carrier phase of the input signal by a value A, the signal at the out-
put of the synchronous detector receives the factor cosAg:

u,, ()= a,A(t)cos Ag. (5.80)

As the maximum value of the cosine is one
s(t) u,,(t) . : : N
— X LPF — and is achieved only in the case Ag = 0, presence
‘ of the phase difference leads to a decrease in the
trei() level of the signal at the detector output. If
G A = /2, the signal at the detector output is ab-
sent: u,,(t)=0. At Ap=n u,,(t)=—a,A(t), ie.
changes its sign. The task is Ap = 0.
First the carrier recovery scheme with frequency multiplication on 2 has been
proposed (fig. 87).

A 4

Figure 86 — Synchronous detector

z(t) l;(t)
. X MEF Sampler Decision|——»
uref(l‘j
i x2 [ Z o 2 i CIR
CR

_______________________________

Figure 87 — Carrier recovery scheme with frequency multiplication on 2
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BPSK signal constellation is given in fig. 81,b. Channel symbols are described
by the formula (5.78):

s,(¢) = ad(t)cos2nfyt; s,(t)= ad(t)cos(2nf,t + m). (5.81)

For many decades "weak" filtered pulses A(¢) are used, they were similar in
shape to the rectangular pulse at the interval duration 7

A= [b 0seET 58
o, t<0,t>T. '

After multiplying the frequency by 2, the signal s;(¢) and signal so(f) give
a’cos2n2 f,t . Narrow band filter has a centre frequency 2f,. It is designed to reduce
noise. Frequency divider 2 can issue one of two possible reference oscillations:

— case 1: u_, (¢)=cos2nft;
— case 2: u_, (t)=cos(2nf,t + ).

Both variants are possible, because the result depends on what the initial condi-
tions arise in the scheme of the divisor. It is said that the reference oscillation has a
phase uncertainty of the second order.

In case 1, the algorithm of optimal BPSK signal demodulation is implemented.
In case 2, on the multiplier output, and then on the matched filter and the sampler will
be tensions, opposite to those which occur in case 1. The scheme will make the in-
verse decision: instead of 1 will return 0 and vice versa. This phenomenon is called
the inverse (opposite) work of demodulator. It turned out that in the demodulation
process can occur random cuts from fluctuation u..r(¢) to oscillation u,.n(¢) and vice
versa.

In the QPSK signal demodulator must use a frequency multiplier on 4, a filter
with a centre frequency 4f; and the frequency divider on 4. After the frequency di-
vider arises one of the reference oscillations, which differ in phase with the step 90°.
There is phase uncertainty of the reference oscillation of fourth order.

Differential coding can be used for elimination of phase uncertainty of the ref-
erence fluctuations in the demodulator. Such transfer methods are called differential
encoded phase modulation (see section 5.11).

Examined system with CR with exponentiation works well when the pulse am-
plitude A(?) is close to a rectangular shape. Now, Nyquist pulses are used (pulses with
substantially smoothed form A(7)). In this pulse form the CR system with exponentia-
tion works bad.

Now CR system is a system of phase

S() [ Detectorof |_© locked-loop (PLL) (fig. 88) with a special
~[_phase error detector of phase error, which is able to ope-
treil?) ~ rate in the absence of a carrier in the signal

spectrum. Here VCO 1is voltage-controlled

vCOf—— LPF [— oscillator. In the presence of phase error
voltage ¢ adjusts the frequency and phase

Figure 88 — PLL scheme oscillations, which is produced by VCO, so

as to reduce the amount of phase error.
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Let’s consider the construction of detector of phase error in the case of BPSK
signal. Scheme of the detector contains one additional synchronous detector, the ref-

erence oscillation that is ~/2 sin(2nf0t + A(p). Recall that the work of the synchronous

detector can be regarded as the calculation of the projection of s(¢) on u.(t). Two
synchronous detectors differ by supporting oscillations shifted in phase by 90°.
Therefore, the voltages received from the outputs of synchronous detectors are the
quadrature components of the detected signal.

Fig. 89 shows the signal constellation of demodulated BPSK signal and the
calculated quadrature components in the sample time provided that the channel sym-
bol with the amplitude a is demodulated: / — in-phase component, Q — quadrature
component. In fig. 89,a phase error of the reference oscillation Ap = 0; and synchro-
nous detector calculates / = a, Q = 0. In fig. 89,b phase error of the reference oscilla-
tion A > 0; and synchronous detector calculates / = a-cosAgp, Q < 0. In fig. 89,c
phase error of the reference oscillation Ap < 0; and synchronous detector calculates
I =a-cosAp, Q> 0.

We see that the sign for Q corresponds to the error phase: namely, if O <0,
then A@ > 0 and it is necessary to decrease the frequency and phase of the VCO, if
the O > 0, then Ap < 0 and it is necessary to increase the frequency and phase of the
VCO. Thus, the value of QO can be taken as the phase error €. But the situation with
the QO sign is opposite if channel symbol with the amplitude —a is demodulated.

Costas suggested calculate a phase error of reference oscillation in BPSK sig-
nal demodulators

e=Q-sign(7). (5.83)

Fig. 90 shows the scheme of BPSK signal demodulator with an open circuit of
the carrier recovery.

+ sinmfit + Ap) sin(2nfot + Ag) sin(27fot + Ag)
cos(2mfot + Ap)
/
° ° . - X
cos(2mfot + A) 0)
cos(2mfot + Ap)
a) b) 9

Figure 89 — Calculation of projections of demodulated signal at the reference oscillation:
a-ANp=0; b—Ap>0; c—Ap <0

To construct the CR system of QPSK signal demodulator phase error detector
is used, which is calculated by the Costas algorithm

e=Q-sign(I)-1I-sign(Q). (5.84)
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Here is a sign of the phase error of the reference oscillation is inequality of
quadrature components / and Q. The same algorithm for calculating the phase error is
used in the MQAM signals demodulators.

/ A
o X > MF +—{ Sampler »| Decision it)»
1 T
2 2 A L
V2 cos( ot + (p) CIR ||sign
z(t) €
b VCO}+ LPF 1
V2 sin (2nf0t + A(p) >§
o X » MF »| Sampler 0

Figure 90 — BPSK signal demodulator with the CR system

5.11 Differentially encoded phase modulation

Solve the problem of inverse work of BPSK demodulator allows the transition
to the difference method of transmission, in which the transmitted binary symbols
(bits) appearing not in the initial phases of radio pulses (as in BPSK), but in the phase
difference between adjacent radio pulses on time. The formation of modulated signal
in this way is called the differentially encoded phase shift keying (DPSK).

The principle of modulation and demodulation of BDPSK signals is displayed
in fig. 91. BDPSK modulator signal consists of the differential coder (DC) and the
BPSK signal modulator, and the demodulator BDPSK signal consists of BPSK signal
demodulator and differential decoder (DD).

Differential coder of BDPSK modem works on rule

bl =b, ®b] , (5.85)
where b, — bit 1 or 0 on coder input on &-th clock interval;
b,f —symbol 1 or 0 on coder output on k-th clock interval,
@ — mod 2 plus sign.
Differential decoder of BDPSK modem works on rule

b =b' @b, (5.86)

where l;,f —symbol 1 or 0 on differential decoder input on 4-th clock interval;

l;k —bit 1 or 0 on differential decoder output on &-th clock interval.

b i pd ! : [d A
! k | Comm. | | b b
! BPSK | : BPSK k by
I DC modulator 1:_> channel _r demodulator DD :
i BDPSK modulator i i BDPSK demodulator i

Figure 91 — The principle of BDPSK signal modulation and demodulation
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The initial phase of the recovered carrying oscillation at the demodulator can
coincide with the initial phase of the demodulated BPSK signal or differ from it in the
angle m. In general terms, we can write that the phase of the reference signal is p-m,
where p = 0 or 1 is a value, which describe the phase shift. Assuming that there is no
noise in the communication channel, the symbols in the output of BPSK demodulator
will be determined by the ratio

bi=b'®p (5.87)

for all k. Substituting (5.87) into formula (5.85), is easy to see that bit l;k does not

depend on p.

Example of coding and decoding of an arbitrary sequence of bits is shown in
table 5. Table illustrates the coding, starting with £ = 1. As coding on the k-th interval
of the pulse participates previous encoded symbol, in the second row of arbitrary de-
cision bJ= 0. Row 3 repeats the row 2 — demodulation without inverse work. The re-
sult of decoding is shown in row 4. Row 5 contains the inversion row 2 — demodula-
tion inverse work. After decoding the reconstructed signal (row 6) coincides with the

original signal (row 1). Thus, the transfer with a differential coding eliminates inverse
work of BPSK demodulator.

Table 5 — Example of difference In a case of M-ary phase
encoding and decoding modulation for the same reason as
Row k in the case of BPSK, there is phase
Ne 012 [3|4]5]|6 uncertainty of M-th order. Similarly
1 by 1111o0lol11!o0 BDPSK information appears in the
1 phase difference between adjacent
2 by |[O|1]0OJO]O |1 ]! pulses and it is called MDPSK. At
3 b 10| 1]0]0|0|1|1| M>2 differential encoder and de-
Ad coder work with M-ary symbols.
4 [2’; L L L The transition from bit of digital
S | Lo 11 jogjo signal to the M-ary channel symbols

6 Ak 1111 o0lol110 takes place in the mapper.
Four elementary signals are

used at QPSK signals transmission

s,(t) = ad(tW2 sin(2nf0t +q, g+ gj (5.88)

where ¢; are quaternary symbols that take values 0, 1, 2, 3;

qlg+% are initial phases of elementary signals that take values m/4, 37/4,

Swt/4, Tr/4.

The initial phase of recovery reference oscillation in the demodulator cannot be
defined uniquely; it is determined to m/2. This is due to the symmetry of the QPSK
signal constellation: demodulator does not know which of the four signals considered
"zero".
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To eliminate the influence of the phase uncertainty of the reference oscilla-
tions at QPSK signal demodulation, go to modulation QDPSK. The principle of
modulation and demodulation of signals QDPSK is displayed in fig. 92. QDPSK
signal modulator consists of a mapper, differential encoder and the QPSK signal
modulator, and the QDPSK signal demodulator consists of a QPSK signal de-
modulator, differential decoder and the mapping decoder. In this figure, and here-
after the subscript k£ specifies the number of clock interval, and the shift ¢ can take
on a value 0, 1, 2 and 3.

qx q/’(c1 Comm éd 5 | Maopi
Mapper DC QPSK mod- b 1 QPSK k DD q, |Mapping
7 ulator MM demodulator > decoder |>

v

Figure 92 — Transmission system with QDPSK signal
Differential QDPSK coder implements the coding rule of quaternary symbols:
d d
qk =9k D> (5.89)

where @ — mod 4 plus sign (remainder of division by 4 arithmetic sum of the parts).
Differential decoder implements the decoding rule of quaternary symbols:

4, =4, 94, (5.90)

where © — mod 4 minus sign (remainder of division the difference by 4).
The initial phase of the recovered carrying oscillation at the demodulator can
coincide with the initial phase of the demodulated QPSK signal or differ from it in
the angle p-n/2 (p =0, 1, 2 or 3 is a value which describe phase shift). Assuming that

there is no noise in the communication channel, the symbols in the output of QPSK
demodulator will be determined by the ratio

4, =q, ®p (5.91)

for all £. Thus, because of the phase uncertainty of coherent oscillations in the QPSK
signal demodulators all the symbols g get increment p. Substituting (5.91) into for-

mula (5.90), is easy to see that symbol l;k does not depend on p.

At QDPSK because of subtraction in the decoder, the value p (i.e. phase uncer-
tainty) is excluded. As for the exclusion phase uncertainty value ¢, defined as the

difference between two next symbols, the encoding value q,f formed as the sum of

the previous value q,f_l and transmitted symbol g;.

Rules of addition on mod 4 are shown in table 6, and the rules of subtraction on
mod 4 are shown in table 7.

Digital QPSK signal transmission the transition from pair of bits b,b, to qua-
ternary symbols ¢ at each clock interval the modulation carried out according to Gray
code, an example of which is shown in table 8.
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Since at the QPSK signal demodulation the most likely error is its transitions to
the nearest signal, then at Gray code using such transitions result in error in only one
bit and it minimizes the bit error probability.

Table 6 — Addition on mod 4 (a © b) Table 7 — Subtraction on mod 4 (a © b)
a b a b

0 1 2 3 0 1 2 3
0 0 1 2 3 0 0 3 2 1
1 1 2 3 0 1 1 0 3 2
2 2 3 0 1 2 2 1 0 3
3 3 0 1 2 3 3 2 1 0

Table 8 — Mapping Gray code In table 9 an example of coding and

Pair of bits|  Quaternary Initial signal decoding digital .Slgnal transrmssmn. .by
b.b, symbol g phase QDPSK method is shown. The transition

00 0 45° from pair of bits to quaternary symbols 1s

10 1 135° carried out according to table 8. It is as-

11 2 225° sumed that the value p = 3, and ¢§=1.

01 3 315° From the data in table 9 that received bits

coincide with the transmitted bits.
Table 9 — Example of difference encoding and decoding of quaternary symbols

Number of clock interval & 0 1 2 (3145|1678
Sequence of transmitted bits 01 {00 |11 | 01| 10| 11 | 10 | 0O
Sequence of symbols g 310 3 2 1 0
Sequence of symbols q,f 1 010 1 210 1 1
Sequence of symbols §; O3 |3|1]0]1]3[0]|0
Sequence of symbols ¢, 3012|131 ]2]1]0
Sequence of received bits 01 {00 |11 | 01| 10| 11 | 10 | 0O

Assume that because of noise BPSK demodulator makes incorrect decision on
the k-th clock interval. Each symbol that comes to the differential decoder input, at
the decoding is used twice — on the k-th and (k + 1)-th clock interval. Therefore, if the
demodulator decisions on (k — 1)-th and (k£ + 1)-th clock intervals are correct, then on
the differential decoder output will be two erroneous bits. Thus, the difference de-
coder multiplies errors.

The bit error probability of the BDPSK and QDPSK transmission methods and
for small values of error probability (p << 1) can be written

PBpPsKk = PQDPSK = 2Q(\/§hb ) (5.92)

5.12 Incoherent demodulation of digital modulation signals

Until now the demodulators schemes that implements coherent demodulation
are considered. Demodulation of signals is called incoherent if the demodulator does
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not use information about the initial phases of demodulated signals. Obviously, it is
possible, at least, at the BASK and BFSK signal demodulation, in which information
is built into the amplitude and frequency of pulses, respectively, but not in the initial
phases of pulses.

The purpose of incoherent demodulation usage is simplification of the demodu-
lator scheme due to absence of carrier recovery of reference oscillations. Thus, in a
case of BASK signal demodulator scheme has the form in fig. 93.

The principal difference between incoherent demodulator scheme (fig. 93) and
coherent is the absence of a synchronous detector, which contains a carrier recovery
of reference oscillations. Envelope detector (ED) is used instead of the synchronous

detector. At the analog circuit implementation the ED was carried out very simply
(fig. 94).

z(?) b (f )

— ED » MF Sampler Decision |——

W

v
\4

A

CIR

Figure 93 — Scheme of incoherent BASK signal demodulator

At the processor implementation the envelope

—— is calculated as the square root of the sum of the

D p C quadrature components squares of the detected sig-
= nal. Bandpass filter should pass to the detector signal

I and reduce noise at frequencies that are outside the
frequency band of signal. Other elements of the

Figure 94 — Envelope detector ~ Scheme are the same as in the scheme of the coherent
demodulator.

Scheme shown in fig. 93, can be used to the MASK signals demodulation,
when M > 2, but with a boundary conditions on parameters: information coefficients
a; must be nonnegative, since the output voltage ED does not depend on the phase of
the radio pulse. QASK signal constellation, for which the incoherent demodulation is
possible, is shown in fig. 95.

01 00 10 11

0 2a 4a 6a

Figure 95 — QASK signal constellation

Analysis of noise immunity transmission systems with incoherent demodula-
tion is difficult, because the noise distribution on the ED output is significantly dif-
ferent from normal. Definitely they can say that the signal/noise ratio at the output
ED is in 2 times less than on the synchronous detector output. The final formula for
the bit error probability on the demodulator output

1
PBASK inc =56Xp(— hb2 /2)- (5.93)
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Channel symbols (radio pulses) at BFSK are different in frequencies:
s,(¢)= a\/EA(z‘)cos2nf1t,
so(t)= a\/EA(z‘)cos2nf0t.

In the scheme of coherent BFSK signal demodulator a synchronous detector
separates the radio pulses. In the scheme of incoherent demodulator bandpass filters
are used for the separation of radio pulses (fig. 96).

(5.94)

» % I ED > MF I Sampler I
q ~
z(t 2 b(z)
p | CIR R .
. ~
(]
A
| » ED » MF » Sampler |—

Figure 96 — Scheme of incoherent BFSK signal demodulator

Bandpass filters have average bandwidths f; and f;. Scheme to the right of the
envelope detector is the same as in the scheme of the coherent demodulator. The for-

mula for the bit error probability on the BFSK demodulator output is the same as at
BASK:

PBFSK, inc

%exp(—h,f /2). (5.95)

Incoherent demodulation of BDPSK signal is possible in the sense as defined
above the concept of "incoherent demodulation" at the beginning of the subsection.
At the BDPSK information lies not in the initial phases of radio pulse, but in the
phase difference of adjacent in time radio pulses. So we can, without knowing the
initial phases of radio pulses, perform demodulation by comparing the phases of ad-

jacent radio pulses. BDPSK signal incoherent demodulator scheme is shown in
fig. 97.

a b(t
20 X » MF |—s—| Sampler 4., Decision L»
‘ z(t—1) L T
— CIR
” T

Figure 97 — Scheme of incoherent BDPSK signal demodulator

Delay circuit at the time of clock interval is used in the demodulator scheme.
We can assume that the synchronous detector is made on multiplier, where the refer-
ence oscillation is a previous radio pulse. The polarity of the voltage on the multiplier
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output (and on the outputs of next blocks) depends on the phase difference oscilla-
tions, which are multiplied:
— case 1 — the same phases of next pulses:

a2 A(t) cos 2nifyt - a2 A(t — T) cos 2nifyt = a*A(D)A(t — T) + a*A(H)A(t — T)cos2n2fy;
— case 2 — phases of next pulses differs on 7:
—a~2A(1) cos 2nifyt - an2 A(t — T) cos 2mifyt =— a*A(DA(t — T) — d*A(H)A(t — T)cos2m2ft.
The first terms provide on the MF output voltage, the polarity of which de-
pends on the same or different phase of the multiplied oscillations. From the above it

is evident that:
1) rule of decision calculating:

if @ >0, then b =0,
if @ <0, then b =1;
2) differential decoder is not required.
The distribution of instantaneous values of noise on the multiplier output is no
Gaussian because of presence of a component generated by the product of the noise

n(t) and n(t — T). Analysis of error probability is difficult. The final formula for the
bit error probability on the demodulator output has the form:

1
PBDPSK, inc = Eexp(—hbz ). (5.96)

Note that the following terminology is widely used: incoherent BDPSK signal
demodulation is called the method of phase comparison reception, coherent BDPSK
signal demodulation is called the method of polarities comparison reception.

Let’s compare the noise immunity of the coherent and incoherent binary sig-

nals demodulators. We use dependence p = f (hbz) for comparison (fig. 98).

The figure shows that passing from incoherent to coherent demodulation at
keeping the error probability it is necessary to increase the signal/noise ratio by about
1 dB.

Incoherent demodulation 1s widely used for many decades, when the hardware
was carried out on the vacuum tube and transistor. Now the incoherent demodulation
is used, if the communication channel is rapidly changing the initial phase of the sig-
nal, for example, radio communication between objects that are moving relatively
quickly.
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\\\\\\
10°5 \\\\ o~ BASK, BFSK coh
107 \\\
o \\\ BDPSK inc

R BDPSK coh
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Figure 98 — Noise immunity of binary signals demodulators

5.13 Clock recovery systems

In the digital signal demodulator CIR system is designed to build sampling
clock pulses, which provide the capture of signal samples at the output of matched
filter at the time of maximum signal/noise ratio.

In demodulators of digital signals matched filtering of channel symbol A(¢ — 1)
takes place (fig. 99). Delay of channel symbols t depends on the length of the trans-
mission line. The delay is a random (unknown) value. Under such conditions, there is
a delayed on time 1 pulse P(¢ — 1) on the MF output, maximum of which P(0) is ob-
served at unknown moment of time ¢ = 1.

CIR system contains a clock generator, which generates a short pulse 3(¢ — 1)

at every clock interval duration 7, closing the key at the moment ¢ = 1. But the im-
pulse is formed in an unknown arbitrary time ¢ = 1. As a result, the sample of pulse
P(¢ — 1) not be maximal, since T, # 1, therefore P(t—1 )< P(0). In addition, there
is intersymbol interference, as the samples are taken not at the times when P(¢)=0.
System CIR must ensure the correct

Alt—1) P(t—15) choice of the sample moments. Modern de-
——MF Sampler . .

modulator implemented on the processors, this

3(t—1g) problem is solved by adjusting of the clock gen-

erator by error signal, formed by a special detec-

—1CIR tor. That is, the basis for constructing a CIR sys-

Figure 99 — Signal processing tem is a PLL system (fig. 88).

by matched filter
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All principles of CIR systems construction are based on the properties of the
digital signal to change sign. A fragment of the signal on the MF output in the sym-
bols 1 and O transmission is shown in fig. 100, which implies that the change in the
sign of the signal occurs approximately midway between the moments in which it is
necessary to take samples.

P(n-1)

P(n—1
P(n-1/2)

Figure 100 — Signal sampling after MF at CIR system working

Fig. 100,a shows the case where sample pulses are installed correctly. Samples
are taken at the moments of maximum signal. This figure clearly shows that the digi-
tal signal is zero midway between the moments of taking samples. Detector of CIR
system errors can be constructed based on the following principle. At each clock in-
terval pulse is taken in the middle of the clock interval P(n—1/2). If P(n—1/2)=0,
then samples, which will be made to the decision taken in the best moments, other-
wise an CIR system error signal is formed:

e(n) = P(n—1/2)sign[P(n)]-sign[P(n - 1)]}, (5.97)

where P(n) is sample, which decision is made on this the clock interval;
P(n—1) is sample, which decision is made on previous the clock interval;

+1, x>0,
sign[x]=4 0 x=0, is sign determining function.
-1 x<0

Need of multiplier {sign[P(n)] — sign[P(n — 1)]} in terms of formation of the er-

ror signal (5.97) due to the following: if a digital signal does not change sign, then
P(n—1/2)# 0, even if the samples P(n—1) and P(n) taken in the best moments of

samples. Therefore, in such situation it is necessary that the signal P(n—1/2) is not
used for error calculation. Indeed, if the signs of samples P(n—1) and P(n) identical,
then their difference is equal to zero and sample P(n —1/2) is not used.

Algorithm for error calculating (5.97) was obtained by Gardner. It corresponds
to the CIR system, represented by fig. 101. On the diagram ED is error detector. The
scheme takes into account that the frequency of taking samples twice the clock fre-
quency.

An examination of the CIR scheme shows that the adjustment of the generator
will be implemented only if the digital signal transitions from 1 to 0 and from O to 1.
Therefore, the formation of the transmitted digital signal it is necessary to eliminate
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long sequences of identical symbols. To achieve this, the transmitted digital signal is
converted into a special device — a signal scrambler with the characteristics of a ran-
dom digital signal or use of a linear AMI code.

— MF —{Sampler — » P(n) to Decision
E ; 772 i
. P [P-D] Pla-1j2).
G I sign(e)|  |sign(e) i
e
LpF = ] ED

Figure 101 —CIR system with Gardner’s error detector

5.14 Noise immunity in channels with variable parameters

A typical model of the radio channel in mobile communication systems and
wireless access is a channel with variable parameters

z(t) = k(?)-s(¢) + n(¢), (5.98)

where n(¢) is additive noise, we believe, as before, that AWGN;

k(?) 1s multiplicative noise, it plays the role of transfer coefficient of communi-
cation channel; mathematical function k(¢) is random function which varies slowly
compared with changes in the signal s(¢) parameters.

They say that the relation (5.98) is a model of the fading channel (fading is the
random variation of the signal level at the output of a communication channel). Mul-
tipath propagation of radio waves is a reason of fading. In the radio antenna receives
two or more copies of the signal s(¢), past different ways; copies have different phas-
es, as they were different distances. Adding, we can give a copy of an increase or at-
tenuation of signal s(¢) depending on the difference of their phases.

Statistical characteristics is used to describe the function A(¢). It is important for
us to know the probability distribution of values k. Most believe that k(¢) has Ray-
leigh distribution

0,6

2k k*
() / \ (k) = k:ze"p('k:z} k20,5 99
04 / \ 0, k<0,

0,2 \ ey }
\ where k° means a square of the transmis-
0 sion coefficient k.
0 2 4 k6 Dependence (5.99) with k2= 1

Figure 102 — Rayleigh distribution (k2 = 1) shown in fig. 102. The graph shows that
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there may be situations when the signal is close to zero. Because of these situations,
the problem is the recovery of the carrier signal, so demodulators are realized inco-
herent reception typically in such communication channels.

Signal/noise ratio depends on the transmission coefficient of communication
channel, so the value of 4, i1s random with the same distribution as the & value:

2h, h}
:ex fpli— ) h 20,

ply) =172 p[ h;] ' (5.100)
0, h, <0

Since /4, changes, then we can say about the conditional error probability.
Thus, in the case of BFSK

Per(hb)zéexp(—hbzﬂ) (5.101)
Define the unconditional bit error probability
0 2
o = [ p(hy P () )il = j [ Hexp| -2 e (—h—bj dhy, =
0 hb hbz 2 2

2412 2 2452 |||
=—jhbexp —h,’ *h dh, L i b_exp| —h2 .21l ‘ __
hi % 2h} hb 22+ h} 2 )0 24 h7

Compare the noise immunity of the reception in a channel with constant pa-
rameters — the formula (5.101) — and in a channel with variable parameters — the for-
mula (5.102).

To achieve the error probability 10 ® in a channel with constant parameters re-

quired hbz= 26,2 or 14,2 dB, and in the channel with variable parameters h,f= 10° or

60 dB, i.e. signal/noise ratio must be increased in 40000 times.
Similarly analyze the noise immunity of BDPSK signal reception in a channel
with constant parameters

1
Per(hb)jexp(— n?); (5.103)

in a channel with variable parameters

1

P —.
2+ h

er

(5.104)

5.15 Non-optimal demodulators

We have considered the scheme of optimal demodulators and their noise im-
munity in all the previous sections. Recall that the criterion of demodulation optimal-
ity is the minimum error probability of signal and bit. Scheme of optimal MPSK
(M= 4), MAPSK, MQAM demodulators are shown in fig. 82. To achieve minimum
error probability in this scheme the following conditions are satisfied.
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1. References oscillations, which are fed to the multiplier, is in phase with the
cosine and sine components of the channel symbol, because this is a complete separa-
tion of cosine and sine components in order to follow their separate treatment, and the
output voltage multipliers maximum.

2. Matched filter is matched with the pulse-carrier that provides maximum sig-
nal/noise ratio at the sample moment.

3. The CIR system provides taking samples at times when the instantaneous
values of pulse-carrier are maximal.

4. Due to the fact that the shaping filters of the modulator and matched filter of
the demodulator have the same AR, described by the dependence of the “root of the
Nyquist spectrum”, and transmission line does not distort the signal at the samplers’
inputs we have impulses without intersymbol interference.

5. Decision rule at the decision circuit is based on the optimal partition of the
space of signals on the signal areas.

Disturbance of any of these conditions leads to deterioration of noise immunity
(increasing of the error probability). As a rule, all conditions in real demodulators in
one way or another are not satisfied. So they say that the real demodulator is non-
optimal.

1. References oscillations are generated from the noisy signal and do not corre-
spond exactly in phase with the cosine and sine components of the channel symbol,
so there is no complete separation of the cosine and sine components, there are tran-
sient noise, and the output voltage of multipliers is not maximal.

2. Because of the finite precision implementation of shaping and matched fil-
ters, signal distortion in a transmission line the matched filters are not exactly
matched with the pulse-carrier and does not provide the maximal signal/noise ratio at
the sample moment.

3. Sample pulses in the CIR system are formed from the noisy signal and don’t
provide taking samples at the instants when the instantaneous value of the pulse-
carrier is maximum.

4. Because of the finite precision implementation of shaping and matched fil-
ter, signal distortion in a transmission line the intersymbol interference takes place at
the samplers’ inputs.

5. In the multilevel signal’s demodulator there is not optimal partition of sig-
nals space to the signals areas as demodulated signal has levels that differ from the
levels for which partitioning of the signals areas was calculated. To reduce this effect,
the demodulator should have an automatic control of signal gain.

It is not possible to calculate the noise immunity of non-optimal demodulator.
Noise immunity of non-optimal demodulator is determined experimentally or by
simulation on a computer. In Fig. 103 shows the calculated dependence of the error
probability on the signal/noise ratio for optimum demodulator and obtained experi-
mentally.
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Figure 103 — Comparison of noise immunity of
optimal and non-optimal demodulation

From the curves the value of the signal/noise ratio at the optimum reception

2
non—op

hozpt and non-optimal reception 4

these values is called the energy losses of demodulation (EL):

EL = hoopi— Poot - (5.105)

. can be determined. The difference between

In modern well-implemented modems in the channel with AWGN for QPSK

EL =0,8...1,0 dB. With the increasing of signal levels number losses increases and
for 64QAM, 256QAM they can reach 2 dB.

Questions for section 5

1. What is a quantitative measure of noise immunity of digital transmission
systems?

2. What is a symbol-by-symbol reception of digital signals?

3. Formulate optimality criterion of the demodulators of digital modulated
signals.

4. Formulate decision rule on the maximum a posteriori probability.

5. Formulate decision for maximum likelihood rule.

6. Why do we need to break up the space of the signals to signals areas?

7. List the functions that are performed by separate units of the scheme of op-
timal demodulator.

8. How to calculate the coordinates of the signal z(¢) in the space of channel
symbols?

9. What rule does the decision scheme of the optimal demodulator work on?

10. What is the criterion of optimality of the matched filter?

11. List the properties of matched filter.
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12. How is the peak signal-to-noise ratio in the output of the coherent filter de-
termined?

13. Formulate the purpose of shaping and matched filters.

14. Formulate the purpose of clock recovery.

15. How is the RMS of noise at the output of MF determined?

16. Draw a scheme of the correlator and explain its work.

17. What is common and what is different in signal with interference process-
ing by matched filter and correlator?

18. Describe two methods of matched filtering of radio pulses.

19. Explain the purpose of the scheme of carrier recovery.

20. Explain the purpose of separate blocks of MASK and BPSK signal opti-
mum demodulator.

21. Formulate a decision rule on the basis of splitting the space of channel
symbols into M areas.

22. Explain the purpose of the blocks of the optimal demodulator of two-
dimensional MQAM and MPSK signals.

23. Write down and explain the formula for the error probability of channel
symbol in a binary transmission system.

24. Explain the value 4] .

25. What simplifications are accepted in the analysis of a noise immunity of
multi-position signals?

26. Write down and explain the formula of symbol error probability for binary
signals 4PSK, 8PSK, 16QAM. Compare the noise immunity.

27. Explain why with the increasing in the number of signal positions the noise
immunity is decreased.

28. Explain the operation of the carrier recovery scheme with frequency multi-
plication.

29. Explain what is the phase uncertainty of carrier.

30. Explain what is the Costas error detector.

31. Explain the principle of modulation and demodulation of BDPSK signal.

32. Explain the principle of modulation and demodulation of QDPSK signal.

33. How is the noise immunity of transmission systems with BDPSK and
QDPSK methods determined?

34. Explain the principle of incoherent demodulation of BASK, BFSK and
BDPSK signal.

35. Compare the noise immunity of coherent and incoherent methods of de-
modulation of BASK, BFSK and BDPSK signals.

36. Explain the purpose of the clock recovery system in the demodulator.

37. How is the error signal in the CIR system defined?

38. Why in the transmitted digital signal has to be transitions from 1 to 0 and
from 0 to 1?

39. What is intersymbol interference in communication systems?

40. List the reasons of nonoptimality of real demodulators.

41. What is the energy loss of demodulation?
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6. NOISE IMMUNITY OF ANALOG MODULATED SIGNALS RECEPTION

6.1 General information about the analog demodulation signal modulation
types

An analog signal is a baseband signal b(¢), which can be continuously variable
in time and accept any form. Such signals take place, for example, in telephony,
broadcast, television and telemetry. The signal b(¢) in these cases is beforehand un-
known: it is known only, that it belongs to some great number or is realization of
some random process B(f). Analog signals can be transmitted directly or with the use
of modulation. 1In first case the transmitted signal is proportional the analog signal
s(t) = kb(f), where k is a constant factor. In second case a signal s(¢) is some function
of analog signal H(¥) (see section 4.2).

Block-diagram of the analog transmission system is similarly as well as block-
diagram of the digital transmission system (fig. 63). A signal on the demodulator in-
put is total waveform of the transmitted signal s(¢) and noise n(¢)

z(t) = s(t) + n(?). (6.1)

Noise n(t) is realization of stationary Gaussian process with the power spectral

density N, in the signal frequencies band. Out of signal frequencies band noise PSD
equal to the zero.

A task consists of that, on the input signal z(¢) to get (to recover) a baseband

signal l;(t), the least different in sense of some criterion, from the transmitted signal
b(t). The signal l;(t) reproduced with some error is named the signal b(¢) estimation.
Thus, the task of signal s(f) demodulation can be examined as a task of receipt of sig-
nal estimation l;(t) In special case, when a signal s(¢?) is the function of some time-
constant parameter A, a task is taken to the signal parameter A estimation. At the di-
rect transmission of signal s(¢) = kb(¢) calculation of estimation l;(t) is taken to signal

linear filtration. At a transmission the modulated signal s(¢) the signal estimation l;(t)

in demodulator is carried out by detection and signal processing. In many cases sig-
nals processing is taken to one or another methods of filtration and can be carried out
both before the detector and after it.

As measure of noise immunity at analog signals transmission can be a degree

of "deviation" of the got estimation l;(t) from the transmitted signal b(¢). An average
square deviation or an average square error is usually accepted

&'(1)=b(e)-b(t)] , (6.2)
where averaging is executed on all possible realization of signals l;(t) and b(?).

Difference &(¢) = l;(t) — b(¥) 1s a noise on the demodulator output. Its average

square &°(t)= P, is noise power on the demodulator output. Power of the transmitted

signal P, =b2(¢) is considered set. Then it is possible to define the powers of signal
and noise ratio on the demodulator output p,,; = Py/P.. Powers of signal and noise
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ratio on the demodulator input p;, it is usually known. In many cases as a criterion of

. . . 2 . . .
noise 1mmunity accept not error average square € (t), but signal/noise ratio p,,,. De-

modulator can improve signal/noise ratio p;,. This improvement depends not only on
the method of the signal processing but also on the modulation type. Therefore com-
fortably to estimate noise immunity of the analog transmission systems by the sig-
nal/noise ratio gain

P,/P
Puc _P/F, 6.3)

. P/P

At g > 1 signal/noise ratio is improved in demodulator. On occasion g < 1, that
means, that not gain, but losses take place at demodulation.

Other correctness criteria of continuous messages transmitting are used in prac-
tice. For example, criterion of speech intelligibility at transmitting of vocal messages,
criterion of maximal error in a telemetry and other are used.

6.2 Optimum demodulator of analog modulated signals

The set forth below going near the construction of optimum demodulator is ap-
plicable to the case of weak noise (high signal/noise ratio on demodulator input).
Such situation is incident to the analog transmission systems, which is used in com-
munication and broadcasting networks.

The criterion of optimality is a minimum of error means a square of baseband
signal recovery. Demodulator of analog modulation signals necessarily contains a
detector, corresponding to the used modulation type — its output is proportional the
values of informative parameter of the modulated signal. For error minimization of
baseband signal recovery it is necessary to execute optimum processing:

— to recover the modulated signal by a pre-detector filter;

— to weaken unwanted components, taking place on the detector output by a
post-detector filter.

The analog modulation signals optimum demodulator scheme follows from
said (fig. 104)

z(t) | Pre-detector pro- Detector Post-detector b(t)
—>

cessing ! processing —

Figure 104 — Analog modulation signals optimum demodulator scheme

As devices of pre-detector and post-detector processing, as a rule, linear filters
are used, although nonlinear processing is required on occasion. It is explained, fore-
most, by simplicity of realization of linear filters, which comparatively synthesized
easily, and there is the developed theory of their construction, what cannot be said
about nonlinear filters.
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6.3 Optimum linear filtration of continuous signals

We will consider the theory of optimum linear filtration — Kolmogorov-Wiener
filter or OLF.

Let on the linear filter input the sum of useful signal s(¢) and noise n(¢) operates
with the transfer function H(jw). It is required to find such function H(j®), which
provides a minimum of error mean square of recovered signal

(1) =[5()- ()} . (6.4)

where 5(¢) is an estimation of signal on the filter output.

We will suppose that s(¢) and n(¢) — stationary uncorrelated processes with the
known power spectral density (PSD) Gi(f) and G,(f). In such raising a task was de-
cided A.N. Kolmogorov (1939) for discrete random sequences and N. Wiener (1941)
for continuous processes. Therefore an optimum (in the indicated sense) linear filter
is called the Kolmogorov-Wiener filter.

Operating on the filter input the signal s(#) and noise n(¢) is passed through a
filter independently and create on the filter output accordingly filtered signal s/(¢) and
noise n/(?). Taking into account it an error on the filter output will be written down

e(t)=5(t) - s(t)=(s" (t) - s(t))+ n’ (£) = As(t) + n' (). (6.5)

Element As(z) reflects the error component, conditioned linear distortions of

useful signal by a filter. Error mean square &*(¢) equals

e2(t)=As>(t)+ (n/ ()f . (6.6)

The size of linear distortions of useful signal by a filter depends on the degree
of difference of filter AR from a constant value and degree of PR difference from lin-
ear dependence. The noise mean square on the filter output depends only of filter AR.
In order that linear distortions of useful signal were minimum will accept filter PR
linear

o(®) = -y, (6.7)

where ¢ 1s a delay of signal in a filter.
We will pass to determination of filter AR. For this purpose we will define the
power spectral density of the formula left and right parts (6.5)

G,(0)=Gy(0)+ G,/ (). (6.8)

We will give components in right part correlations (6.8) through signal s(¢) and
noise n(¢) PSD and necessary filter AR:

G, (0)=G,(0)H*(0); (6.9)

G (@)=54 (o), (6.10)
where Sx(®) 1s an error amplitude spectrum As(?);
S us ()= S(o)H(w0)-1], (6.11)



108

where S(w) is a signal amplitude spectrum s(¢);

Gy (0) =G, (0)]H(0)-1] (6.12)
After the substitution of relations (6.9) and (6.12) in (6.8) will get
G, (0)=G,(0)H(0)-1] + G, (0)H* (). (6.13)
The recovery error mean square (average power) is calculated as
2()=P,= 1[G, (0)do. (6.14)
T

As function G¢(®) > 0 on all frequencies, then, providing min G¢(®) on all fre-

quencies, we will attain a minimum of size &* (t) Necessary AR H(w) we will define
from a condition

dG,(©) _. (6.15)

dH (o)
4G, () _ 2G (0)[H(0)-1]+2G, (0)H(w)=0. (6.16)

dH (o)
After the decision of equalization (6.16) will get expression for filter AR
G, (o)

H(w)= . : 6.17
)G )+ G, 17

On fig. 105 OLF AR, determined relation (6.17) is illustrated.
1

Gs(f) /’_—
0,5 A

Figure 105 — Illustration of OLF AR

From fig. 105 the features of OLF AR are visible:

— 1in frequencies band, where G,(f) = 0, AR value H(f) = 1 — in this bandwidth
a filter must not bring in distortions;

— 1in frequencies band, where G(f) = 0, AR value H(f) = 0 — in this bandwidth
a filter must fully weaken noise;

— on frequency on which Gy(f) = G,(f), AR H(f) = 0,5;

— on other frequencies AR value determined by calculations on a formula
(6.7).
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If to put expression (6.17) in relation (6.13), will get expression for error PSD

G.(0)= G,(0)G, ()

: 6.18
6,(0)+ G, o) @19
At the substitution of relation (6.18) in expression (6.14) it is possible to calcu-

late the recovery error mean square of signal &* (t)

Easily to notice that error sz(t) = 0 only in that case, when G(f)-G,(f) = 0, i.e.
when the signal and noise spectrums of are not overlapped. In all other cases an op-
timum filter transmits the oscillations of different frequencies with that less weight,
than relation G,(f)/G,(f) more on this frequency.

It is necessary to notice that optimum linear filters, determined equation (6.17),
substantially differ from the matched filters, considered above. If the basic setting of
the filters examined here consists of the best reproducing of signal form, the task of
the matched filters consists in forming of maximal signal/noise ratio in the sampling
moment.

At the use of OLF as a device of pre-detector processing such feature comes to
demodulators of the analog transmission systems. The high ratio of signal and noise
spectral densities takes place Gy(f)/G,(f) >> 1. Expression for OLF AR (6.17) passes
to the following

19 minS < max °
H(f)={ Join =1 =1, (6.19)

09 f<fmin9 f>fmax,

where fmin and fim.x are a scope frequencies of signal spectrum.
Thus, the device of pre-detector processing is a bandpass filter with rectangular
AR.

6.4 Comparison of noise immunity of optimum demodulators analog
signal modulation types

We found that the demodulator should contain:

— pre-detector processing filter;

— detector;

— post-detector processing filter.

Filters should be optimal for optimal demodulation. In the weak noise filters
AR must be rectangular:

— pre-detector processing filter is a bandpass filter, passband edge frequency of
which coincide with the boundary frequencies of the spectrum of the modulated sig-
nal;

— post-detector processing filter is a LPF, cut-off frequency of which coincides
with the maximum frequency spectrum of the baseband signal Fiy,x.

Noise immunity defines in terms of the AWGN. Analysis of noise immunity is
to determine the gain demodulator in the signal/noise
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_B/F,

2P (6.20)

g

To determine the gain required to determine the 4 values: Py, P, P;, P,. In view
of the cumbersome calculations (they can be found in textbooks on the theory of tele-
communication) we will give the final expressions and compare the analog transmis-
sion system. Demodulator gain in signal/noise ratio g and the coefficient of expansion
of the bandwidth at modulation o = AFy/F.x are the main parameters on which
transmitting systems are compared. For the considered modulation techniques, these
parameters are summarized in table 10.

Let’s make a comparison of numerical values of the parameters in some initial
data: KA = 5, MM = MpMm — 6, mam = 1.

Calculations give: gam = 0,038; gpspsc =2; gsss = 1; grv = 60,5; gpm = 20,2.

Comparison of the numerical values of the gain shows that the lowest noise
immunity has transmission system with AM: gain gay << 1, logically be called a
losses. However, AM 1is used in the broadcasting system, where this deficiency is
compensated by the simplicity of the demodulator on the basis of the envelope detec-
tor (a huge number of more simple radios and a radio transmitter with more power
than at DSB-SC or SSB using).

Table 10 — The main parameters of analog transmission systems

Modulation method g o Notes
2min Synchronous
miy + K3 2 detector
AM 3
MM ) Envelope
miy + K2 detector
DSB-SC 2 2
SSB 1 1
3m;
FM K];M 2(mFM + 1) pin Z pthr
A
m2
PM I(P]zvl o 2(mPM + 1) pin Z pthr
A

The highest noise immunity has a transmission system with FM. "Payment" for
high noise immunity is a wide bandwidth signal. Thus, when Fi.x = 3,4 kHz and
AFry = 47,6 kHz, while the bandwidth of the signal SSB AFssg = 3,4 kHz.

The threshold of noise immunity of the FM signals demodulator. From the
relation of FM demodulator gain (table 10) follows that the larger index mgy,, the lar-
ger gain (though at the price of signal bandwidth increasing). It makes you think that
this gives the opportunity to work demodulators with a weak signal (low signal/noise
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ratio). One should take into account the phenomenon of the threshold of noise immu-
nity. It is as following: if the signal/noise ratio at the input of the demodulator p;, is
higher than threshold signal/noise ratio p,,, demodulator that provides high gain, de-
fined by the relation given in table 10, but if p;, < pyu,, then gain decreases sharply,
and this range of values p;, is nonworking.

In the demodulator, performed on the basis of the standard frequency detector
ps =10 dB. So-called circuit threshold-extension FM demodulator has been pro-
posed, which are called:

— demodulator with tracking filter;
— demodulator with frequency feedback;
— demodulator on the basis of synchronous phase detector.

In the demodulator threshold signal/noise ratio, depending on the initial data on
the transmission system may be 5...7 dB. Reduction in the p, allows:

1) to operate demodulators with lower signal/noise ratio;
2) increase the gain, as
P P

= = ’ , 6.21
NOAFFM NO 2'F'max (mFM + 1) ( )

pin

and assuming a decrease signal/noise ratio p;,, is possible to increase the index mpgy,
and increase mpy leads to an increase in gain.

Questions for section 6

1. What is the quantitative measure of the noise immunity of the analog transmis-
sion systems?

2. What criteria of noise immunity are used in analog transmission systems?

3. What do blocks the scheme of optimal demodulator of analog modulated
signals consist of?

4. Formulate optimality criterion of the OLF.

5. Under what conditions can the signal recovery error be reduced to zero?

6. Explain the difference between OLF and coherent filter from the point of
view of noise reduction.

7. Compare the gain in the signal-to-noise ratio for AM, DSB-SC, SSB, PM
and FM signal demodulators.

8. Explain what is the phenomenon of "the threshold of noise immunity of FM
signal reception".

9. What is thresholds decreasing scheme?
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7 DICTIONARIES

English-Russian dictionary

access system

accidental phase

amplifier

amplitude factor

amplitude modulation
amplitude modulation factor
analog (amep.), analogue (aHri.)
attenuation

attenuator

average power (of a process)
average value

band

bandpass noise

bandpass signals

bandwidth (of signal, process)
baseband signal

binary modulation types

bit rate of a signal

block diagram

BPSK (binary phase shift keying)
broadcasting

carrier

carrier frequency

carrier recovery (CR)

channel bandwidth

channel symbols

clock period, timing period, timing
interval

clock recovery (CIR)

coded block, codeword

constant component

cUCcTeMa JIOCTyTa
ciny4aiinas ¢asa

YCUITUTEIb

KO3 (PUIMECHT aMIUTATYAbI

aMIUTUTYIHAS MOTYJISITUS

KO3 PUIMEHT aMIUTUTYAHOW MOAYJISAIIAN
AQHAJIOTOBBIM, aHAJIOT

ociabieHue

aTTEHI0ATOP

CpeaHsisi MOIIHOCTS (Trpoiiecca)

CpeaHee 3HaUYCHHE

M0JI0Ca YacTOT

II0JIOCOBOM LIIYM

MOJIOCOBBIE CUTHAJTBI

HIMpUHA CIIeKTpa (CUrHasa, mpoiecca)
MIEPBUYHBIA CUTHAI

JTBOMYHBIC BUJIBI MOTYJISIIHA

CKOpPOCTh IU(PPOBOTO CUTHAIIA
CTPYKTypHas cxema

OM-2 (nBonuHas dazoBasi MOTYJISIIHSA)
BEII[aHHE

Hecyllee Kojaebanue (Hecyras)

4acToTa HECYyIero kojiebanus (Hecyien)
BoccTaHoBlieHue Hecyteit (BH)

IMOJIOCA MPOITYCKAHUA KaHaJla

KaHaJIbHBIE CUMBOJIBI, JIEMEHTapHbBIC
CUTHaJIBI (MMITYJIbCHI)

TaAKTOBBIN HHTCPBAJI

BOCCTaHOBJICHUE TAKTOBOM
cunxponusanus (TC)

KoJioBasi KoMOMHaIus (0J10K), KOJOBOE
CJIOBO

IIOCTOsIHHAA COCTaBJIAROII A



continuous (time-continuous) signal

correlation characteristics
correlation meter
correlation time
decision
decomposition factors
delay, delay time
detecting signal
detector gain
determined signals
deterministic signal
deviation

differential decoder

differential encoder

differentially encoded phase modulation

(DPSK)
digital signal
discrete signal

distortion (of signal)

double-sideband-suppressed-carrier
modulation

duplex

duration (infinite/finite)
duration of pulse
energy losses (EL)
energy per bit

energy spectral density
ensemble

envelope

envelope detector (ED)
equiprobable

ergodic

error control code
error detector

error ratio

even function
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HEIPepPbIBHBIN (HEMPEPHIBHBIN 110
BPEMEHU) CUTHAJ

KOPPEJISIITUOHHBIE XapaKTEPUCTUKHU
KOPpEJIOMETP

WHTEPBAJI KOPPEISAIUN
pelieHue, penanas cxema
KO2(phULIMEHTHI pa3IoKEHUS
3aJiepKKa, BpeMsl 3aJIePKKU
JETEKTUPYEMbIN CUTHAJ
BBIUTPBIII JETEKTOPa
JETEPMUHUPOBAHHBIC CUTHAJIBI
JETEPMUHUPOBAHHBINA CUTHAJI
JIeBUAITUS

OTHOCHUTEJIBHBIN JIEKO/IEP

OTHOCHUTEIbHbBIN KOICp

(hazopa3zHOCTHAS MOTYJISIIHS,
OTHOCHUTEIbHAs (ha30Basi MOTYJISIIUS

M(pPOBOIA CUTHAT
JUCKPETHBIA CUTHA

HCKa)XeHHE, N3MEHEeHHEe (hOpMEI (CUTHAIIA)
OaJlaHCHAsI MOTYJIALIMS

JIBYXCTOPOHHSS Mepeiada COOOIeHU
JUTUTEIBHOCTH (O€CKOHEYHAs/KOHEYHAs )
JUTATENBHOCTH UMITYJThCa
DHEPreTHYECKUE TIOTEPH

SHEprus Ha OUT

CTIEKTpajbHas TNIOTHOCTh SHEPTUU
aHcam0Jib, COBOKYITHOCTb

orubarouias

JIETEKTOP OTHOAIOIICH
PaBHOBEPOSATHBIN

3ProguveCKui

KOPPEKTUPYIOMINH KO/

JETEKTOp OMUOKH

Kod(pdULMEeHT OmnOOoK

yeTHast QyHKUIHUSA
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expectation

fluctuation noise

Fourier series

Fourier transformation
frequency detector
frequency deviation
frequency modulation index
full duplex

gain in signal-to-noise ratio
Gaussian Q-function

half duplex

harmonic oscillation, harmonious
waveform

Hilbert transform

impulse response

incoherent demodulation
initial phase

in-phase, cosine component
intersymbol interference

joint probability density
Kolmogorov-Wiener filter
link

lower sideband of frequencies
low-frequency components
mapper

mapping code

MAPSK — M-ary amplitude-phase
modulation;

M-ary amplitude modulation

matched filter

maximum a posteriori probability
maximum likelihood rule
mean-square error

MFSK — M-ary frequency modulation
middle frequency

modulating signal

MaTeMaTH4YeCKOEe 0KUTaHUE
GbayKTyalMOHHas moMexa

psan Oypee

npeoOpazoBanue Oypobe

YaCTOTHBIN IETEKTOP

JEBUALUS YACTOTHI

nHaexkc UM

MOJIHOYTUIEKCHBIN

BBIUTPBII B OTHOILIEHUU CUTHAN/IIIYM
rayccoBckas Q-GpyHKUus

MOy AYIUIEKCHBIN
rapMOHMUYECKOE KOJIeOaHue

npeoOpazoBanue ['unpbepTa
UMITYJTCHBIA OTKJIMK
HEKOTEePEHTHAs IEMO TSNS
HavasjgbHas Qaza

cuH(pa3Has, KOCHHYCHas COCTaBIISIOIIAsT
MEKXCHUMBOJIbHAS MHTEPEPECHIIUS
COBMECTHAsI TUIOTHOCTh BEPOSTHOCTH
¢bunsTp Konmoroposa-Bunepa
COCTUHCHHE

HYDKHSISI TT0JI0CA 9acTOT
HU3KOYAaCTOTHBIE COCTABIISIONINE
KOJIep MOIYJISIIIMOHHOTO KO/Ia

MOIYJISILUOHHBIN KO
ADOM-M

M-vdHast aMIUTATYAHAST MOJTYJISLIMS
COTJIaCOBaHHBIA (QUIBTP

MaKCUMYM aroCTEPUOPHOM BEPOSATHOCTH
MPaBUIJIO MAaKCUMYyMa MPaBI0no100us
CpeIHEKBapaTuyecKas oumoka

UM-M

CpeIHss 4acToTa

MOZIYJMPYIOLINNA CUTHAI



monotone decreasing

MPSK — M-ary phase modulation

MQAM — M-ary quadrature-amplitude
modulation

MSK modulation — minimum shift
keying modulation

mutual correlation

narrow spectrum
narrow-band signal

node

noise immunity

noise power spectral density
Nyquist pulse
one-dimensional

one-way message transfer
optimal demodulator

periodic signal

phase locked-loop (PLL)
phase uncertainty

power spectral density (PSD)

power spectral density function
probability density function
probability distribution function
pulse energy

pulse-carrier
QPSK (quaternary phase shift keying)

quadratic voltmeter

quadrature splitter

quadrature, sine component
raised cosine

random process

Rayleigh probability distribution
realizations of random process

recipient
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MOHOTOHHO YOBIBaroIIas

OM-M — M-nunas dazoBasi MOAYISIMUSA

KAM-M — M-vnuHas kBanpaTypHas
aMIINTyAHAS MOAYJIALMS

MMC — Moayasnusi MUHUMQJIbHOTO
cBUTa

B3aWMHasl KOPPEJsILUs
Y3KUU CIIEKTP

Y3KOIIOJIOCHBIM CUTHAJI

y3€J1 ceTu

IIOMEXO0YCTONYHUBOCTD

yAEJIbHAasi MOLIHOCTD LIyMa

nMmIyJsbc HalikBucra

OJTHOMEPHBIN

OJIHOCTOPOHHSISI IEpeiaya COOOIICHUS
ONTUMAJIBHBIN JEMOIYIATOP

MEPUOIMYECKUIN CUTHAIT

(da3zoBas aBTONMOACTPONKA YaCTOTHI
(DAITY)

HEONpeeIeHHOCTD (Pa3bl
CIIEKTpajbHAas MJIOTHOCTh MOIIIHOCTH
(CIIM)

CIIEKTpajbHAas MJIOTHOCTh MOIIIHOCTH
IJIOTHOCTh BEPOSTHOCTH

(GyHKIUS pacrpeieiieHUus: BEpOATHOCTH
SHEPrus UMITYJIbCa

UMITYJIbC-TIEPEHOCUHK
OM-4 (uerBepuuHas (azoBas
MOTYJISIIHS )

KBaIpaTUYHBIA BOJIBTMETP
KBaJIpaTypHbIN pacllenuTenb
KBaJIpaTypHasi, CHHyCHasi COCTABJISIOIIAs
MOJHSTHIA KOCUHYC
CIIy4alHBIN MIPOLIECC
PeneeBckoe pacnpeneneHue BEpOSITHOCTU
peanuszanuu ciy4yaitHoro nporecca

IMOJIy4aTeiib
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rectangular radio pulse

rectangular video pulse
reference waveform
reliability

roll-off factor
root-mean square deviation (RMS)

sampler

sampling

sampling condition
sequence

shaping filter

shifted on frequency
signal constellation

signal points

signal to noise ratio (SNR)
signalling alphabet

simplex transfer

single-sideband modulation (SSB)
spectral spreading

spectrum
square root of the Nyquist spectrum

stationary
statistical dependence
stochastic signals

symbol interval
symbol rate

symbol-by-symbol demodulation
synchronous detector

terminal equipment

threshold

tracking filter

transducer

paguoumityisc ¢ [1-o6pa3noit
orudarorniei

[T-ummysse
OTMOpHOE KoJiebaHue
JIOCTOBEPHOCTh

ko3 puIMeHT ckaTa
CpPEeIHEKBAAPATHIECKOE OTKIOHEHUE
(CKO)

JTUCKPETU3ATOP

JTUCKPETH3ALIUS

YCJIOBHE OTCUETHOCTH
MOCJIeI0BATEILHOCTh
dbopmupyromnuit GUIbTP
CIABUHYT IO YaCTOTE

CUTHAJILHOE CO3BE3/IUE

TOYKH CUTHAJILHOT'O CO3BE3/IHs
otHomenue curHa/mym (OCII)

CUTHAJIbHBIN asipaBuT

TOJIBKO OJTHOCTOPOHHSIS TIepe1aya
COOOIIEHUSA

oJHOMOI0CcHas MoayJisius (OM)
pacliMpeHue creKkTpa

CIIEKTp

KOPEHb KBaJI[PATHBIN U3 CIIEKTpa
HaiikBucra

CTallMOHAPHBIN
CTaTUCTUYECKasl 3aBUCUMOCTh
CTOXaCTUYECKUE CUTHAJIBI

TaAKTOBBIN HHTCPBAJI
CUMBOJIbHAA CKOPOCTb, CKOPOCTH

MOJYJISILIANA
II03JIEMEHTHBIN IIPUEM
CUHXPOHHBIN JIETEKTOP
OKOHEYHOE 000py10BaHNe
IIOpor

cnensmui GuibTp

JaTYUK



two-way message transfer
ultimate values

uncorrelated

uniform distributing

upper sideband of frequencies

Variance (dispersion)
voltage-controlled oscillator (VCO)

waveform

Wiener-Khinchin theorem
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JIBYXCTOPOHHSS Mepeadya COOOIeHU
KpallHue 3HaU€HHUs apryMeHTa
HEKOpPPEIUPOBAHHBIE

PaBHOMEPHOE pacIpeaciecHue
BEpXHsIsi OOKOBasl MIOJI0CA YACTOT

JTUCTICPCHSI
TeHEPATOP, YIPABISICMbINA HAMIPSIKCHUEM
('YH)

KoeOanue

TeopeMa XHHUYMHA-BuHepa
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Russian-English dictionary

AMIUIUTyAHAaA MOOYJIAIUA

aHAJIOrOBBIN (HEMPEePbIBHBIN
MEePBUYHBIN) CUTHAIT

AQHAJIOTOBBIM, aHAJIOT
aHcamO0J1b, COBOKYITHOCTb

ATTCHIOATOP

ADOM-M (M-n4yHas aMIUITUTYTHO-
(dhazoBast MOJTYJISIITHS )

OayaHCHAs MOJYJISIITUS

BCPXHAA OOKOBas MOJI0Ca YacTOT
BCIIIaHUC
B3aMMHas KOppCrainus

BoccTaHoBlieHue Hecyteit (BH)

BOCCTaHOBJICHUE TAKTOBOU
cunxponuzaiuu (TC)

BBIMT'PBIII B OTHOICHUHN CHUTHaJI/ mrym

BBIMT'PBIII JCTCKTOPA
rapMOHHYCCKOC KoscOanue

rayccoBckas Q-GpyHKuus

reHepaTop, YIPABISAEMbIN HANPSKEHUEM

(T'YH)
JAaTUUK

ABOUYHBIC BUABI MOAYJIAITUH

JIBYXCTOPOHHSIS TIepeaada CooOIeHU

JIeBUAITHS
JIEBUAIIUS YACTOTHI
JETEKTUPYEMbIN CUTHAJ
JEeTeKTop orudaromen

JETEKTOp OIUOKH

ACTCPMUHHUPOBAHHBIC CUT'HAJIBI,
IICTCpMI/IHI/IpOBaHHIJﬁ CHUT'HAJI

AUCKPCTU3ATOP
AUCKPCTHU3aA U
IIHCKpCTHBIﬁ CHUT'HAJI

JTUCIIEPCHS

amplitude modulation
analogue signal

analog (amep.), analogue (aHri.)
ensemble

attenuator

MAPSK — M-ary amplitude-phase
modulation;
double-sideband-suppressed-carrier
modulation

upper sideband of frequencies
broadcasting
mutual correlation

carrier recovery (CR)
clock recovery (CIR)

gain in signal-to-noise ratio
detector gain

harmonic oscillation, harmonious
waveform

Gaussian Q-function
voltage-controlled oscillator (VCO)

transducer

binary modulation types

duplex, two-way message transfer
deviation

frequency deviation

detecting signal

envelope detector (ED)

error detector

determined signals, deterministic signal

sampler
sampling
discrete signal

variance (dispersion)



JUTUTENBHOCTH (OeckoHeuHas/koHeuHast) duration (infinite/finite)

JUIUTEIIBHOCTh UMITYJIbCA
JIOCTOBEPHOCTh

3a71epKKa, BpEMsI 3a/I€PKKU
nMmiyJsbc HalikBucra
VMITYJIbCHBIN OTKJIK
HMILYJIbC-IIEPEHOCUHK
nHaexke UM

MHTEPBAJI KOPPEISIUN

UCKa)KEeHUE, U3MEHEHUE (HOPMBbI
(curnasna)

KAM-M (M-vunast kBagpaTypHas
aAMIUTUTYHAS. MOIYJISIUS )

KaHaJIbHBIC CUMBOJIBI

KBaIIpaTH‘IHBIﬁ BOJIBTMCTP

KBaJpaTypHasi WK CUHYCHAasl
COCTaBIIAIOILIAS

KBaJpaTypHasi, CHHyCHasi COCTaBIIIIOLIas

KBaJpaTypHBIN pacuIenUTENb

KoJioBasi KoMOMHaIus (0J10K), KOAOBOE

CJIOBO
KoJiecOanme

KOPEHb KBaJIPATHBIN U3 CIIEKTpa
HaiixkBucra

KOPPEKTUPYIOIIHNHI KO
KOPpEJIOMETP

KOPPESLMOHHBIE XapaKTEPUCTUKU
KOA(pHULIMEHT aMIUTUTYTHOM
MOYJIALIII

KOA(pPUIIMEHT aMIUTUTYAbI
Kod(pduULMeHT OmnboK

ko3¢ pUIeHT ckaTa
KO2(pDUIIMEHTHI pa3IOKEHUS

KpaﬁHHe SHAYCHUS apryMCHTA

MaKCHUMYM aHOCTepHOpHOﬁ BCPOATHOCTH

MaTeMaTH4YeCKOEe 0KUIaHUE
MEXCUMBOJIbHAS! HUHTEPPEPEHIIMS

M-yr4Has aMIUITUTyAHAs MOAYJIALUS

duration of pulse

reliability

delay, delay time

Nyquist pulse

impulse response
pulse-carrier

frequency modulation index

correlation time

distortion (of signal)

MQAM — M-ary quadrature-amplitude

modulation
channel symbols

quadratic voltmeter
quadrature or sinus component

quadrature, sine component

quadrature splitter

code block, codeword

waveform

square root of the Nyquist spectrum

error control code
correlation meter

correlation characteristics
amplitude modulation factor

amplitude factor

error ratio

roll-off factor

decomposition factors

ultimate values

maximum a posteriori probability
expectation

intersymbol interference

M-ary amplitude modulation
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MOZIYJIMPYIOLINNA CUTHAI

MOJIYJISILIPIOHHBIﬁ KO
MOAYJIANHUA MUHHUMAJIBHOTO CABUT'A

MOHOTOHHO YOBIBarOIIas
HavasibHas (aza
HEKOTepPEHTHAs IEMO YIS
HEKOpPPETUPOBAHHBIC

HCOIIPCACICHHOCTDb (1)21351

HEIPEepPbIBHBIN (HEPEPHIBHBIN 110
BpPEMEHH) CUTHAJ

Hecyllee Kojaebanue (Hecyras)
HWKHSS 1T0JIOCA YacTOT
HU3KOYACTOTHBIC COCTABJISIONTNE
orudaroras

OJTHOMEPHBIN

onHonosiocHas moaysius (OM)
OJIHOCTOPOHHSIS Mepeiada COOOIECHUS
OKOHEYHOE 000pyAOBaHHE
OMOpHOE KoJiebaHue
ONTUMAJIBHBIN JIEMOTYJITOP
ociabieHue

OTHOCHUTEIbHAs (ha30Basi MOTYJISITUS
OTHOCHUTEIBHBINA JIEKOJIEP
OTHOCHUTEJIBHBIA KOJIEP
otHomenue curHa/mym (OCII)
MIEPBUYHBIA CUTHAI
MIEPUONICCKUN CUTHAI
[T-ummysnbe

MJIOTHOCThH BEPOSITHOCTH
TIOTHSITBI KOCUHYC
MOJIHOYTUIEKCHBIN

0JI0Ca MPOIMYCKaHMS KaHaJla
10JIoCca 4acToT

II0JIOCOBOY LIIYM

MTOJIOCOBBIC CUTHAJIBI

IOy AYTUIEKCHBIN

modulating signal

mapping code

MSK modulation — minimum shift keying

modulation
monotone decreasing

initial phase

incoherent demodulation
uncorrelated

phase uncertainty

continuous (time-continuous) signal

carrier

lower sideband of frequencies
low-frequency components
envelope

one-dimensional

single-sideband modulation (SSB)
one-way message transfer
terminal equipment

reference waveform

optimal demodulator

attenuation

differentially encoded phase-shift keying

differential decoder
differential encoder

signal to noise ratio (SNR)
baseband signal

periodic signal
rectangular video pulse
probability density function
raised cosine

full duplex

channel bandwidth

band

bandpass noise

bandpass signals

half duplex



[I0JIy4aTesb

IIOMEX0YCTOMUYNBOCTh

IOpor

[IOCJIEI0BATEIILHOCTD

IIOCTOSIHHAs COCTaBJIAIOILA
IIO3JIEMEHTHBIN IIPUEM

MPaBUIJIO MAaKCUMyMa MPaB10no100us
npeoOpazoBanue ['unpbepTa
npeobpaszoBanue Oypne
PaBHOBEPOSATHBIN

paBHOMEPHOE pacupeiesieHue

paguoumityisc ¢ [1-o6pa3noit
orudaroriei

pacliMpeHue creKkTpa
peanuzanus mpouecca

Peneenckoe pacipcaciicHuc
BCPOATHOCTH

pelieHue, pemaromas cxema
psan Oypee

CABHMHYT 110 4aCTOTE
CUTHAJIBHOE CO3BE3AUE

CUTHAJIbHBIN asipaBuT

CUMBOJIbHAA CKOPOCTb, CKOPOCTH
MOAYJIAIUHA

CI/IH(I)a?)HaSI HJIM1 KOCUHYCHAasA
COCTaBJIArOIIaA

CI/IH(I)a?)HaH, KOCHHYCHas COCTAaBJIATOIIAA

CUHXPOHHBIN JETEKTOP

cucTema J0cTyna

CKOPOCTb HU(POBOTO CUTHATIA
cnensmui GuiIbTp

ciny4aiiHas ¢asa

CIIy4aWlHBIN MPOLIECC

COBMECTHAs! TUIOTHOCTh BEPOSATHOCTH
COTJIaCOBaHHBIA (QUIBTP
COEIMHEHUE

CIIEKTp, CIIEKTPbI

recipient

noise immunity
threshold

sequence

constant component
symbol-by-symbol demodulation
maximum likelihood rule
Hilbert transform
Fourier transformation
equiprobable

uniform distributing

rectangular radio pulse

spectral spreading

realization of a process
Rayleigh probability distribution

decision

Fourier series
shifted on frequency
signal constellation

signalling alphabet

symbol rate

in-phase or cosine component

in-phase, cosine component
synchronous detector
access system

bit rate of a signal

tracking filter

accidental phase

random process

joint probability density
matched filter

link

spectrum, spectra
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CIIEKTpaJibHAs TJIOTHOCTh MOIIHOCTH
CIIEKTpaJibHAs TJIOTHOCTh MOIIHOCTH
(CIIM)

CIIEKTpaJibHAs TIJIOTHOCTh YHEPTUH
CpellHee 3HauYeHUe
CpelHEeKBaJApaTuyecKas onmoka

CPCOAHCKBAAPATUICCKOC OTKIIOHCHHC
CPCAHCKBAAPATUICCKOC OTKIIOHCHHC

(CKO)

CpeaHsisi MOIIHOCTS (Trpoiiecca)
CpeIHss 4acToTa
CTaTUCTUYECKAasi 3aBUCUMOCTD
CTallMOHAPHBIN
CTOXAaCTUUYECKUE CUTHAJIBI
CTPYKTypHas cxema

TaKTOBBIM HHTCPBAJI
TaKTOBBIN HHTCPBAJI

TeopeMa XHHUYMHA-BuHepa

TOJIBKO OJTHOCTOPOHHSIS TIepeiaya
COOOIIEHUSA

TOYKHU CUTHAJIBHOT'O CO3BE3Us
yAeJIbHAasi MOLHOCTH LIyMa
y3€ll CETU

Y3KUU CIIEKTP

Y3KOIIOJIOCHBIA CUTHAJI
YCUJIUTEIb

yCIIOBHUE OTCUCTHOCTH
(da3oBast aBTOMOACTPONKA YaCTOTHI
(DAITY)

(hazopa3zHOCTHAS MOJYJISIITUS
¢bunetp Konmmoroposa-Bunepa

(bayKTyalMoHHas nmoMmexa

OM-M — M-nunas dazoBas MOAYISAIUSA

bopmupytouuii GuIbTP

(GyHKUUA pacnpeiesieHus BEpOsITHOCTH

M(ppOBOIA cUTHAT

power spectral density function
power spectral density

energy spectral density
average value
mean-square error

root-mean-square deviation
root-mean square deviation (RMS)

average power (of a process)
middle frequency

statistical dependence
stationary

stochastic signals

block diagram

symbol interval

clock period, timing period, timing
interval

Wiener-Khinchin theorem

simplex transfer

signal points

noise power spectral density
node

narrow spectrum
narrow-band signal
amplifier

sampling condition

phase locked-loop (PLL)

differentially encoded phase-shift keying

Kolmogorov-Wiener filter
fluctuation noise

MPSK — M-ary phase modulation
shaping filter

probability distribution function
digital signal



4acTOTa HECYIIEero KoueOaHus
(Hecyein)
YJaCTOTHBIN IETEKTOP

yeTHast QyHKUIHUA

UM-M

HIMpUHA CIIeKTpa (CUTrHala, mpolecca)
HHEPreTUYecKue noTepu

HHEPTUsl UMITYJIbCA

SHEprus Ha OUT

ProaANYECKUI

carrier frequency

frequency detector

even function

MFSK — M-ary frequency modulation
bandwidth (of signal, process)

energy losses (EL)

pulse energy

energy per bit

ergodic
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