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I'nmasa 1
PAJU ®YP’E. IHTET'PAJl ®YP’€

1 OprorosajbHi Ta OPTOHOPMOBAaHI cucTeMH GYyHKUIH

1.1 OproronaabHi Ta HopMoBaHi GyHKUIil

Busunauennsa. fAxmo dyuxuii ¢i(x) ta ¢@2(x) € HenepepBHUMH Ha
b
cerMmeHTi [a; b], To iHTerpan J. @1 (x)P,(x)dx  HA3UBAETBCS CKATAPHUM O00OVMKOM
a
¢yuryiti @i1(x) Ta @a(x) Ha cermeHti [a; b]. Tlpum 1IBOMY BHKOPHCTOBYETHCS
MO3HAYCHHS

b
(@1(x); P2(x)) = le(x)wz(X)dX- (1)

BrnacTuBOoCTiI CKaldgpHOTO AOOYTKY:
1. Sxmo dbyskuii @i(x) Ta @2(x) HEmepepBHI HA CErMeHTI [a; b], TO

(@1(x); 92(x)) = (P2(x); P1(x)). (2)

2. Sxmo gyHkuii  @i(x) Ta @2(X) HenepepBHI HA cerMeHTl [a; b], a A — neska

cTaia, TO
(Ap1(x); P2(x)) = (P1(x); Ap2(x)) = A (@1(x); P2(x)). (3)
3. Slkmo pynkmii  @i(x); @2(x); @3(x) HENIEpepBHI HA cerMeHTi [a; b], TO
(@10x) + 92(x); 93(x)) = (91(x); P3(x)) + (P2A(x); P3(x))- 4)

4. Sxmo ¢yskuis @(x) HemepepBHa Ha cerMeHTi [a; b] 1 ¢(x) # 0, TO
CIIPaBE/IJTUBOIO € HEPIBHICTD

(@(x); ¢(x)) > 0. )

3asoanns ona camocmiiinoi podoomu. JIoBeCTH CTIpaBeTUBICTD BIIACTUBOCTEH 1 —4.

Busunauennsa. OyHkuil @i(x) Ta @2(x) HA3UBAKOTHCS OPTOTOHATIEHUMU
Ha cerMmeHTi [a; b], sxuo 1l ¢yHKIIT HenepepBHI Ha cerMmeHTi [a; b], a ixHIH
CKaJISIpHUI 100YTOK AOPIBHIOE HYIIO, TOOTO

b
Jor@ez@)dx=0, (6)

a @i(x) £ ¢2(x) Ha cermenTi [a; b].



Busunaueunns. Hopwowo ¢yuxyii ¢(x) Ha cermenti [a; b], mo
HAJICKUTh MHOXKWHI HETEepEepPBHUX Ha CerMeHTl [a; b] QyHKIH, Ha3HBaeThCA

b
BEJIMYUHA I (p2 (x)dx. Tlpp  1bOMYy  BHUKOPHCTOBYETHCS  TO3HAYEHHS

a

1
()] = (o(x); @(x))? a6o

(7

Busunauenuns. DOyakmis ¢(x), HOpMa sAKOi JOPIBHIOE OJMHHUII Ha
cerMmenTi [a; b], ToOTO
b
2
J. ¢ (x)dx =1,
a

HA3HBAETBCS HOPMOBAHOW HA ceemenmi [a; b] dyHKII€ETO.
1.2 OproronajbHi cucremu ¢pynkuin. OproHopmMoBaHi cucTeMu QyHKUIA

Po3ristHemMo nociiioBHICTh (DyHKITIH
(Pl(x)a (P2(x), ([)3()(), =i (P”(x)a ot (8)
K1 BU3HAYCHI Ta HEMEPEPBHI Ha cerMeHTi [a; b] 1 cepen Akux Hemae (DYHKIII, 110
TOTOXHO JIOPIBHIOE HYJIFO HA CErMeHTi [a; b].

Buszunauenns. [TocnimoBHicte  QyHkmin  (8)  Ha3WBaeTHCS
OPMOOHATILHOIO cCUCmeMolo ()yHKYiu Ha ceemenmi [a; b], KO € OPTOTOHAIEHUMH
Oyab-sIK1 B1 HE PIBHI MK OO0 (PYHKIIIT 111€1 CHCTEMH, Ta Yl PYHKIIIT €T CHCTEMH
€ IHTETPOBHUMHU 3 KBaJpaTOM, TOOTO

0, sKmo n#m;

b
[0,)0, (x)dx={ 9)

K, axmio n = m.

Buszunauennsa. Cucrema QpyHKuUIH (8) HABUBAETLCS HOBHOIO CUCMEMOIO
@yuryii na ceemenmi [a; b], AKIIO 3 yMOBH
(Ax); ¢1(x)) = (Rx); 92A(x)) = ... = (Ax); Pulx)) = ... =0 (10)
BUXOMUTh, 0 flx) = 0 Ha cermenti [a; b], ne flx) — Oyab-sika HemepepBHa Ha
cerMmenTi [a; b] dpyHKuis.
Buszunauenmnsa. [locaaoBuicte GyHKIIH (8) HA3UBAECTHCA HOPMOBAHOIO
Ha ceemenmi [a; b] cucmemoro @ynxyiu, KO KOKHA 3 (DYHKUIH CHUCTEMH €
HOPMOBAHOIO (DYHKIIEIO.



.

Skmo cuctema (yHKIIH HE € HOPMOBAHOK CHUCTEMOIO (YHKIIH, TO Taky
cucteMy (GYHKIIIH MO>KHA TPOHOPMYBATH.

JIs 1bOTO 3HAXOAUTHCS HOpMa KOXKHOI HEHOPMOBaHOI (PYHKIIII, MICISI 4OTO
(YHKILIS JUTMTHCS HA CBOK) HOPMY.

Buszunauennsa. Cucrema QyHKIIH Ha3UBAECTLCA OPMOHOPMOBAHOIO
cucmemoro yuxyiui Ha ceemenmi [a; b], sxkmo ug cucrema GYHKIIH €
1) opTOrOHAIBLHOO; 2) HOPMOBAHOIO CUCTEMOIO (PYHKIIH, TOOTO

0, sKo n # m;

b
Jen@en(@dr=1, # (1)
e , SAKIIIO 1 = M.

3AYBAXEHHS: CucteMu QyHKIIIH
1)1, cosx, cos2x, cos3x,...,COSnX, ...;
2} 1, smax, s 2%, ST 350y STLIX, o5 (12)
3) 1, cosx, sinx, cos2x, sin 2x, ..., COSAX, SIN A1X, ...

€ OPTOTOHAJILHUMHU CUCTeMaMH (DYHKIIIHA HAa CErMEHTI [—T; 7).

Cucremu QyHKIIIH
4) 1, cosmx; cos2mx; cos3mx,..., COSHMX, ...;
5) 1, sin x; sin 2mx, sin 3mXx,..., SN AOX, ...; (13)

6) 1, cosmx; sin ®X; cos2mx, sin 20X, ..., COSHMX, SIN AMX, ...

” : T
€ OPTOTOHAJILHUMHM cHUcTeMaMu (PyHKIIIH Ha cerMeHTi [—/; [], ne o= 7

3aeoannsa ona camocmiiinoi pooomu: 1. JloBectH, 1o cucreMu QyHkIiin (12)
Ta (13) € opTOrOHATLHUMH CUCTEMAMH.

2. [lepeBipuTH, uM € i cUCTeMH (PYHKI[IH HOPMOBAaHUMH CUCTEMaMH (yHKITIH.

3. TlponopmyBatu cucremu ¢yHkmid (12) Ta (13), AKmO BOHM HE €
HOPMOBaHUMH CUCTEMaMHU (PYHKIIIH.

2 Paau Tta koedinientu @yp’e

2.1 Y3araabHennii psag @yp’e

Hexaii Ha cermenTi [a; b]| 3amaHa oproHOpMOBaHa cucTteMa (yHKIIN
(P](.X); (P2(x)s (P3(3C), cees (Pf?(x)a cee sy (14)
a TakoX QyHKIisA f{X), MO € HEMEPEPBHOW a00 KYCKOBO-HENEPEBHOK HAa CErMEHTI
[a; b] byHKITIEIO 1 10 TOTO K a0CONIOTHO IHTETPOBHOIO (DYHKITIEHO.



3’acyemo, 3a skux ymoB (yHKiis f{x) Moxe OyTH pO3BHHEHA y psa IO

dyskmisx cuctemu (14), To6to
Ax) = Mo1(x) + Aaa(x) + Aa@3(x)+ ... T Apa(x) + ... . (15)

bynemo BBaxatu, mo psaa (15) piBHOMipHO 30iraetbes 1o ¢GyHKii f{x) Ha
cermeHTi [a; b].

3naiinemo koedimieHTH Takoro psay. OOunBi dactuHH piBHOCTI (15)
MOMHOXKHUMO Ha @(X) Ta MOYICHHO MPOIHTEIPYEMO Ha CErMeHTI [a; b] 3rigHo 3
TEOPEMOIO PO MOWICHHE 1HTErpyBaHHs (DYHKI[IOHAIBLHUX PsIJIIB.

Buxonurs
b b b b
[ /() @) (x)dx =0 [ @ (X)dx + oy [ @, (%) @y (X)edx + ...+ L, [ @, (x) @y (x)dx + ... (16)

VY npaBiii yacTuHi piBHOCTI (16) mepiiuii 3 1HTErpaniB JIOPIBHIOE OJMHHII SK
KBaJpaT HOPMHU HOPMOBaHOI (PyHKUIT (i(X), yCi 1HII IHTErpaid JOPIBHIOOTH HYJIIO,
OCKUIBKH BOHU € CKaJISIPHUMH JOOYTKaMH OPTOTOHAIBHUX (DYHKIIIM.

Takum ynHOM, MaeEMO

b
M= [ 16 o1 (). (17)
a
VY Takuii croci® MokHA 3HANTH yci 1HIT KoediienTu psay (16).
OTxe,
b
M= [ 1) 0, (), (18)
a
nen=1;2:3;....

Psan (15) HasuBaeThCs y3acanvHenum psdom Dyp’e, CKIageHUM s GyHKIIT
f(x) Ha cerMenTi [a; b].

Koedinientu takoro psay 3Haxonarbes 3a Gopmysnoro (18) ta HasuBarOThCA
koedinientamu paay Oyp’e.

VY 3anexHocTi BiJ (PyHKIH, 110 yTBOPIOIOTH cucteMy (14), psg @yp’e moxke
MaTH Ty YH 1HIIY CTPYKTYDY.

SIK1o 3aMICTh OPTOHOPMOBAHOI CUCTEMH (YHKINHN (14) B34TH OpTOrOHAIBHY
Ha cerMeHTi [a; b] cuctemy QyHKIIH

Y1(x); wa(x); w3(x), ooy Wal(x), - (19)
Ta M0 (PYHKIIAX i€l CUCTEeMHU PO3KIAcTh PYHKLIO fX) y psin
S0 = yi(x) + paya(x) + psys(x) o paye(x) £

TO KOe(DIMIEHTH IILOTO PAAY OYAYTH 3HAXOAUTHCH 3a (DOPMYIIOI0



b
[ 7(x)@, (x)dx

__a
T , (20)

[on (x)dx

a

nen=1;2;3;...

3aedanna ona camocminunoi poéomu. IcHye 0araro pi3HOMaHITHHUX
OPTOTOHAJIBHUX Ta OPTOHOPMOBAHMX cHUCTeM (YHKIIM, AK-TO cucTeMa (YyHKIIHA
Panemaxepa, cucrema ynxuiii Yomnura, noninomu Jlexxanapa, noniHomu $koOi Ta
1HIIT1, 3 IKUMHM MOKHA O3HAHOMUTHUCH y JI0JIATKOBIH JliTepaTypi.

BuOip Ti€i 4 IHIIOI CHCTEMH OPTOTOHAJIBHUX (PYHKLIH JUIA PO3KIAaJaHHA Y
psan @yp’e dyHkii f{x) 3a0eKUTH BiJ TOTO, IKHH Mpoiiec omucye GyHKIis f{x).

VY Teopii eNekTpo3B’A3Ky, Y PATIOTEXHIIl BaXKIUBY POJIb BIJIITPAIOTh CUTHAJIM.
JIns  OOCHIDKEHHS CHUTHAIIB 3a JIONMOMOTOK PAAIB  HAHOUIBIN IMOITUPEHUMH
OpPTOTOHATBHUMHU CHCTEeMaMH (DYHKIIIH € TPHTOHOMETPHUYHI CHCTeMH (YHKIIIH.

2.2 Tpuronomerpuunuii psg ®yp’e ta iioro koedinieHTH

Hexaii f{x) — nepioguuna ¢pyHkuis 3 nepiogom 1 = 2m.
3naiiieMo po3BuHEHHsI QyHKUII B pan Pyp’e no QyHKUISIX OPTOHOPMOBAHOI
CUCTEMH

1 | 1
e g sin x;——c0s2x;——sin 2x; cosnx,—
Jr

1
T RSO N eos i i -

BM3HAUYEHOI HA CETMEHTI [—T; 7).

sin nx;..., (21)

VY Takomy pasi psag @yp’e st pyHKIIT f{x) Mae BUTIIST

a : :
0 4+ g, cosx+b;sinx +a,cos2x +b,sin2x +...
2
(22)

a [s 8}
. _ O .
..+ a,cosnx+b,sinnx+...=—+ Y (a, cosnx + b, sin nx)
n=1

Ta HA3UBAETHCS MpuUcoOHOMeMpuyHuUM psioom Pyp’e pynryii f(x).
[Ipu IbOMY BUKOPHUCTOBYETHCS MO3HAYCHHS

f(x)~ ‘%0 + Y (a, cosnx + b, sinnx).

n=lI
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Bbynemo BBakatu, 1o psj (22) Ha cerMeHTi [—7; T] pIBHOMIPHO 301raeThes 10
dyskmii flx). Ockinbku psan (22) 30iraeTbes piBHOMIPHO, TO HA HBOTO MOIIUPIOETHCS
TEOpeMa Mpo MOUJIEHHE IHTETPYBaHHS (PYHKIIOHAIIBHUX PSIIB.

[IpoiHTerpyeMo nouseHHo piBHICTh (22) Ha cerMeHTi [—m; m]:

T T Y T

_[f(x)dx = C%O J.dx+ ai Icosxdx+ b, Isin xdx + ...

'’ -T -T —1 (23)
T T

wta, Icosnxdx+ b, Isin nxdx + ...
-7 -7
3 opToroHANBHOCTI cucTeMH (GyHKIM (2]1) BUXOAUTH, 110 Y piBHOCTI (3.144)
yCl IHTErpaJIi MPaBoi YaCTUHHU, 32 BUHSTKOM TEPIIOro, TOPIBHIOIOTH HYIIIO.

OTrxe,
s a, n
[ f(x)dx= S Tam (24)
3BIOKHU
a,=— [ f(x)ax. (25)

Jlam oOuaBi yacTHHHU PIBHOCTI (22) MOMHOXHMMO Ha HenepepBHY (QYHKIIIO
COSHX Ta OTPUMAEMO Yy MpaBiid 4YaCTHHI PIBHOCTI PAld, SKUM TaKOK PIBHOMIPHO
301raeTbcst Ha CErMenTi [—m; ).

[TouneHHO TPOIHTETPYEMO HAa CETMEHTI [—T; 7| el psaa 3rigHO 3 TEOPEMOIO
PO MOYICHHE IHTEerpyBaHHsA (PYHKIIIOHATBHUX PSJ/IIB MAEMO

T a i T
_[f(x) cosnx dx = 70 jcosnx dx + a, Icosxcosnx dx +

—-n -7 —-T

n T m
+ b, jsin xcosnxdx+a, Icostcosnx dx + b, _[sin 2xcosnxdx+ ...

—T —-T —-n
T T
..ta, jcos2 nxdx+b, Isinnxcosnxdx+... (26)
-7 -7

¥Yci iHTEerpasid TpaBoi 4YAaCTHHM piBHOCTI (26), 3a BHHSATKOM IHTErpasa

T

Jcosz nx dx , MOPiBHIOIOTH HYJTIO B CHJTY OPTOTOHAITLHOCTI pyHKIIIH cuctemu (21).
-7

Buxoauts, 110
Y s s 1 T
a a :
J.f(x)cosnxdx =a, Icosz nxdx=— j(l +cos2nx)dx =2 x + — sin? nx) =mna,,
2 2 2n L5

-7 —T —T

3BIIKH




1
1 T

an=— j f(x)cosnx dx, 27)
—TC

nmen=1;2;3;....
AHaJIOTIYHO MAaEMO

T
1 :
b, =— Jf(x)sm nx dx, (28)
& —T
men=1;2:3 ....
2.3 JlocTaTHi 03HaKu po3BHHEeHHs QyHKILii y pax @Pyp’e

Axmo nepioguuny 3 nepiogom T = 2n  pyHKII0 po3kiaactu y pag Pyp’e, To
MOJKE€ TaK CTaTHCh, 1110 cyMa MO0Y0BaHOTO psALy He J0opiBHIOE PyHKLIT fx).
B npoMy BUnMaaxy B piBHOCTI (22) 3aMICTh 3HAaKa «=» CTaBUTHCS 3HAK ~, TOOTO

f(x)~ %, Y (a, cosnx+ b, sinnx).

n=l1
PosrnsiHemo ymoBH, 3a sSkux cyma psagy @yp’e, modymoBanoro mist pyHKIIi
flx), 30iraeTbed 3 GyHKLiEO fx).

Busunauennsa. ®DyHkuia fx) Ha3UBAETBCI KYCKOBO-HENepPepP8HOIO HA
ceamenmi [a; b], AKIIO 1edl CErMeHT 3a JONMOMOIOK CKIHUYEHHOI KIJIBKOCTI TOUOK
MOJKHa pO30HMTH Ha CerMeHTH [a; X1], [x1; x2], [x2; x3], ..., [X41; b] Tak, mo HA KOX-
HOMY 3 LIUX CerMeHTiB (yHKIs f(X) € HEmepepBHOIO Ta ICHYIOTh TPAHUYHI 3HAUEHHSI

fla + 0); flx; —0); flxy + 0); flra—0); flxa +0), ..., Axna —0); flxns +0); f(6—0).

Busznauennsa. O@yHkuisa f(x) HA3UBAETHCS KYCKOBO-MOHOMOHHOI HA
ceemenmi [a; b], AKIO HIEH CErMEHT 3a JONOMOI'OI CKIHYEHHOI KUIBKOCTI TOYOK
MOXHa po30UTH Ha iHTepBamu (a; x1); (X1; X2); (x25 X3), ..., (X415 D) Tak, 1m0 Ha
KOXKHOMY 3 LIUX 1HTEpBaJiB GyHKIIIA f{X) € MOHOTOHHOK (hYHKIIIETO.

Busunauenns. Oyukuis f{x) Ha3uBaeThCA 21adkoio na ceemenmi [a; b],
SKIIO BOHA HEINEpPEepBHA Ha CerMeHTl [a; b], a ii mepiua moxijlHa € HENnepepBHOK
¢dyHK1IEO B iHTEpBai (a; b).

I'padik raagxoi GyHKIIT € I71aJKOI0 KPUBOIO.,

BusznaueunHs. OyHKIA flx) Ha3UBAETBCSI KYCKOBO-21AOKOK HA
ceamenmi [a; b], AKIIO 1l CErMEHT 3a JOMOMOTOK CKIHYEHHOI KUIBKOCTI TOYOK
MOXKHA po30MTH Ha iHTEepBaM (@; X1), (X1; X2), (X25 X3), ..., (X413 b) Tak, mo B
KOXXHOMY 3 HUX (PyHKIIIS f{x) € r1agKkor QyHKIIIEH.

I'padix kyckoBo-raakoi (GyHKIIT CKIAAA€TbCs 31 CKIHYEHHOI KUILKOCTI IVIAJIKHUX
IyT.
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Teopema 1 (dipixue). Hexait Gpynkiis f{x) 3a10BONbHIE YMOBHU:

1) e mepioanunoMO 3 epioaom 1 = 2m;

2) € HenepepBHOK a00 KYCKOBO-HENEPEPBHOK HA CErMeHT1 [—m; m];

3) € MOHOTOHHOIO 200 KyCKOBO-MOHOTOHHOIO Ha CErMEHTI [—T; 7).
Toni:

1) pan ®yp’e, nobynoBanuii st QyHkuii f{x), 3a OyaAb-KOro 3HAYEHHs
X € [—m; ] 36iraerbest o cymu S(x);

2) y Toukax HenepepBHOCTI (GyHKIT fx) 3HaYeHHs: cymH S(X) JAOPIBHIOIOTH
3HaueHHsM QyHKIT f{x);

3) y Toukax po3puBy GyHKIiT f{x) 3HaueHHS cyMH S(X) ITOpIBHIOIOTH
CepeIHbOMY apU(PMETHYHOMY OJHOCTOPOHHIX TPAHMUHUX 3HAuUeHb (QyHKIIT flx) y

IIMX TOYKax, To0To S(x)= %( f(x=0)+ f(x+0));
4) Ha KIHIIX cerMeHTa [—m; m| cyma S(x) BH3HAYAa€ThCA TaKUM YUHOM

S(-m) = S(m) = (-7 + 0)+ £ (e~ 0));

5) Ha OyIb-IKOMY CErMEHTi, WII0 BXOJUTh 10 IHTEpPBAIy HENEPEPBHOCTI
byHKUiT f(x), pag Oyp’e Gynkii fx) 30iraeTbest piBHOMIPHO.

3AVBAXEHHS 1. ®ynkuis flx) 3agoBoabHse yMoBH Jlipixie Ha cerMeHTi [a; b],
SIKIIO 151 PYHKITiS:

1) € HenepepBHOI ab0 KyCKOBO-HENIEPEPBHOIO HA CErMEHTI [a; b];

2) € MOHOTOHHOIO a00 KYCKOBO-MOHOTOHHOIO Ha cerMeHTI [a; b].

3AVBAXEHHS 2. ®ynkuis flix) 3aaoBoiabHsae yMoBHU Jlipixjie Ha cerMeHTi [a; b],
SKIIO 15 PYHKIISA:
1) € HemepepBHOI Ha cerMeHTI [a; b| abo Mae CKIHUEHHY KUIbKICTh TOUOK PO3PUBY
HEPILIOTO POY;
2) € MOHOTOHHOKW Ha cerMeHTi [a; b] abo Mae CKiHUEHHY KUIBKICTH TOYOK
EeKCTPEMyMY.
Hagseneni popMynipoBKH € €KBIBAJICHTI.

Teopema 2. Hexaii pynkiist f{x) 3a10BOJILHAE YMOBH:
1) € nepioauuHoO 3 nepiogom 1= 2m;
2) € rMaiKoro a00 KyCKOBO-TJIAIKOIO HA CErMEHTI [—T; 7).
Toi:
1) psn dyp’e, nodbynoBanuit nns GyHkmii flx), 3a OyJb-SKOr0 3HAYEHHs
X € [—m; m] 30iraerbces 10 cyMu S(x);
2) y Toukax HerepepBHOCTI ¢GyHKIII flx) 3HaYyeHHA cyMH S(X) TOpPIBHIOIOTH
3HaueHHAM (QyHKiT f{x);
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3) y Ttoukax po3puBy OGyHKIIi f{x) 3HaueHHs cymH S(X) JOpIBHIOIOTH
cepeHhOMY apU(PMETHIHOMY OJHOCTOPOHHIX TPaHWMYHUX 3HA4YeHb (QYHKHII f{x) y

|
UX TOYKax, To0T0 S(x)= E(f(x —0)+ f(x+0));
4) Ha KIHISX cerMeHTa [—m; m| cyma S(x) BHM3HAYa€ThCAd TaKMM UYHWHOM

S(-m) = S(m) = (f-m+0) + (R -0)

5) Ha OyAb-SIKOMY CErMeHTi, 10 BXOJWUTH 0 I1HTEpPBATY HENEPEPBHOCTI
byskii flx), pag @yp’e Gynkuii fx) 30iraeTbes piIBHOMIPHO.

Teopema 3. Hexait pyHxis f{x) 3a10BOJIbHSAE YMOBHU:

1) BU3HA4YeHA HA CEeTMEHTI [—T; 7];

2) po3knanaerbes y pan yp’e;

3) Ha KIHIIX CETMEHTA [—T; | mpuiiMae 0JJHaKOBI 3Ha4eHHs, ToOTO f{—T) = f(T);

4) moxigHa MepIIoro MOpsAAKY Ha KIHIMX CerMEHTa [—m; | mpuiiMae 0JHAKOBI
3HaueHHs, To0To f'(—m) =f'(m);

5) moxiJHa Jpyroro MoOpsAKy Ha CErMEHTI [—m; T € oOMexeHOw (YHKIIIEH,
TOOTO

")l <M.

Toni pan @yp’e byuxuii f{x) Ha cermMeHTl [—m; | 30iraeThbcs PIBHOMIPHO Ta
abCoIOTHO.

Teopema 4. Hexait ¢pyHKist f{x) 3a10BOJIbHAE YMOBH:

1) BM3HaveHa Ha CETMEHTI [—T; T];

2) Ha KiHIX CerMeHTa [—; 7| npuiiMae OJIHaKOBI 3Ha4YEHHs, TOOTO f{—1) =
fim);

3) moxigHa MepIIoTo MOPSAIKY Ha KIHISX CerMeHTa [—7; | TpHiiMae 0JHAKOBI
3Ha4yeHHst, To0To f'(—m) =f"'(m);

4) moxigHa APyroro MOpsAKY Ha CErMEHTI [—m; m] € oOMexeHOow (YyHKITIEH0,
TooTO [f"(xX)| < M.

Toni ¢pynkiis fx) moske OyTH Ha cCeTMEHTI [—m; T| po3BUHEHA y psax Pyp’e i 1ie
PO3BUHEHHS € €THHUM.

IIpuitmemo Teopemu 1—4 6e3 1O0BEIEHHS.

IIpuxkiaagu 10 NyHKTYy 2

Ipuxaan 1. Po3knactu y psag @yp'e pyHKITIO
4x, akmo — < x < 0;
fx)=
2x, sxmo 0 < x < 7.
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PosB'sa3anus

3Hax0IuMO Koe(IlI€eHTH TPUTOHOMETPUUYHOTO psany Pyp'e (22) 3a dhopmynamu

(25), (27), (28):

a

0

—2COSl’lx
n

-7

1

4
=—(I—cosnm) +

n

4 17
— dxdx +—I2xdx=
T
0
1
dxcosnxdx+—

l[sz + X

0
-7

T

T

2xcosnxdx =
TE.

0
!

n
=T

2(1
+ — —ZCOSVUC

T

sin nxdx} + %
n

TC

T\ n 0

-n

(cosnm—1)=

2

dV =cosnxdx, V= lsinnx

X .
—SIn nx

T

0

U=x; dll =gy

n

]Esin nxdx} =

0

1
1
o N

2—-2cosnm 2

Tcn2

5 > (1—cosnm);

n N

J:1(0—2n2+n2—0)=—n
T

U=ux;

dlf =z

0
1 : 1
b}’l _; J‘4xsmn.de+; desmnxdx; V:—lcosnx

—T

4

T
Iszin nxdx =
0

2
+_

1 0
S jcosnxdx
n T
—T

n

T T
1-

+_

ne

X
— —COSAnX
n

cosnxdx} =

0 0

_¢ '

11 ;
— —COSnx + —- S nx

n n2

2
R
T

T ;
——COsSnx+ “—ZSIIl nXx
n n

J

=——COSATT——COSATL=——COSNT.
n n n

OT1xe, MaEMO

f@)~=3+

0

2 2 6 .
2—2 (1 — cosnm)cosnx — —cosnmsin nx
n=1T"N n

abo
0 {1\
f(x):—E+Z:21 ) cosnx—ﬁ(—l)”sinnx,
2 n=1 Tmz 7

Tak gk GyHKuig f(x) 3amoBosabHsAe ymMoBaMm Jlipixie.

oo (1"
BignoBiab: f(x)z—E+Z:21 D cosnx—g(—l)"sinnx.
2 =] ﬂ;nz n
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Mpuxaaa 2. Posknactu y psag ®yp'e dynxuito f(x)=x"+x B iHTeppami
(—m; m). [oOymyBatu rpadik cymu psay.
Po3B'sizanns
3unalinemo koediuieHTH psaxy Pyp'e, kopuctyrouuch Gopmynamu (25), (27),

(28):
1B (15 1,1 1(1 1 2
ag =— j(xz +x)dx:—[—x3 +—xzj =—(—(n3 + 1)+ —(n? —nz))z—nz;
™o m\ 3 2 AN 2 3
. U=x*+x; dU=Q2x+1)dx
a, =— | (x° + x)cosnxdx= 1 . =
P ox J.( ) dV = cosnxdx; J =—sinnx
i n
n T s
1 x% +x 1 . 1 .
== +xsmnx‘ —— I(2x+l)smnxdx D j(2x+1)smnxdx=
T n n nm
-7 =1t N
= v o —szrlcosnx;rE _2 jcosnxdx
dV =sm nxdx; Vz—gcosnx n2m . n2m .
2n+1 —2n+1 2 .
=—— —COSHT—————COSAT————sinnxy =
nom nm n°m n
1 4rtcosnnt 4
=——(2mcosnm + cosnm + 2TCOSAT — COSNT) = ———— = —COSAT;
nm nm n
1% U=x>+x; dU =(2x+1)dx
b, =— J‘(x2 + x)sin nxdx = . 1 =
T dV =smnnxdx, V =-——cosnx
“x "
2 & T
| =X X osnx +l_|.(2x+1)cosnxdx =
n n
-T -7
) 2
=l TR cosnm+ T ncosn’n—kl I(2x+1)cosnxdx =
T n n n
—T
U=2x+]; dU =2dx 1 " - . e
=| o cosmudsy W= Sisinms [~ 7cosmr ;cosmc ;Cosmc

n

{2x+1 . ;({ 2% J] 1[ o 2
——cosmc+— sinn ——Ismnxdx = —| — —cosnm + — cosnx|
B

n n n T n n

i

1 2m
=—| ———COSHT + — COSHTTL — — COSHT |=——COSAT.

T n n3 n3 n
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Psan dyp'e nna bynxuii f(x) = x> +x B iHTepBani (—m; ) Mae BUITIAL

o0
) 1, 4 2 .
X +x=§TE +Z —20051175 COSnX +| ——COSHT |SmM X
n n

n=l

a0o

o0 _ n . n
x? +x:lrc2 +Z4( 21) cosnx—z(i)sinnx s x € (—m; ).
3 n=1 n it

[ToOyayemo rpadik cymu psay. B iHTepBam (—m; ) rpadik cyMH psay

36iraeTbes 3 rpadikoM camoi GyHki. JKmo GYHKIi0 y = x° + X IOJATH Y BUIVIAML

1 1 :
y+ ria (x+ 5)2 , TO OYEBUHO, 10 33/1aHa (DYHKIIIs BU3HAUA€ MapadoIly 3 BEPIIMHOIO

; 11 ; . 1
y Touuli A —5;—2 , CUMETPHYHY BIJHOCHO MPSAMOI xz—E. [nku napabonu

HaIpsMIICHI Bropy.
Cywma psny @yp’e € nepioJUIHOI (PYHKIIEO 3 TIEPI0IOM 21T
OTxe, Ha KOXKHOMY 3 TIPOMIKKIB (—T+ 2AT; T+ 2km), ne k € Z, rpadix cymu

PSIy TIOBTOPIOETHCS, @ Y TOYKAX PO3PUBY, TOOTO y TOukax T+ 2km, ne ke Z, cyma

S(x)

=Yy

psny HaOyBae 3HAYCHHS %(('rc2 -m)+ (7t2 + n)) 4 TO 7° (JMB. PUCYHOK 2).

Pucynok no npukmnany 2
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BinnmoBias: x2 +x=la'c2 +Z4(_21)cosnx—2(_1)sinnx.

n=l n 2

3 Oco01MBOCTi pO3BHHEHHS
y psaa Oyp’e nepioaMyHuX Ta HenepioAUYHUX QyHKUIH

3.1 Po3Bunenns y psaja ®@yp’e nepioguunoi pynkuii

Hexait ¢ynkmist f{x) Ha cerMeHTi [—7; 7| 3aJ0BOJLHSE YMOBH PO3BHHEHHS Y
psin @yp’e Ta € nepioAMUHOIO PYHKII€IO 3 iepiogoM 1 = 2.

Jlns miel ¢pyHKIil Ha cerMeHTi [—m; ] Oyayerses psaa Dyp’e, a cyma S(x) mporo
pSTy Ha CETMEHTI [—7; 7] y TOYKaX HeNepepBHOCTI AOPiBHIOE PyHKIIT f{x).

Ockinbku dyHKIIS f{X) € 2n-nepiogudHo0 (QYHKIIE, TO BOHA MEPIOIUIHO
MOIIMPIOETLCSA HA yCI0 YUCIOBY Bick. Cyma S(x) pany ®yp’e € cymor0 nepioguuHuX
dbyHKLIHA, a oTxe, 1 cama GyHKIsA S(x) € nepiognyHoo (yHkiiero. BuxoguTs, mo
no3a cerMeHToM [—m; m] 1 QpyHKis flx) 1 GyHKuis S(x) BU3HAUEHI, a IXHI 3HAYEHHS Y
TOYKaX HenepepBHOCTI QYHKIT f{x) 30iraroThes.

3.2 Po3BuHeHHs y psja @yp’e HenepioauuHOI PyHK I

Hexait dynkiis f{x) Bu3HayeHa JIMIIEC HA CETMEHTI [—7; ] 1 3aI0BOJIbHSE Ha
bOMY CEerMEHTI YMOBH pO3BHHEHHS QYHKIT y psag Dyp’e.

Hna wiel @yukuii Ha cermenti [—m; m| Oyayetscsa pan Dyp’e, a cyma S(x)
IILOTO PAIY HA CETMEHTI [—TT; | y TOYKaX HEeMepepBHOCTI NOPIBHIOE GYHKITIT f{x).

Cyma S(x) sx mepionndHa (yHKIIIS TIOMIHPIOETHCS HA YCIO YHCIIOBY BiCh, alle
HE Ma€ HIYOro cnuibHOro 3 (Qynkuieo fx) mo3a cerMeHToM [—m; 7], OCKUIBKH
dyHKLig f{X) Mo3a CECrMEHTOM [—T; | HE BU3HAYCHA.

[Tpunyctumo ternep, mo GyHKUis fx) BU3HAYEHA 1 HA CEIMEHTI [—m; 7] 1 1mo3a
MM CETMEHTOM, ajie BOHa He € mnepioguuHoro (yHkuiero. Ha cermenti [—m; 7]
dyskuis f{x) 3a710BOJIbHAE YMOBH pO3BUHEHHS QYHKIIT y psijt Pyp’e.

Jnst el pyHkuii Ha cermeHT! [—m; m| Oyayetses paxg Pyp’e, a cyma S(x)
IILOTO PSITy Ha CETMEHTI [—7T; T] y TOYKaxX HemepepBHOCTI JTopiBHIOE (yHKIIT f{x).

Cyma S(x) sk mepioguunHa (YHKIs TMOUIMPIOETHCS HA YCIO YHCIIOBY BICH,
dbyuKig f{x) Tako’k BU3HAYEHA 11032 CETMEHTOM [—T; 7], ajie OCKUTbKH (yHKIIS f(x)
HE € 2T-TIepioANYHOI0 (PYHKITIEO, TO 3HAYCHHS CyMH S(X) Ta BIAMOBIIHI 3HAYCHHS
dbyukuii fx) mo3a cerMmeHTOM [—T; | HE 30IraroThCsl.
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IMpukiaam 10 nyHKrty 3

Ipuxnan 3. Po3knactu B psigx @yp’e nepioauuny PyHKIIIIO
1 sm 2x, ko — < x <0;
xX)=
cos2x, akmo 0 < x < m.

[TodynyBatu rpadik pyukmii f{x) Ta rpadik cymu psagy S(x).

Po3B'si3aHHA

Oyukuiga flx) € 2n-nepiognyHoro ¢yHkuicro. OTKe, JOCTaTHLO MOOYIyBaTH
s vel psaa @yp'e B intepsadi (—m; ).

3naxoaumo koediientu psaay @yp'e (22) 3a popmynamu (25), (27), (28):

It 0

T

1. 1
Ay =— J.sm 2xdx + —J.COSZde :—Lc0s2x + Lsir12x :—L(COSO—cosZ‘n) =10
e Ty 2n _p 2m 0
0 n 0
I . 1 1 : :
a,=— J.sm 2xcosnxdx + —Jcos2xcosnxdx= — J.(sm(2 + n)x +sin(2 — n)xdx +
EE T 2m 7
s 1 1 0
+I(cos(2+n)x+cos(2—n)x)dx =— - cos2+n)x| -
; 2| 2+nm x
0 1 1 T
— cos(2—n)x| + sm(2+n)x| + sin(2—n)x| |=
— ey 2= 5
0
= —1(1—COS(Z+I’1)TE)—1(1—005(2—1’1)1‘5)]—
2n\ 2+n 2-n
:L : + 1 cos(n+2)m— L cos(n—2)n)}=
2r\n—-2 n+2 n+2 n—2
:2%[ n24_4+n41_2003(n+2)n—nizcos(n—2)n)).
1 0 1 o
b, =— jsin 2xsin nxdx + jcos2xsin nxdx =
T T

-7 0
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= 2] _[(COSQ n)x —cos(2 + n)xdx + j(sm(n +2)x +smn(n — 2)x)dx]
T
=11
11 ’ y
- sin(2—n)x| - sin(2+n)x| -
2n| 2—n - -7
1 " )
- cos(m+2)x| — cos(n—2)x| |=
n+2 o Nn— 0
1 1
e cos(n+2)m+ - cos(n—2)m+ ):
2n\ n+2 n+2 n-2 n-—
_1f 1 + L 1 cos(m+2)m— ! cos(n—2)m) |=
2r\n+2 n-2 n+2 n-—
zz_ln n22f4_nizcos(n+2)ﬂ:—nizcos(n—z)ﬂ:))-

Psin @yp'e nnst 3ananoi PyHKILT Mae TaKUil BUTIIST

f(x)zz—lﬂi(( 24 + 1 cos(n+2)n — lzcos(n—Z)th-cosnx+

n“-—4 n+2 n—

n=l

2 1 1 :
e LI cos(n+2)m— cos(n—2)m |-smmnax |.
n2—4 I’l+2 n—2

S(x)

\ LY /e/\ih (¥ -

Pucynox no npuknany 3

3amana ¢gyskuia flx) € 2n-nepioguynoro ¢dyHkuicwo, cyma S(x) pany Dyp'e
TAKOX € 27-repiogn4Ho0 GyHKIew. ¥ Toukax HenepepBHOCTI GhyHKIIT fx) rpadiku
dbynkuii f{x) Ta S(x) 30iraloThes, a y Toukax po3puBy (pyHkmil f{x) dyskmisa S(x)
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HaOyBa€ 3HAuUEHHs, SIKEe JIOPIBHIOE CEPEJIHbOMY apU(PMETHUYHOMY OJIHOCTOPOHHIX
rpanunk. Ha pucyHKy 11i 3HaUeHHS MO3HAYCH] 31POYKOI0.

) ) l « 4 1 |
BigmoBiap: f(x)=— + cos(n+2)m— cos(n —2)m |cosnx +
f(x) 2n211n2_4 5008+ 2)m - cos( )]

n=I1

+[n22ﬁ4 _n}rzcos(nJrz)ﬂ_ nizcos(n—@ﬂj-sinnx}

Ipuknan 4. Posxwractu y  psag  Dyp'e mnepioguuny  GyHKIIO
f(x)=arcsin(sin x). [TobyayeaTu rpadik dyHkmii f{x) Ta rpadik cymu pagy S(x).

Po3B'si3anns

OyHKIig arcsin(sin x) € 2xn-mepioguuHo0  ¢yHKIIE. OTke, I0CTaTHHO
po3KiacTH 1o QyHKUI0 Y pag Pyp'e HA TIPOMIKKY [—T; ).

@DyHKIiA arcsin(sin x) BU3HAYEHA I X € (—00;490) 1, 0 TOTO XK, 11 (PyHKITisA

MOXeE OyTH MoJaHa y BUIJIAIIL
o i T T
arcsin(sin x) = x — 27, AKmo 2nn——<x<2mn+—,
ne ne’Z.
Ha npomixky [—m; ] 1o pyHKIII0 MOKHA 3a7aTH Y BUIJISI
T
—.X —I, K0 — NS XL ——

5 s T T
arcsin(sin x) =1 X, HKH.[O—ESJCS—;

2

)8
—x+n,;11cm05<x$n.

3Haxoaumo koediuienTu psty Pyp'e (22) 3a hopmynamu (25), (27), (28):

T s

Z 2 T
agzl I(—x—n)dx+ jxdx+ (—x + m)dx |=
T
- _n n
2 2
1 27% 2% 1 o|*
=—|-—=(x+m +—x ——(x—m =
e IR IR

2 2 2 2 2 B
L T Y ol A POV O . ) A
t| 2( 4 214 4 ) 2 4 2l 4 4
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T

1 -3 2 T 1
I(x+ m)cosnxdx + jxcosnxdx—j(x— n)cosnxdx |=— (I, + 1, + I3),
x 7:

an=n
= I i
T 2 2
T

xcosnxdx, I = —.[(x — ) cosnxdx.

n
2

i

2
ae I, :—I(x+ﬂ)cosnxdx, Iy =—

U=x+m; dl) =dx
1 —

e LA

3

T

2
[lz—j(x+n)cosnxdx= dV =cosnxdx, V =——sinnx
n

2

==k
_n _T

X+T . 2 1 2. n . mn 1
Sin 1 +~j-smnxdx=ﬁsmﬁ——2005nx

. 2n n

nm n . nt 1 nt 1
=——8iN— — —COS—— + — COSNT.

n 2 n

' [

COS— — COSAT
2n

I, = _[xcosnxdx =0 sK iHTErpaa y CHAMETPHUHUX MEXKax BiJl HEMapHOi (QyHKIIIT.

-
U=x-m; dU =dx

T
= — e — 1
Iy I(x m)cosnxdx dV =cosnxdx, V =—sinnx
n

n
2
(x—m) . t . n . nn 1 "
=— sin nx| +—Ismnxdx=—sm———2cosnx
n TNy 2n n n
2 5 2

AT

nm n . nnm 1 1
:—sm———cosnn+—zcos?.

n . nt 1
=—sin— — —| cosnt—cos— 5
2 2n 2 n n
| nm

2n 2 n

n . nt 1 nt 1 n . nt 1
1 =S, ———— GO —— +—Zcosmc——sm———zcosmc+—2cos—:0
2n 2 n 2 n 2n 2 n n
i

2 2 T
1
I(x+n)sinnxdx+ J.xsinnxdx—j(x—n)sinnxdx =—(1,+1,+15),
T

2

bn =~
T
-

]

T

2
e I :_I(x"‘ n)sinnxdx, 1, =—|xsmnxdx, I =—I(x—n)sinnxdx.
2 2

~L
2
2 U=x+m; dUi=dx
5 I(x+n)smnxdx dV =smnxdx, V =-——cosnx
n

i

'—;N\T—i o

1l

-7
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X+T 212 T w1 2
= cosn —— _fcosnxdx— —COS— — —smn =
n . nZ 2n 2 n? .
s nt 1 . HT I nt 1 . nn
=_—Cos——— —S8SIn— + SN AT =_—Cos— +—sin—.
2n 2 n n n 2
E E
2 =z di =gk
I Ixsmnxdx 2Ixsmnxdx— i 1 -
o dV =smnxdx, V =-——cosnx
_n n
2
n 7 n
2% 2 2 T nt 2 2 T nt 2 . nm
= ——COSHX +—jcosnxdx———cos—+—zsmn =——CO0S—— +—sin—-.
i o % h 2 n 0 n n 2
U=x-m; dU =dx
T :—I X — 1) sin nxdx = ) | =
2 ( ) dV =smnxdx, V =-——cosnx
% n
Y T
X—T 1% T nt 1 T nt 1 . nxm
= cosnx| — —Icosnxdx— —COS— — —sm nx =——cos—+—sin—.
& nn 2n 2 n? < 2n 2 n
2 2
_ln . AT T nct 2 . MM T nt 1 . nm
=] — os—+—Sm———cos—+—28m—+—cos—+—28m— =
t\ 2n 2 n 2 n 2 2n 2 n 2
= sin—
nn2 2
3anucyemo psjg Dyp'e:
[e 0]
. 1 . nm .
arcsin(sin x) = — Z_z sin — SN 1X
TE?’:!*O” 2

abo

o = L
arcsin(sin x) = — —— sin(2k +1)x .
T =02k +1)

[Tobyayemo rpadixu Gynkuii f(x) =arcsin(sin x) Ta cymu S(x) paay Pyp'e.
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fx) A Sx)
_______________________ ll_g___ ————————— ————— - —— —— —
|
] l I I I |l I >
_3r -5“: -2n _32“ -T ~IE 0 T T %“: 2m 5m 3r X
___________________ -2 _ NS

Pucynok no npuxnany 4

Ockinbku GyHKINA f{x) € MeploAUYHOI0 Ta HETNEPEPBHOIO, TO 3a OyAb-IKOTO
x € (—oo;+o0) rpadiku flx) Ta S(x) 30iraroThes.

4 f%sm(zk +D)x.

BinnoBiask: arcsin(sin x) =
Ti=0(2k +1)

Ipuxiaan S. Posknactu B psit @yp'e pyHKIi0
—x, —nt<x<0;
X)y=
/) { 0, O<x<m,

BU3HAYEHY Ha CErMEHTI [—T; Tt].

Po3B’si3aHus

3naxoaumo koeditientu psiy Dyp'e (22) 3a hopmynamu (25), (27), (28).
0

1 17 1
ag=—— J.xdx+j(}ta’x:—x2 =E;.
T T 25 | 2
-7 0
1 0 U=x dU =dx
“n T HEORIHR dV =cosnxdx;, V =—sinnx

0 0 0
1| x . 1 ¢ . 1 1 1
=——| —smn —— jsmnxdx =——-—Cosn =———(l—cosnn);
T\ n x B m n? - n’

—T

0
b =—— _[xsinnxdxz

"
T

-7

dV =sin nxdx; Vz—lcosnx -
n

U=x; dU = dx ]
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|

X
=——| ——Ccoshnx|
T n

n | n 02

—T

0 0 0

1 I| =w 1 . 1
o Icosnxdx =——| ——COSAM+—Smn =—COSATT.
-1 —T

OT1xe, MaEMO

o0
f(x)= i Z[%(cosmt —1)cosnx + lcosmc -sin nx] ;
4 o\ n

[Tobyayemo rpadixu Gpynkuii flx) Ta cymu S(x).

Ockinpkn yHKIIA f{x) € HenmepioguuHOM, TO Tpadik (YHKIT po3MimIeHHH
JIMIIIEe HA CerMeHTI [—m; 7).

HesBaxaroun Ha Te, 1m0 QyHkmis f{x) He € nepioguuHoro, cyma S(x) psaay
dyp'e qs pyskuii f(x) € 2n-nepioguuHoro GyHkuiero. ['padiku ¢pynkiii fx) ta S(x)
30iraroThbcs B IHTEpBai (—T; ), @ M03a UM 1HTepBajIoM GYHKIIA S(X) TaKOXK ICHYE, a
il rpa¢ik nepioJU4HO OBTOPIOETHCS.

ﬂx)ﬂ
|
|
|
|
i
_ﬂ; 0 T X }
a)
S(CO)A
_________________________________________________ |'
| I
| |
| I
* *
| |
b &
X
6)

Pucynox no npuknany 5

o0
BignmoBiae: f(x)= % + Z[%(oosnﬂ:—l)cosnx+ lcosn‘rc-sinnx].

H
n=| N\

4. Oco0BoCTI po3BHHEHHS QYyHKIIIT
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y psia @yp’e y pasi 3MillleHHsI CErMeHTa PO3KJIAIaAHHSA
4.1 Po3BuHeHHs y psaa @yp’e pyHkuii, BU3BHAUEHOI HA CerMeHTi [a; a + 27

VY Aeskux BUMNAaJKaxX BUHUKAE HEOOXITHICTh po3kiacTv y pag Dyp’e GpyHKIIO
flx), Aka BU3HA4YCHA HE HA CUMETPUYHOMY BIJHOCHO MOYATKY KOOPIAMHAT CETMEHTI
[—m; ], a Ha OyIb-SIKOMY 1HIIIOMY CETMEHTI [@; a + 27| Ti€l )K TOBXKUHHU.

[ToxakeMo, 1110 TAaKUH 3CYB CErMEHTA PO3KJIa aHHs

1) 3aJIMIIAE OpTOHOpMOBaHOIO cucremy QyHkuii (21)

) | ) 1 N .

m J_cosx \/_smx \/_cos X J_sm X \/Ecosnx,ﬁsmnx,...,

2) He 3MIHIOE 3HAYCHHS IHTETPalliB, Yepe3 SKI BUPAKEHI KOCPIIIEHTH PIAAY
dyp’e.

Teopema. Slxkmo ¢ynkuis flx) € T-nepioguunoro (PyHKIiEO, TO AKUMH O He
Oynu 4mcna a Ta ¢, ClpaBeTMBOIO € PIBHICTD

a+T a+c+T
j o(x)dx = j o(x)dx. (29)
a a+c¢
JloBeaeHHSH
a+T+c

Poszristnemo iHTerpan I@(x)dx.

a+T
a+T+c x=1+t; X { a+c a+c
Iw(x)dx: a+T+c | a+tc | |= _[(p(T +t)dt = f@(t)dr,
a+T dx=dt a+T a a a

ockubku QO(T + £) = @(f) sik T-niepioguyHa QyHKIIS.
OTxe, AKIIO MEPEMO3HAYUTH 3MIHHY IHTETPYBaHHA B OCTAHHBOMY IHTETpPalIi,
TO JICTAHEMO:

a+T+c a+c

Jotx)dx= j 9(x)dx. (30)
a+T
a+T

Jlaii po3riITHEMO iHTerpal I(p(x)dx.

a
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a+T a+c a+c+T a+T a+c a+c+T a+c+T
j(p(x)dx jqa(x)dx+ I o(x)dx + j o(x)dx = I¢(x)dx+ I o(x)dx — I¢(x)dx
a+c a+c+T a a+c a+T
BanOBquH pesyissTat (30), oTpuMaemo
a+T a+c a+c+T a+c
J.(p(x)dx = J.(p(x)dx+ I(p(x)dx— J.(p(x)dx
a+c

3BIIKM MAa€MO

a+T a+c+T

I@(x)dx = J‘(p(x)dx.

a+tc

Lleit pe3ynpTaT O3Hauae, MO 3CyB CErMEHTa PO3KIAJaHHS HE BIUIMBAE Ha
3HAQYCHHS 1HTErpaia Bijl MepioIMYHOI HA I[bOMY CEIMEHTI (DYHKIII.

Tomy opToHOpMOBaHa Ha cerMeHTti [-m; m| cuctema Qyskmin (21)
3QITUIIIAETHCSI OPTOHOPMOBAHOIO 1 Ha CerMeHTI [a; a + 2m).

JliticHo,

a+2n a+2n

Idx—l Isin mxcosnxdx = 0;
a

a+2n a+2n
] Icosz nxdx =1, Icosmxcosnxdxz 0 (m #n);
T a a

a+2n a+2n
- jsinz nxdx =1, J‘sin mxsin nxdx =0 (m # n).

a a

3rinHo 3 yMoBowW (GyHKIIA fx) € 2m-nepiogudHoro, Toal 1 GpyHkuii fx)cosnx,

fx)sinnx Takok € 2m-nepioTnIHAMHA (pyHKuisIMH. Omxe, s koedimieHTiB Dyp’e MaeMo
a+2n

If(x)cosnxdx— - J.f(x)cosnxdx a,

a+2n

If(x)sm nxdx=— If(x)sm nxdx=>b,,

TOOTO MPH 3CYBI cerMeHTa po3KiagaHHsA y psan Pyp’e 2n-nepioguunoi QyHKIIi 3Ha-
yeHHs Koe(IlieHTIB psaay Pyp’e He 3MIHIOIOTHCS, TIPH LIBOMY € CIIPaBETUBI (POPMYITH
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a+2m

a=— [ e

a+2n
1a, = L f(x)cosnxdx, (31)
"o
a+2n
b= i f(x)sin nxdx,

nen=1;2;3;....
4.2 Po3BuHenns y psa ®yp’e pynkuii, BU3BHAYEHOT HA cerMeHTi [a; b]

Hexaii ¢pynkuis flx) Ha cermenti [a; a + 2] 3aJ0BOJbHSAE€ YMOBH PO3BUHECHHS Y
psan dyp’e. Po3rasiHeMO MOMKIMBICTD pPO3BHHEHHS y pan Pyp’e dynxuii f(x),
BHU3HAYEHOI Ha CETMEHTI [a; a + 2{] noBxkuHOIO 2.

Jns Toro, mo6 moHa Oylno KopucTyBaTtucs GopMmynaMu IS pO3KIaJaHHA Yy
psan @yp’e dyHKIIIT, BA3BHAYEHOI HA CETMEHTI [—T; 7], BBEIEMO JONOMIKHY 3MIHHY [

tl . e .
TaKy, Mo x=—. Y TakoMmy pa3l, skimo a < x < a + 2, To a<—<a+ 2/, 3BiAKU
T T

na
7£tg—+2ﬂ:

: i , : tl .
BHacmiiok Takoi 3amiHM QyHKISA f [J, TOOTO (YHKIIA Bl apryMeHTy [
(s

. | ma ma :
BU3HAUY€HA Ha CETrMEHTI [?;7+2n} noBxkuHO 21, Taky (QyHKIIIO MOKHa

po3kiajaatu y psiji @yp’e sk QyHKIII0 apryMeHTYy ¢

lt ay — ;
— |~—+ ) a,cosnt+b,sinnt. 32
A5 "

[Ipu ubomy
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+2n

4
aozl I f{ﬁjdt;
mo T
7

1
:a —E J;t [ Jcosnrdt,
v

ﬂ+2:rr
I

nen=132:3 .00

(33)

CKOpHCTAaEMOCH MOKIIMBICTIO 3pOOMTH 3CYB CETMEHTA PO3KJIaJaHHs 0e3 3MIHU

o : am amn ;
HOIro JOBXKHHH, a CaMC, 3aM1CTb CCTMCHTA 1:7,7 + 2’J'E:| BI3bMCMO CCTMCHT [—TE;T[].

Ak Oyno moka3aHo paHillie, 3CyB CErMEHTa IHTETPYBAHHS HE BIUIMBAE€ HA 3HAYCHHS

koediuientiB Pyp’e.

Maemo:
T
a A I f{ﬁ dt,
T T
—T
I
i L j f[ft cosntdt,
T T
-7
L
B J' f[g]sinntdt,
T T
-7
aem=1: 280 s

[ToBepHEeMOCH 10 3MIHHOT X.

nTX
~—+Za cos +b smT;

(34)
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T r= . L
a, =L J. f(ﬁjcosntdtz g T | L =% j f(x)cos%dx;
T T T
- _dtzzdx; I -
15 (1t IZE; e 1 E nTX
b, =— I f[—]sin ntdt = : T | L =— '[ f(x)cos——dkx,
T T T l L
- dt = —dbx; | ¢ —¢
anen=1;2;3;....
OctaToyHO MaEMO
(x)~—+Za cos%hb sm% (35)
n=1
1 !
ag = E_J;f(X)dx;
17 n
TTHX
4 =7 j f(x)COSde, (36)

J.f(x)sm—dx

nmen=1;2;3;....

30KkpemMa, JOCHUTh YacTO PO3MIANAlOTh (YHKIII, SIKi 33J0BOJBHSIIOTH YMOBH
posBuHeHHsa ¢yHkuii y pan @yp’e na cermenti [—; £] norxuuow 2£. OCKiIbKH
TaKUP CErMEHT € YaCTUHHUM BHUIIAJIKOM cerMeHTa [a; a + 2{], konu a = —¢, T0 paaom
@yp’e mis takux QyHKUi € psa (35), a koedimientn Dyp’e 3HAXOAATHCA 3a

(bopMmynamu (36). S0 BpaxoByBaTH, 110 7;: ®, T0 popmyiu (35) ta (36) HaOyBae
TaKUH BUTJISA;

f(x)~ cg) + Y a, cosnwx + b, sin nox; (37)

n=l1
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1L
a, = E_J;f(x)dx;

AL

= jf(x)cosnoaxdx; (38)
1

1.

b, =- j.f(x)sin noxdx,
E-ﬁ,

ie: =20 38... .

IIpukiaaam 10 nynkry 4

IMpukiaan 6. Poskinactu y psag @yp'e 2n-nepiognuny GpyHKIIIO

T T
4,HKHLO—§SX<§;
f(x)=
6, AKIIO ESXS?’—R.
’ 2 7

Po3ss'a3avH4

3naxoaumo koedimientu psagy Pyp'e (22) 3a popmynamu (31)
3n

1| 2 h 1
a = [adx+ [odx |==| 4x

T
T

T
2

2 2
I 3 1
|42+ D e I |=Z@n+6m)=10;
i 2 2 4 2 T

In

%
i _L J.4cosno)xdx+ J.6cosnc0xdx _1
T

m 3n
) 2 6
—SIn AMX
n T nw

+ —sin nEX

2

T
OcCKIIBKH ® =—, TOOTO ®=— =1, TO gaal MaeMo

e

=L(851nﬂ 6s1113n—n—sinmI = I [7sinﬂ+6sin3nn].
n 2 2 2

n
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s 3_ft fud 3_11
1 2 2
=— I4smn®xdx+j6smnoaxdx =— 4j.smnxdx+6jsmnxdx =
T _T n n
2 2 =3 >
T 3rn
1 2 2
=——| dcosnxl + 6cosnx =
TH ~

T
2

(3

1 nm nw 3nm nm
=——| 4 cos— —cos— |+ 6[ cos—— —cos— | |=
™ i 2 2 2

6( 3nm I’ITE)
=——|cos==—cos—~ .

b19] 2

OT1xe, MaeMoO

S(x)~5+ Z[ (7sinﬂ + 6sin 3%Jcosnx + 6[005’1; — cosj’;n]smnxj

AT

BinnoBiabe: f(x)~ 5+Z[ [73111— 6sin3izn]cosnx+

n=l1
6 ( nm 3mt] .
+ —| COS— —COS——— [sm#nax |.
nm 2 2

Ipukaan 7. Posknactw y psan Dyp'e QyHKIiI0 IBOMIBIEPIOAMYHOTO
BUIIPSIMIIEHOTO CHHYCOITHOTO CTPYyMY

) ()7
Asmot, skmo 0< 1< —;

i(t) = @
T 21

— Asin ¢, axmo — <t < —.

[0 )

PosB'sa3anus

: : 2n
3agana ¢yHKIiS Bu3HaueHa Ha cermeHTi [0; —]. JloBkmuHa cermeHTta
®

2= E—O—z—Tc 3BiAKK £ =
[0) 0)

SIFI

3Haxoaumo koedimientu psagy Dyp'e (22) 3a popmynamu (38)

2n

ela
ey

[0}] L
® . ® : Ao| 1 o ]
a :'[Asmo)tdt—j.Asmo)tdr: ——coswf| +—coswi| |=
1 T ()] 0 0

o
]

@
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= é(— cosT+1+cos2n—cosm)= %(1 —COST) = ﬁ;
T o

i
n 2z
a, = 9'[Asin ot cosnotdt — > J.Asin ot cosnmtdt =
T T
0 o
Ama : : Aco6 : :
. 20 j (sin(1 + n)ot + sin(l — n)or)dt — =2 J‘ (sin(1 + n)et +sin(1 — n)or)dt =
2n 5 2n 4
= Aol _ cos(l + n)wt| — cos(l —n)wt| +
2n| (I+mn)o o (d-mo 0
2n 2
cos(l + n)ot| + cos(l —n)wt —
(I+n)o - .
= <Ll - cos(l+ n)m + — cos(l—n)m+ +
2\ (1+n)o I+no (I-no 1-no
+ L1 cos(l+n)m+ - cos(l —n)m |;
I+no (+no (l-no (-no
a, = Al _2 + I cos(l+n)m— cos(l—nm)m |;
2n\(1+n) (I1-n) (1+n) (1-n)
a, :é = e 1 cos(l + n)m— 1 cos(l—n)m |.
n\(1-n") (1+n) (1-n)
Buxoauts, 1o
0,asxmon=2k+1, keZ
@n = %,ﬂfcmonzﬂc,kez,
n(l—-n")
TOOTO
a;, =0;a ——ﬁ'a =0;a ——ﬂ'a = a _ 3L
1 ) 3th 3 » Uy 15759 5 s Ug 351_[,..-,
n 2n

Aw® ) . . .
b, =— jsmmtsmnmth'[sm(otsmnmzdt —

0 n

0]



33

sy

0

g

b i
® ®

Ao |
2n | (1-n)o

o d+mo

sin(1 — n)omt sin(l +n)wt| +

0

ey

2n

[63)

=0.

1
(1-n)w

+

sin(1 —n)owt sin(1+ n)mt

- (+n)o =
(0] (0]
OT1xe, MaeEMoO

i(t) = 24 _34 cos2mf — ﬂ(:054031# - ﬂc0s6(,01r — e

T 3xn 151 351
abo

i(t)= 4—A(l -1 cos2mt — i0054001,* st cosbwt — ) :
Im\d 3 15 35

) ) 21 )
3AYVBAXEHHA. V npoueci AOCTIDKEHHS ——-NEPIOAUYHUX CHHYCOIJATbHUX

®
3MIHHMX CTPYMIB Ta HENEPIOJANYHUX HECHHYCOIJAIbHUX CTPYMIB BUKOPHCTOBYIOThCS PSAM
Dyp'e.

BinnmoBias: i(l)=4—A[l—100520)t—icos4(0t—icos6(x)l—...].
3n\2 3 15 35

Ilpuxnan 8. Posknactu y psag Pyp'e nepioguuHy (yHKIIIO Ha CETMEHTI
[-4; 4], nepion axoi 7= 8.
1, sxkmo — 4 < x < 0;
S (x)= {2x+1, axmo 0 < x <4,
Po3B'sizanns
DYHKIIK 33aHO HA CUMETPUYHOMY NPOMDKKY [—4; 4]. [ToOyayemo st wiei

dyukuii pag @yp'e (37), koedimientu psamy Pyp’e 3Haiimemo 3a Gopmymamu (38),
IpH [[OMY €=4,03=%.

0

1 4
+—(2x+1)?
L 16

0 4
a =£1‘ de+ij(2x+1)dx= %x
—4 0

1+ L @®1-1)=6:
: 16
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10 14 U=2x+1; dU =2dx
a, = 2 Icosnmdx + 4I(Zx + 1)cosnwxdx = AV = cosnawde: V= Lsin o
—4 0 Hw
11 1(2x+1. Yot 1. o
=—.-—S8mnox| +-— sinnwx| —— | smuoxdx |=—sn—-,  +
4 no 4 4\ no o hoy nm 4 |,
1{42x+1) . nx|* 2-4 4 i’
+— sin + -—cos——| |=
4 nm 4|, nm nm 4 |,
:L(9sinmt—sinO)+ 5— (cosnn—1)=——(cosnn—1);
nm nm nm
0 4
1 ¢ . 1 :
b, =— jsmnwxdx+ —J(2x+ 1)sin nmxdx =
- 4
-4 0
U=2x+1; dl =2d%
- dV =sm noxdx; V:—icosnmx -
nw
1 0 1[ 2x+1 Yoot
=———Ccosnwx| +—|— cosnwx| +— |cosnwxdx |=
4nw 4 4 nw o hoy
1 x|’ 1 4(2x +1) x| 2-4-4 nﬂ:x‘4
=——cos—| +—|— cos + sin =
nm 4|, 4 nm 4 |, nmnn 4 ‘0
1 1 : :
=——(1—-cosnm)— —cosnm+—+ 5 (smnn—sin0) =
AT AT nmo onom
1 1 8
=—/(—1+cosnnt —9cosnn +1)=—(—8cosnm) =——cosnm.
nm nm nm
Toni maemo

f(x)=3+ 82( 21 5 (cosnm—1)cosnox — L COSAT - SN nwx) ;
o nm

BigmoBinan: f(x)=3+82( 21 2(cosmc—1)cosnrcox—lcosmc-sinn(ox].
n=1 I nT

5 OcobuBocTi po3BuHeHHs y psaa Pyp’e napHUX Ta HenapHUX QYHKUIA

5.1 Po3BuHeHHs y psia @yp’e napHoi QpyHKUil
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Hexait ¢pynkuis f{x) Ha cermeHTi [—7; 7] 3a/10BOJIbHSIE YMOBHU PO3BUHEHHS Y
psag @yp’e Ta € mapHOW dyHKIIEW, TOOTO flX) =f(—X), 16 x| — X €[—T; W]
Toni:

T

1) ag == [ f@dx=2 [ Sy
0

T

T

T
2) a, = L] f(x)cosnxdxzz-[f(x) cosnx dx;
T . T

- 0

T
3) b, =1 j £(x)sin nxdx =0,
TE—TC

ne n = 1; 2; 3; ..., 3riAHO 3 BJACTHBOCTSAMH IHTETPANIB 3 CUMETPHYHHUMH MEKaMHU
IHTETpYBaHHs BiJ] MapHUX Ta HEMapHUX (PyHKIIIH.

Takum yuHOM, sk f{x) — mapHa (YHKIIS, TO BOHAa DPO3KIAJTAETHCS Y
TPUTOHOMETPUYHMH psig Pyp’e

f(x)~a70+2an cCoSnx (39)
n=I

Ha CerMEHTI [—m; 7], a KoedilieHTH UBOTO PANY BU3HAYAIOTHCA (hOpMYIaMU

a0 =2 [ fr

= g.[f(x)cosnxdx; (40)
& 0

b

L~n

~ 0,
nen=1;2;3;....

3okpema, skuo napHa (yHkuis f(x) 3a70BOJbHAE€ YMOBH PO3BMHEHHS Y Psj
@yp’e Ha cermenti [—{; ], To Ti psanx Pyp’e Mae BUTIIAN

f(x)!‘:;) +Ya, cos”f‘, (41)

n=I

a KoedII€EHTH BU3HAYAIOTHCS (OpMYITaMU
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2€
ay="; [ ()
0

I
a, = %J.f(x)cos%dx;
X /

b, =0,

n

a s 8]
f(x)~ 20 + Zan COSnMX,
n=l|

nen=1;2;3;...,
abo
nen=1;2;3;....

5.2 Po3BuHeHHs y psaa @yp’e HenapHoi pyHKIil

ao = jgf(x)dx;

1 T
a, = —jf(x)cosno)xdx;
a0

b, =0,

n

(42)

(43)

(44)

Hexaii ¢ynkuis f{x) Ha cermeHTi [-m; ] 3a10BOJBHSAE YMOBU PO3BHHEHHA Y

psn Dyp’e Ta € HenapHo1o QyHKIier, To0TO fl—X) =—AX), ne x; —x €[-m;7].

Toni
T

1y ag =+ [ f(x)dx=0;

1

2)a, =— .f(x)cosnxdxzo;

TC ¢
— Ik

3) b, = 1 J.f(x)sinnxdngj-f(x)sin nxdx,
nfn RO

ne n=1;2;3; ..., 3rJHO 3 BJACTUBOCTAMHM 1HTEIPAJIIB 3 CUMETPUUYHUMH MEHKaMU

IHTErpyBaHHs BiJl MAPHUX Ta HEMAPHUX (YHKIITH.

Takum ywmHOM, axkuio flx) — HemapHa (YHKIISA, TO BOHA PO3KJIANAECTHC Yy

TpUroHoMeTpuuHuil psix Pyp’e
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f(x)~ibn sin nx (45)
n=1

Ha CErMEHTI [—T; 7], @ KOe(IIEHTH LBOTO PSIY BU3HAYAIOTHCS (OpMyIaMHu:

a, =0;
a, =0;

(46)

b, = %J‘f(x)sin nxdx,
9

nmen=1;2;3;....
30kpema, KMo HemapHa GyHKIis f{x) 3aJ0BONTBHIE YMOBH PO3BHHEHHS Y PSJI
dyp’e Ha cermenTi [ £], To ii pag Dyp’e Mae BUTIIA

- nTX
f(x)~ ) b,sm—, (47)
2.bisin =
a fioro koedirieHTH BU3HAYAIOTHCS (DOPMYIIaMHU:
ay =0;
a, =0;
5 ¢ (48)
b, == [sin = g,
nen=1;2;3; ..., ) ¢ ¢
abo
f(x)~> b,sinnox, (49)
n=1
ay =0;
a, =0; (50)
‘
2 f
b,=— Ism noxdx,
¢ ,
nen=1;2;3;....

IIpukaagu 1o nyHKTY 5

Ipuxaag 9. Posknactu y psag @yp'e dynkmito f(x)=xsinx y iHTepBami

(—m; ).
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PosB'sa3anus

3amana QyHKIIA € MapHOIO, TOMY KoedilieHTH psaay Pyp'e (39) 3Haxogumo 3a

dhopmynamu (40).
2F . U=x; dbl =dx
aoz—J.xsmxdx: . =

Ty dV =smxdx; V =-cosx

:%[ —Xxcosx| + Icosxde:z(—ncosn + smx ]=2-TE=2;
Tt 0 0 Tt 0 T

27 27

a, = —Ixsin xcosnxdx = —Ix(sin(x + nx) + sm(x — nx))dx =
m 21

T T
= 1J.xsin(l +n)xdx+ljxsm(l—n)xdx =
T T
0 0
U:x; dU =dx

dV =sin(1+ n)xdx; V=—L005(1+n)x
l+n

U=x; dU =dx
1 =
dV =sm(1-n)xdx, V= 7 cos(l —n)x
1 X " 1 7
=—| ———cos(l+n)x} +——|cos(l+n)xdx |+
nl l+n o l+ng
1 o1
+— —icos(l—n)x +—Icos(1—n)xdx =
n| l—mn 0 l—no
1 T ; i
=—| ———cos(l+nm)m+ ssin(l+n)x| —
nl l+n +n) 0
B
s cos(l—n)m+ 5sin(1—n)x =—[—LCOS(1+H)TE—
1-n (1-n) o] m\ 1+n

1 1
—Lcos(l—n)rc=—cos(1—n)rc——cos(l+n)Tc.
l1—n n—1 n+l1

Ockinbku pyHKIIA y =xsinx € napHoo QyHKuiewo, To b, =0.

Toai ocK1IbKKM BUKOHYETBCA YMOBa ipixie, To
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co
xsinx:l+Z(%cosﬂ—n}n—%cos(l+n)n)
n— n+

n=1
abo
. 1 o0 (_1)n+1
xsinx=1-——cosx+2 5 cosnx s x € (—T; )
2 n=2 1 -1
. . . 1 2 =™
BianoBian: xsmx:I—Ecosx+2 2 5 cosnx, x €(—m; m).
n=2 N -

IIpuxaan 10. Posknactu y pag @yp'e dynkuito f(x)=xcosx B iHTEpBal

3

Po3B'si3ann4

3anana QyHKIis € HenmapHO (yHKIi€, ToMy KoediuieHTu psagy Pyp'e (49)
3HaxoauMo 3a popmymnamu (50).

Omxe, 3rigHo 3 popmynamu (50), a, =0, a, =0. [na 3ananoi Gpynkuii 2/ =rm.

EzE; COZE,TOGTO(DZZ.
2 !

2

T

n
42
b, =— | xcosxsin nmxdx = chosxsin 2nxdx =
I
0

o '-———.[\.)\n

n

2

(eI

=gjxsin(zn+1)xdx+3fxsm(2n—1)xdx:
™0 ™0
i U=x; dU =dx
- dV =sin(2n + 1)xdx; V=—2 l 1cos(2n+1)x
i n+
I Ul =x dlU=dx
dV = sin(2n —1)xdx; V:—21 cos@n—1)x |~
P
2 2 |
== - cos@n+1)x + Icos(2n+l)xdx—
n| 2n+1 0 +1
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n

T 2

2
cos@n—1x| + 1 J.cos(Zn = Dxdx |=
0 n-—1 0

2n—1

[S1E]

- Lcos@n + 1)E + 1251'11(2n +1)x
22n+1) 2 @2n+1)

=2
T

0

:
T Cos(2n—l)3+¥sin(2n—l)g

- 2(2n-1) 2" @2n-1)?

0

2 T 2n+n 1 . 2n+Dn
==| - cos + 5 sin -
2(2n+1) 2 2n+1) 2

. m cos(zn —-Dr : 1 sin 2n-Dm |
2(2n—1) 2 (2n—1)* 2 )

2 1 . (2n+Dm 1 . (2n-Dm
= — sm + S .
Tc((2n+1)2 2 (2n—1) g ]

OTtxe, 3a HOpMOTO [lipixiie, MaeMo

xcosx——z I (2n+l)n+ I 2sin(2n_l)n sin 2nx
(2n+1) 2 (2n-1) 2

abo

Ic X e —TE E
e

:g o0 ~ (_l)n+l ( l)n+l -
XCOSX RZ{ (2n+1) (2n 1) Jsm nx,

n+l
XCOSX=— Z(( 12) stnx, xe[—;;gj.
4n

it
BinnoBiab: xcosx:—Z%siﬂZim, xe[—E;E].
Ttn:](4n —1) 2 2
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6 OcobmBoCTI po3BrHeHHd Y paa Pyp’e pyHkuii,
BH3HA4YeHOI Ha cerMmeHTi [0; 7]

Hexaii ¢ynkuis f{x) Ha cermenti [0; 7| 3a10BOJBHSIE YMOBU PO3BHHEHHS
dbynkuii y psag @yp’e.
Ockinbkn  (yHkmis f{x) Bu3HadeHa Ha cermeHti [0; w], To T MoOKHa

TOBU3HAYUTH Ha cerMeHT1 [—m; 0] y ToM 4 1HImmi crnocio.
6.1 Po3Bunennsi pyuxuii y psig ®yp’e no kocunycax

BrpoBaaumo 1onmoMizKHY (YHKIIO
. Flx) 0 x5
S (x)=
f(x),-nt<x<0.

®yukwig £ (x) € napHoo (YHKILEI0, Tka BU3HAUEHA Ha cerMeHTi [—n; mt]. Taka
(dbyHKIIs Moxke 0yTH po3BuHeHa Y psag Pyp’e (39), koedilieHTH AKOTO BU3HAYAIOTHCS
dopmynamu (40). Ha cermenti [0; nt] pag @yp’e, nobynosanuii ans Gpynkuii f(x), €
BOJHOYAC 1 pssamoM Dyp’e, moOymoBaHUM JUTs PYHKINT f{X).

3okpema, skmo ¢yHkuis f(x) 3amaHa Ha cermeHTi [0; £], To i1 MoXHa

JOBU3HAYUTH J10 MapHO1 QYHKUIT f, ﬁ* (x), TaK 1o

£ ={f(x), 0<x<e;
f(x),—£<x<0.
Tom psnom @yp’e s wiei Gpyukiii Ha cermenti [—€; €] € psya (41), a ¥oro
KOe(IIIEHTH BU3HAYAIOTECS opMynamu (42).
Lleti camutii psim Ha cermenTi [0; £] € psmom GyHKIT f{x).

6.2 Po3BuHenHs1 pynkuii y psig @yp’€ no cunycax

Bripoeagumo aonomMixkHy (GpyHKIIT
x f(x), 0<x<m;

S ()=
- f(x),-t<x<0.

®yukuisg f(x) € HemapHOM (YHKI€0, iKa BH3HA4YeHA HA CErMeHTi [—T; m].
Taka ¢yskuis moxe OyTu posBuHeHa y psiag Dyp’e (45), xoedilmieHTH [KOTO
BU3HAYAIOTHCS hopMymamu (46).

Ha cermenti [0; nt] paa @yp’e, nobynosanuii aua Gpynkuii f(x), € BogHodac i
psaaoM Dyp’e, nodyoBaHUM Jist PyHKIIT f{x).
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3okpema, skmo ¢yHkiis f(x) s3agaHa Ha cermenti [0; €], To il MoXHa
JOBU3HAYUTH J10 HENapHOi QyHKIIT f, ; (x) Tak, 1o
« f(x), 0<x</;
Je(x)=
— (), — L= X2l
Toni pagom @yp’e s niei yHkiii Ha cermenti [—¢; £] € pan (47), a itoro
KoeQIIieHTH BU3HAYAIOTECS opMynaMu (48).
Ileti camuii psi Ha cermenTi [0; £] € psaoom QyHKIT f{x).

IIpuxkiaaau 10 nyHKTy 6

Ipuxaag 11. Posxnactu y psag @yp’e mo kocuHycax B iHTepBani (0; m)
(dyHKILI0

Po3B’sa3aHHus
Ockinbku ¢yHKUIA BU3HAayeHa B iHTepBaii (0; 7m), To, po3KiIanarOyd IO
byukuito y pan @yp’e mo KocuHycax, MM MaeMo po3kianatd ii B psag Dyp’e sk

napHy QyHKIII0 B iHTEepBal (—m; 1), To0TO 32 hopmynamu (39) ta (40):

2 P i
ao_zj(g_xjdx:_z 1 E_xj __o_m)_m.
TI:O 2 w 2% 2 i 4 4
2 [ gt dU = —d
¢ [TC ) U = —ax
anz—j — — X |cosnxdx = 1 =
o 2 dV =cosnxdx, V =—smnx
i n
2 1(7: J o1
=—|—| ——x|sinnx +—|sinnxdx|=
| n\ 2 5 MBS
0
2
2 l(0—0)—i2cosmc :—%(cos@—l}
T n n 0 TN 2

OTxe, Tak SIK BUKOHYIOTbCs yMOBH Jlipixiie, TO
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o0

f(x)= g - % Z 12 (cos— — llcosnx ,

nln

o
0;— |
e xe[ 2)

BignoBigs: f(x)—E—2 l[cosg—ljcosnx,
T

] 2
T
0;— |
e xe[ 2)

n=1"
Ipuxaan 12. Pozknactu y psn @yp’e no cunycax B intepsadii (0; ) GyHKIi0

. T
sin X, 0<x<5;

f(x)=

T
0, —<x<T.
2

Po3B’s3aHHs

Ockinbkn (pyHKIIA BU3HaueHa B iHTepBami (0; ), TO, pO3KIATAIOUH IO
dynkuiro y psa Pyp’e 3a cuHycamu, MU MAaeEMO poskianatd 1y pan Pyp’e sk
HenapHy (QyHKUIO B iHTEepBai (—m; ), To0TO 3a popmynamu (45) ta (46).

Tomiap =0, a,=0.

3HaX0UMO b,:

: :
b, = 2J.sinxsin nxdle"‘(cos(l —n)x —cos(l+ n)x)dx =
T T
0 0
=1-Lsm(l—n)x —l-Lsin(1+n)x =
nt l-n 0 0

1 Sin(l—n)ft 1 Sin(1+n)1t=
n(l—n) 2 n(1+n) 2

1 1 1 nt 1 2n nm
co cCos—.
2 wl-n? P

OTtxe, Tak SIK BUKOHYEThCS yMoBa [lipixie, To
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2< .
f(x):—z nzcos@smnx,
nzll_n 2
ne x € (0; ).
2w 7 nm
BignoBias: f(x):—z 2c:os.—sinmc,
T —n
n=l
ne xe(0; ).

IMpukaan 13. Po3knactu ¢yHkuioo f(x)= e B iaTepBani (0; w) y psax Dyp’e
0 KOCHHYCaX.

Po3B’s3aHu4

3agany ¢ynkuito Oyaemo posknamatu y psa Pyp’e y inrepBami (—m; m) sK
napHy ¢QyHkmio 3a popmynamu (39) ta (40), Mmaroun Ha yBa3l, 10 OTPUMAHHUN Psif
dyp’e Oyne 30iratucs 3 3agaHoro (QyHKuieo auiie y inTepsaii (0; w).

T
=2 (-,

T
ag = 2J.ekxabc = iekx
T 0o Tk

mtk

T T T
ekxcosnxdx:zjekxl(einx +e—1’nx)dlej(e(k+in)x +e(k—in)x)dx:

. T 2 T

0 0 0

n

l 1 e(k+in)x n 1 e(k-in)x
n\k+in —in

| : 1 1 i 1
_e(k+m)n _ e(k in)m __]

0

+
k+in k+in k—in k—in

1

T

l(_k—m+k+m+ | | _m,tj_
T

3 3 - e e +—.€ e
k“+n k+in k—in

1( 2k Lot ke —jpel™® 4 Lo fejnelt®
nl k*+n? k* +n?
1
m———— [— 2k + ™ (k(cosnﬂ: +ISIN AT + COSAT — iSin mc) -
(k" +n°)m

2k 2eM(=1)"k

N 5 &
wk” +n°) mwk”+n°)

— [N COSNT + NSIN NT + [N COSHT + nSIn nﬂ:)] =—

2k (=" =1)
okt +n?)
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b,=0.
B inTepsani (0; m) Bukonytotbcs ymoBu Jipixie. Toai
km n_km _
e = i) WE. (( e )cosnx :
ko mis k4R’

ne x € (0; ).

cosnx, ne xe(0;m).

-1 2 (e )

BinnoBiae: e
Ttk Tck:l k2+n2

Mpukaan 14. Posknactu GyHkiio f(x) =™ B intepsani (0; 1) y psig Pyp’e

110 CHHYCaX.
Po3s’s3aHu4
3anany ¢yHKUilo Oyaemo poskinagatd y psag Pyp’e y iHTepBaimi (—m; 7T) sAK
HenapHy ¢GyHKIio 3a popmynamu (45), (46).
Tomi ap =0, a, = 0.

3HaxoauMo b,,:
7T

2 ( 20 il - 1, (kv -
bn _ Jekxsm nxdx = Iekx(einx _e—mx)dx _ I (e(k+m)x _e(k—m)x )dx =
T

T T 2i
0 0
T
— i 1 e(k+1'n)x _ 1 e(k—in)x _
i\ k+in k—in .
1 1 (k+in)n 1 (k=i J
= — oy | L i _ i i=
[k +in (e ) k —in ( )
_ [ —k+in+k+in et (k—in)e™ —(k +in)e™ |
T k*+n’ k* +n®
_ i 21]’1 N ekrc keimt _ineinn _ ke—imt _ l-neimt B
mi{ k% +n? k> +n’
1 2in em . -
=—|—5——5+-—5 | k(cosnn +isinnm - cosnn + isinnm) —
T\ k“+n” k" +n

—in(cosnm + isin nT + +COSNT — isin nn)D =

2n
n(k® +n)

:12(2m+ek“( —2in(-1)" ))

mi(k* +n®)

(1-(-1)"e"™).
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Takum unHom, B iHTepBaii (0; ) BUKoHytoTbcs yMoBH Jlipixie. Toxai

e = gin(l — (_l)nekn )sin HX.,

2, 2
T k“+n

ne x € (0; ).

kx _ < ( —(= l)n kn)

sinnx, ge x € (0; ).
k% +n?

BignmoBiage: e

=
’l

Mpuxaan 15. Posxnactu dynkmio f(x) =™ B inrepsani (0; 1) y pax Dyp’e.

Po3B’a3aHHus

Buxoasuu 3 Toro, mo ¢yHkuis f{x) BuzHaueHna B intepsam (0; m), Oynemo
KopuctyBatucs Gopmynamu (35) Ta (36).

Y upomy Bumnaaky 2/ =m; (= g

3HaxoauMo KoedilieHTH psagy Pyp’e:

bl

dy= 2J‘ek’cdx = iekx
Ty nk

=2 (e -y
o Tk

T

2 2F o1 ; 1 . i
a :_Iekxcosznxdx:_Iekxz(eﬁnx t+e t2nx)dx:_-|‘(e(k+2m)x +e(k 2111)x)dx:
T T

s

I sdime L e2ing
n\k+ 2m k—2in .
l( (k2 _ 1y 4 1 (g2 _ 1)J _
T\ k + 2m k—2in
1( k=2in+k+2in 4o 1 yium | R
T k™ +4n k + 2in k —2in
1 2k i k™™ = 2ine®™™ + ke "™ + 2ine""
| "2 ia2 € T, 2 -
n\ k" +4n k™ +4n
_Lp o 2k L okm B(e* 4 g 2y . Qin(gPHT o oA B
m k% +4n k% +4n®

|

2k +and) (— 2k + ™ (k(cos2nm +isin 2nm + cos2nm — isin 2nm)) —
T +4an

— 2in(cos2nm+ isin 2nT — cos2nm + isin 2nn)J =
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= %(—2/( +e"2k) = M
n(k”+4n°) n(k* +4n*)
27 2% e 1 :
b, =— J ¥ sin 2nxdx = —Iekx — (" — Yy =
i T 2i
0 0
_i ;e(kﬂin)x _;e(k—Zm)x "
n\ k +2in k —2in "
[ 1 (k+2im)m (k=2in)n )
T (k + 2in e )= k- 2m k2 )
__i[k+2in—k+2in (k- 2in)e % 2T _ (k4 2ip)ek—2mm
T k% +4n® k% +4n®

: . kn
i 4in e ; 9 ; g
e 4 (k(QZImI —e 2zmt)_2m(62mn te 2mn))J _

k% +4n? k% +4n?

- _ﬁ(ﬁn + k(cos2nm + ism 2nm — cos2nm + ism 2nm) —
n(k® +4n”)

—2in(cos2nm +isin 2nm + cos2nm —isin 2117:)} =

i
S S | WP [ % G,
% 2)( in —4in)

Buxonuts, B inTepsani (0; m), 1e BUKOHYIOTbCs yMOBH [lipixie,
e €1 2 S klefm 1)

e’ = i i 5 cos2nx,
Tk T n=1 k“ +4n

e x€(0;m).

km o0 km
; ; e -1 2 k!e —1_)
BigmoBinp: e = += cos2nx,

nk  nik? +4n?

ne x €(0;m).

3AYBAXEHHS. [ouinbHo 3p00UTH NOPIBHAUIBHHIA aHAJII3 PO3B’A3KIB Y MPUKIAAaX
14, 15, 16.
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7 KommuiekcHa gopma psaay ®@yp’e
7.1 OpToroHa/jibHi Ta OPTOHOPMOBAHI CUCTEMH KOMILIEKCHO3HAYHUX (PYHKILii

BusunauyedHsa. ko KoMIieKCHO3HauYHI QYHKIID ¢,(Xx) Ta @,(x) €

b
HEMEepepBHUMH Ha CerMeHTi [a;b], TO iHTerpan j@l(x)wz(x) dx Ha3uBaeTHCS

da

ckanapHum oobymrxom ¢hyukyit @,(x) Tta @,(x) Ha cermenti [a; b]. [Ipu ubomy

BHKOPHCTOBYE€TBCA ITIO3HAYCHHA

b
(@1 () 02 () = [ 01 (x)ps (x) dlx.

ae m — (GyHKIIIS, KOMITIEKCHO-CIPsDKEeHA 10 QYHKINT 5 (X) .

Ha xomruiekcHO3HauHI (yHKIIII MOIIMPIOOTHCS YC1 BIACTUBOCTI CKAJISIPHOTO
n00yTKy miicHUX (PYHKIIH, a TaKoXK MOHATTA HOPMU (YHKIII, OPTOrOHAILHOT
cucteMu (QYHKIIH, OPTOHOPMOBAHOI CUCTEMH (DYHKIIIH.

Cepen KOMIUIEKCHO3HAYHUX (DYHKIIHT OPTOrOHANIBHOIO CHCTeMOI0 (yHKIH Ha

CerMeHTI [—T; 7| € cucTteMa QyHKIIIH

1,87, @7, 2%, gem | g g (51)
a Ha cerMeHTl [—{; {] OpTOrOHANBHOIO € cucTeMa PYHKIIIH
i i 2 —i2nx inmx  —inmx
Let,e t,et e t ,...el et .. (52)

3aedanna ona camocmiitnoi pod6omu. JloBeCTH OPTOTOHANBHICTH CHUCTEM
dyukuii (51) Ta (52).

7.2 Po3BuHeHHs pyHKuil y psag @yp’e y komuekcHii ¢gopmi

ITo dynkuisx cucremu (51) a6o (52), gk 1 o GyHKUIAX TPUTOHOMETPHUHOT
cucteMu GyHKUiIO f{x) MoxkHa po3kiamatd y pan dyp’e. Tak, dynkuiro flx),

BHU3HAYEHY HA CErMEHTI [—T; 7], MOYKHA PO3KIACTH y A, o GyHKUisX cucteMu (51):

f()=cy+ce” +c e +cre? +cre 4 te @™ e e ™ L. (53)
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Koedimientn psagy (53) MoxHA 3HAWTH Tak, SK 3HAXOAUIUCH KOE(DILIEHTH
TPUTOHOMETPUYHOTO paAny (22). Anme xoedimieHTH psaay (53) mMokHa 3HAHTH 1 B
IHIIIHAK crocio.

Hexain

o0
a :
f(x)= 70 +Zan cosnx+b, simnx.
n=l

Ckopucraemoch hopmynamMu

T
COS X = E(e M emx)

Ta
_ ' |
sinzux = —(e e emx).
2
Toxi

aO c 1 —inx inx [ —inx inx
X)~—+ Y —a (e™+e"™)+=b, (e —e'™).
f0)~ 3+ 2 )+ )

ITicist cripoIIeHHsI OTPUMAEMO TaKe:

aO c 1 . inx [ . —inx
xX)~—4+ Y —(a. —ib))e"" +—(a, +ib e "™ . 54
S(x) > n§—12( =Dy ) 2( o 1) (54)
IlozHaunmo
1

1€, = %(an —ib,); (455)

é —l(a +ib )

7}1_2 n niLy

3 ypaxyBaHHaM (55) Maemo

o0 ) oo )
f(x)~cy+ che”” + Zc_ne_”’x :
n=1 n=1

w0 ) o . " .
Y cymi Y c_,e™ mossaunmo n=-k, tomi Y c_,e ™= cheka_ He
n=1 n=I k=-1

—0 -
3MIHIOIOUH CTPYKTYpPY CyMH chelkx, [IO3HAYUMO 1HJEKC CYMOBHOCTI 4€pe3 71,
k=—1

-0 ) —0o0 )
chezkx N zcnemx‘

k=-1 n=-1

TOOTO

VY Takomy pasi
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f(x)= CO+ZC e + ZC e'

n=-—1
abo
f(x)=cpe® +Zc e + Zc e’
n=-—1
OcTaTo4HO MaEMO
400 .
S)= ) cue™, (56)
n=—0

! L7 i |
e ¢, = 5(% —ib,) = EJ‘ f(x)(cosnx—isinx)dx= ﬂjlf(x)emxdx,
TOOTO

c, = I f(x)e ™ dx, (57)

Psin (56) HazuBaerwes psigom @yp’e y kKoMmruiekcHIH dopmi 1 GyHKii flx),
110 3370BOJIBHAE YMOBaM pO3BUHEHHS (GyHKIIT y psan Pyp’e HA cerMeHTi [—m; m].
Koeghiyienmu ¢, nazusaromvcs koeghiyicnmamu psaoa @yp’c y KOMILUIEKCHIH Gopmi.

SAxmo GyHKuig f{x) 3a10BOJIbHIE YMOBaM po3BUHEHHs (QyHKIIT y psag Dyp’e
Ha cerMeHTi [—£; {], To 1i psaa @yp’e y KoMIUiekcHiH (GopMi Mae BUTJIST

zmtx
f(x)= Ec e !, (58)
a oro KoeiIieHTH BU3HAYAIOTHCS tbopMme}o
—inmx
j f(xe  dx. (59)

IIpuxiaaau 10 nyukry 7

IMpukaan 16. Po3knactu y psg @yp'e y komriekcHil Gopmi QyHKITIFO
LO0<x<m,
f(x)=
-, n<x<2m

Po3B'si3ann4
Psan @yp’e y kommiekcHI dopmi Oyaemo mykaTd y Burisaal (56), a ioro

koediieHTH OyaeMo 3HaxoauTH 3a ¢popmyiorw (57). OTxe,



al

2n 1
J:—(n—2n+n):o.
2n

27[]

b

T

— l (e—imt _l_e—ith +€—inn) — l (ze—mn _e—J'Zm'c _1)
2nm 2nm

Toni pan @yp’e Mac BUTIIAL

T
—inx

0]

i 1 > 2 ;
x)=— E =N 2e InT —g 1LATT _l emx
f@)=0- 25 )

abo
[ = 1 .- . inx
f(x)=— Z —(2cosnm — 2ismnm — cos2nm + isin 2nmw —1)e™ :
i < 1 :
- =™ 2 mx;
f@=o- 3 e -2)e
n=—00
i~ 1 -
X)=— —\(=D)"™ =1} .
/() ﬁn;n(( Y1)
Bianosian: f(x)zi i l((—1)’”‘—1)6””’.
me=n

IMpuxaan 17. Posknactu y psg @yp’e y komruiekcHiid popmi 2n-niepioguuny
byHKIII0
f(x)=€*; -m<x<m.

Po3B'si3anu4
3a ¢popmynamu (56) Ta (57) maeMo

T T

CO:L X =—e* :L(e“—efn)zlshn;
2m ¢ 2 |y 2n T
—T
TE T
¢, = i e* . e—inxdx _ i Ie(lin)xdx _
2n 2T
=T bt

'

1 e(l—in)x _ 1 (e(l—in)rc _e—(l—in)n)

C2(1-in)m

—T
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- %( cosnm —isinnm)e” — (cosnm+isin mc)efﬂ)z
(1+in) n_x n —x)_ (D" +in) —n
| 1 A N =
2(1+n )TE(( yer-(=1)e ) (1+n ) (" =e™)
_( 1)” (1+m) )= (=" (1+m)
21+ 1) (1+n?)n "
oF shm (D" (1+m) o
n;w 1+n?
Biagnosian: ex:Shnn i (_lin(l-;m)emx.
+n

H=—00

IMpukaan 18. Po3knactu y psag @yp’e B KOMIUIEKCHIH QopMi T-NIepioUUHY
byHKIIII0

s
cosx, O<x<—;

J(x)=

IA

0,

oA
IA

Po3sB'a3avn4

3HaxouMo koedimieHTH pagy Oyp’e 3a popmynamu (59), ockinbku QyHKIIS €
T-TIEPI0JIMYHOI0, a 0TKe, 2/ = 7. Buxoauth

i

1 1. |2
¢y =—|cosxdx=—sinx =—;
T T o T
0
2y L =
17 - I S 15, -
c, =TEJ.COSX-€_I'2nxdx=2nJ.(€[x +e—1x)€—12nxdx:hj(é(l—.?n}x +€—l(l+2n)x}fx:
0 0 0
_ ; oi(1-2n)x 2 __; i1+ 2m)x N (ez'(1—2n)§ D+
i2n(1-2n) o 2n(1+2n) 0 2n(1-2n)
I —i(1+2n) ] T .. )
+— (e =t (cos(l—2n) = +isin(1-2n) = — 1)+
2n(1+2n)( ) 2n(1-2n )( ( )2 ( )2 )
] T | : i
+7(cos(1+2n)——lsm(l+2n)——1)=7sm(l—2n)—+
2n(1+ 2n) 2 2 2n(1-2n) 2
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A+2m)f— ! :

+————sin - =
2n(1+ 2n) 2 2n(1-2n) 2n(l1+2n)
1 ( . T y 1 J 1 [ s T T . J
=——| SIN—COSAT — COS—SIN AT |+ ——————| SIN —COSAT + COS—SIN NT |+
2n(1 —2n) 2 2 2n(1+ 2n) 2
i 4n (=] " (-1 2 2in

+—- = -
2n 1-4n* 2n(1-2n) 2n(1+2n) w(l—4n?)
=Dt 2 N 2in = (=1D)"4+2ni
2n  1-4n* w(1-4n*) n(l-4n%)’
Ockinpky QyHKIISA € 7m-mepioandHo, To 1i pan @Dyp’e BuU3HAYAEThCA 3a
dopmynoro (58)

+o0

FEy= Z (_(11)_ :n221;1 g

h=—2a0 Tc

+0o0 n :

: : - 2ni ;
BigmoBins: f(x)= E %ezzm.
n(l1—-4n

n=—o0
Ipuxknan 19. @ysxuiro f(x) = 6x +4, BU3HaUeHY Ha POMIKKY [—T; 7]
1) po3knactu y TpUroHOMeTpuuHHi psag Pyp'e;
2) po3kiacTtd y psag @yp’e y KOMIUICKCHINA (popMi.
BrieBHUTHCH Y TOMY, 1110 OTPUMAaHI1 PSIIM CIIBIA/Iat0Th.
Pos3B'si3ann4
1) Ockinbku 2/ =21, To KOpucTyeMoch popmynamu (25), (27), (28) Ta (22),

T

—T

1§ 27 21
ay=— j(6x+4)dx:; I(3x+ Z)dx:;-g(3x+2)2
—T —T1

=i((3n+2)2 —(—3n+2))=i(9n2 +12n+4-97% +12n—4)=8;
3n 3n

dV =cosnxdx, V= lsin nx

2 T
a, = - I(3x+2)cosnxdx:
_up n

U=3x+2; dU=3dx;]

T
2(3x+2 . [ 3 °¢.
=— Sin nx ——Ismnxa’x =
n —p B
-7t
2(3n+2 . —3n+2 . 3 T
= — SINn ATt + smmt+—2cosnx =
T n n n 5
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3

2
n

2 (cosnm—cosnm)=0;
o

. |
dV =smnxdx;, V =——cosnx

T
5 J.(3x+2)sinnxdx={
Tt
i n

3 T
+ = Icosnxdx =
- N et

2 3m+2 _3n+2 3 x{“}
= — COSHT + COSHNTT+ —SInn =
—T

U=3x+2; dlf =3dx }

2| 3x+2 i

=— COSnXx
[ n

T n n n2

:%[(—3—71—%—3—11+2J(—1)”+iz(sinnn+sinnn)]:—£(—l)”.
n omn o n on n nm

3Bigcu MaeMo po3BuHEHHS GyHKIID f(x)=6x+4 y TPUTOHOMETPUYHHH P

Dyp’e
L N\
6x+4=4—£2( D sin nx
T n
n=1
abo
6x+4=4+12sinx—6sin2x+4sin3x—3smndx+... . (*)

2) Posknagaroun yskiito f{x) y psan @yp’e y KoMIUieKcHii dopmi, Oyaemo
KopucTyBatuch hopmynamu (57) ta (56).
3Hax0MMO KOe(DILIEHTH Co, Cy.

T

2 11
co =— | Bx + 4)dx=—-=~3x + 2)?
0= | Gx+dr=——(r+2)
—TT

T

:Gi((smz)2 —(—3n+2)2)=6i(9n2 +12n+4-97° +12n—-4)=4.
n T

1 7 ; 1 ¢ :
e = _j (6x + )™ dx :;J(B’x 4+ 2)e My =

U=3x+2; dU=3dx T n
:[ 1 J:l(3x+2e—inx +3J‘e—inxdx1:
T

—inx jy_. _ —inx . .
dV=e"dx, V=—-oe in __in
n

1| 3n+2. _; -3n+2 3 3
el je~inm _ jei"™ 4 2 pminm
TU n n ]/;2




35

+—ig " —ie ——ig &

I(EEwMR 2. inn 3w 2. inm 3 MW__ieME]

A n n n n? n?
1(3n

=—| ~~i(cosnm —isin nTt + COSAT + i sin nmw) +
n\ n

v e B
+ —i(cosSnT —isin nTT— COSNT —iSin NTT) +

n
3 1 6TE _6(=1)"
+— (cosnm —isinnn —cosnn —isnnmn) | =
n T n n
- 5 -D"6 .
3HaiieH1 koediieHTH: ¢, =4; ¢, = g
n

Jlam modyayemo psaag Oyp’e y KOMIIIEKCHi# Gopmi.

_(=D"6 )”

OckuibkH 3 GOPMYNH ¢, = ———i HE MOKHA OTPUMATH ¢, =4 AK YaCTHMHHUH

BUIIAJOK, TO 3anucatu psg dyp’e y (l)OpMi (56) He moxkHa. Tomy 3amuIeMo psj y

TAKOMY BHTJISIITI

+00 )
f(xX)=co+ Z’cnem
n=—o0
+00
Jie CHMBOJT Z " He MOIMPIOEThCA HA 3HAUEHHS 1 = (.

H=—00

Orxe, MaEMO

brvd=ds 370 SN e

n=—00

3anuineMo TakoX LU psAa y pO3TOPHYTOMY BUIJISIII.

6x +4=4—6ie™ +6ie™ +3ie’™ —3ie™™ —2ie’™ + 2ie” “+%ie4b‘—%le « « [*¥)

3) Ioxaxemo, mo otpumanui M1t QyHKmI f(x)=6x+4 pag Oyp’e y
KOMIUIEKCHIH (hOopMi, MOXKe OYTH 3BEJIEHUI 10 TPUTOHOMETPUUHOTO psaxy Dyp’e ans
i€l K QYHKII:

6x +4 =4 —6i(cosx +isinx) + 6i(cosx —isin x) + 3i(cos2x + isin 2x) —
—3i(cos2x —isin 2x) + 2i(cos3x +isin 3x) + 2i(cos3x —isin 3x) +
+ %i(cos4x +isin4x)— %i(cos4x —isin4x)+...;

6x +4 =4+ 6i(cosx —isinx —cosx —isinx) + 3i(cos2x +isin 2x —
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—cos2x +isin 2x) + 2i(cos3x —isin3x —cos3x —isin3x) +
+%i(cos4x+ isn4x—cosdx+isindx)+...;

6x+4=4+12sinx—6sn2x+4sm3x—3smdx+....

Takum 4yMHOM J0BE/IeHO, 1o psaau (*) Ta (**) cniBnanaroTs.
BinnoBignb:
1) 6x+4=4+12sinx—6sin2x+4sin3x—3sndx+... ;

i o 2k e 20 . 3 B B 0w B, T
2) 6x +4=4—6ie" +6ie ™ +3ie*™ —3ie ¥ — 2ieF + e +5w4m — g,

8 CnexrpasibHi XapakTepucTHKuU psaay Pyp’e
8.1 CnexkrTpa/ibHi XapaKTepUCTHKH TPUTOHOMETPUYHOIO0 psiay Pyp’e

Y eneKkTpo3B’SA3Ky, Y PpaalOTEXHIIl OJHUM 13 BaXJIMBIIKMX 00’ €KTIB
JTOCHIDKEHHSI € CUTHAJIH, SIKI BIIMOBIJAI0Th MOBIJIOMJIEHHSIM, 1110 MEPEAal0ThCs THM
YH 1HIIUM CTIOcO00M KojiyBaHHs. EiiekTpuunuil curnan — ne GpizuuHuii npouec, sskui
Hece iHdopmariro. KimpkicTs iH(MOpMaIi, SKy MOKHA TIepeaBaTH 3a JOMOMOTOIO
JEeSKOT0 CHUTHaTy, 3alle)KUTh BiJ HMOro mMapamMeTpiB: TPHUBAJIOCTI, CMYTH YacToT,
MOTYHOCTI.

Y¢i cUrHaau MOAUISAIOTHCS Ha ACTCPMIHOBAHI T4 BUMAAKOBI CHTHAIIH.

JIeTepMiHOBAaHUM CUTHAJIOM HA3WBA€THCA TAaKUH CUTHAJ, MHUTTEBE 3HAYCHHS
SKOTO Y OYIb-SIKHIT MOMEHT Yacy MO’KHA Tlepe10adnTH.

BunankoBuii curHan — 1¢ TakMid CUrHaJ, MMTTEBE 3HAYCHHS SKOIO
nepen0ayuTd HEMOXKIMBO. Jlo BMIAAKOBMX CHTHAJIB HAJIekKaTh, MPUMIPOM,
eJIEKTpUYHA HAIlpyra IiJ 4ac pPO3MOBH, PaAIOIMIYJIbCH HAa BXOJ1 PaJll0JIOKAIIIIHOTO
npuiiMaya 1 T.iH.

JleTepMiHOBaHI CHTHAIM TIAPO3IIISIOTECS Ha TEPIOAUYHI Ta HENEpioauyHI
CUTHAJIH.

HaitnpocTiiiiM  MepioJIMUHUM CHUTHAJIOM € TapMOHIYHI KOJIMBaHHS, SKI
OMUCYIOTHCS PYHKIIAMHU THITY

S = Asin(wf + @) (60)
abo

S = Acos(wt— @), (61)
Je {—1e4ac, a S — Bi/ICTaHb KOJMBHOT TOYKH BiJI MTOJIOKEHHS PiIBHOBATH.

Taki QyHkuii Ha3UBaWTBCA CUHYycOiMalbHUMH. Yucio A Ha3UBaEThCS
aMILUTITYZ0I0 KOJHMBAaHHA, apryMeHT of+@, ¢yHkuii (60) Ta aprymMeHT of — @,
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Gyukuii (61) HazuBarOThCs (hazaMu KOJIMBAHHS, YUCIIO (), HA3MBAETHCS MOYATKOBOIO

(D . XV
dazoro, a yucno P HA3UBAETHCS 4acToTO0 KonuBaHH:A. [lepiogom dynkuii (60) Ta
n

(61) euncno T = 2n :
®
KonuBanus, saxi onucyroTbes ¢yHkuiamu (60) abo (61), Ha3uBaOThCA
IPOCTUMH FAPMOHIYHAMH KOJIMBaHHAMH 200 MPOCTUMHU TapMOHIKaMH.
IIpu nocnimxeHH! JESIKWX MPOILECIB JOBOJUTHCS 3YCTpIUATHUCS 3 CyMamu
MPOCTUX FAPMOHIYHUX KOJMBAHb THITY
S = A sm( oy + @)+ A, sm(@yf + @) +...+ A, sm(®,+¢,) (63)
abo
S = A, cos(@t — @)+ A, cos(mrt —@y ) +...+ A, cos(®,f—¢,). (64)
Taki KonMBaHHS Ha3MBAIOTHCS CKJIAJHHUMH TapMOHIYHMMH KOJHMBaHHSIMHU.
HakmamanHs TIPOCTHMX TapMOHIYHHX KOJNHBAaHb TIPUBOJMTH [0 Pi3HOMaHITHHX
NepioMIHNX KOJHUBaHb, SKi HE CXOXKI 3 MPOCTHMH TapMOHIYHUMH KOJHBAHHSIMH.
Ko cyma mpocTHX rapMOHIK € HECKIHYeHHO, TOOTO sBJIsSE cO0OI0 psl, TO 3a
JOTIOMOTOI0 TaKoi CyMH OyAb-sKy TEpIOJUYHY (YHKIIIO, IO 3aJ0BOJILHAE YMOBHU
po3BuHEHHS y psan Pyp’e, MOKHA PO3KIIACTH HA MPOCTI TAPMOHIKH.
Bukonaemo nesiki nepersopennst Gpynkuiii (60) ta (61). Tak, s ¢yuxuii (60)
MaeMo
S = A(sm ®f cos ¢y + cos Wt sm Q) = Acos Qg sin Of + Asm Qg cos ®f .

[Toznaunmo
Acosg, =b;
Asm o, =a.
Tomi
S=acoswt+bsmn wt. (64)

Amnasoriuno, g ¢yHkuii (61) maemo
S = Acos @, cos ot + Asin @y sin ®F .

SIKIIIO TIO3HAYNUTH

Acosp, =a;
Asmeo, =b,
TO
S =acoswt+bsmwt. (65)

[Tpu upomy A4 = Va*+b% ,a Q= arctgz s pynkuii (60) Ta ¢ = arc‘[gé IS
a

byHkIi (61).
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PosristHemMo  HECKIHUEHHY CyMy  MPOCTHMX TapMOHIK 3 TepiojamMu

21 yeres— 5eeny BHACTIZOK YOTO OTPHMAEMO TPHUTOHOMETPHYHHH psSa LIS

i}

2" 3 n
¢byHKIIT f{f) Ha cerMeHTi [-Tt; 7], TOOTO
f(r)~%0 +>a, cosnt +b,sinnt. (66)
n=I1
a4y

HpH ObOMY BCJIHMYHHA 7 HAa3HUBACTLHCA CTAJIOI0 CKJIaJ0BOIO abo HYJBOBOIO

rapMOHIKOI0, TapMOHIYHE KOJMBAHHS @ COst+b;sin/ Ha3MBAETLCA IMEPILIOIO
rapMOHIKOIO, TapMOHIYHE KOJHMBAaHHS @, cost+b,sint Ha3UBAETbCA APYTOIO
rapMOHIKOI0, TIapMOHIYHE KOJIMBAaHHS @, cosnl+b,sin nf  HA3UBAETBHCA N-OIO

rapMoHikoro 1 T.4. Ilepiia rapmMoHika Ha3MBa€TbCA OCHOBHOK I'apMOHIKOIO, Jpyra,
TPETs 1 T.J. TAPMOHIKM Ha3UBAIOTHCS BULIUMU TAPMOHIKAMHU.

HynsoBa rapMoHika ‘%0 TOpIBHIOE CEpPEIHBOMY 3HAYCHHIO KOJIMBAaHb
IPOTATOM Hacy, 110 AOPIBHIOE mepioay (PpyHKIIi.

Koxnuit cknaanuidi mepioguyHMid CUTHAT MoOke OyTH MOJaHWil AK cyma
rapMOHIYHUX KOJIMBaHb.

Sk 3a3HavaloCh paHilie, ICHYKOTh pPI3HOMaHITHI OPTOTOHAJIBHI CHCTEMH
(YHKIH, KI MOXXHAa BUKOPHUCTOBYBATH SIK 0a3ucHI (PyHKUII AJIsi PO3BUHEHHS Y Psij
1o uMx (PYyHKUIAX 33J1aH0T (PYHKIIT, 1110 OMIMCYE TOW YH 1HIIHUH ITPOLIEC.

JUns  [OCHIMKEHHS paaiOCHTHATIB, BIJEOCHCTEM HAWOLIBII JOIUIBHUM €
BUKOPUCTAHHSI OPTOTOHANBHUX TPUTOHOMETPHYHMX cucteM QyHkiii. Cnpasa y
TOMY, 110 TAPMOHIUHI CUTHAJIM € IHBapiaHTHUMM BIJIHOCHO THUX IEPETBOPEHb, SKI
BUKOHYIOTbCS JIIHIMHUMH €JICKTPUYHHUMH CUTHAJIAMHU.

Axmo Oynb-AKWil CHUTHAJ MOJAHO y BUIJISAAI CYMH TapMOHIYHUX KOJMBaHb 3
KpaTHUMH 4aCTOTAMH, TO LI€ O3HAYAE, IO 3AIHCHEHO CIIEKTPAIbLHE PO3BUHEHHS 1[LOT'O
curHaiy y ©Oasuci rapmoHiyHux ¢yHkuii. CyKynHICTb OKPEMHX TrapMOHIYHHMX
KOMITOHEHT CUTHAJY YTBOPIOE HOr0 CHEKTP.

KoxHa 3 rapMoOHIK, 110 BXOJIUTH JI0 psaay (66) Mae cBOi XapaKTepHCTHUKH, a

é i % I T iXHSI CYKYITHICTh YTBOPIOE CIIEKT-
1 2 3 4 n pambHI  XapaKTEpPUCTHKH  PSTy
dyp’e. Yactotn TapMOHIK

Pucynoxk 1

YTBOPIOKOTH YACTOTHHI CIIEKTP:
1,2,3,....n,.... (puc. 1) (67)
AMILTITYTH TAPMOHIK 3HAXOATHCS 3a (DOPMYIIOI0
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A =\a>+b* ,nen=1,2, ..... (68)

Ta YTBOPIOKOTH aMILTITYIHHHA CIIEKTP:
Ay, Az, A3, ...y Ap, ... (69)
Takuii cexTp iCHY€ JHIIE Yy TOYKaX, K1 BIAMOBIIAIOTh YACTOTHOMY CIIEKTpY.
Lle o3Hayae, M0 aMIUIITYIHUI CHEKTP HE MOYKHA 300pa3uTH HENEPEPBHOIO JIIHIEIO 1
HOro 300paky1oTh y BUIJISAL BEPTUKAJIBHUX JIHIN, SKI BUXOJSTh 3 TOYOK YaCTOTHOIO
CIIEKTpPa Ta MAalOTh BUCOTY, 1110 JOPIBHIOE 3HAYEHHIO aMILTITY 11 (puc. 2)
[Ile oaHiEO XapaKTEPHUCTHKOIO €

eHepreTuuHuu criektp W, Wa, Wi, ..., W,, ... (puc. 3) (70)
ne
2
W, =A". (71)
A w A
: !
|
? ’
) : T [ ] T " o | : | ’ T [
[ | e I 1 L e | |
i I Y W SR S S U U S SH G S " S S W S ——
ol 1 2 3 4 n Of1 2 3 4 n
PucyHok 2 PucyHok 3
daz30BHI CIEKTP CKIIAIAETHCS 31 3HA4YCHb (ha3 BIAMOBIIHUX FAPMOHIK:
(Pla (p29 (p31 SEey (p?’.'a ey (72) A I.
me " i
B |
¢, =arctg—-. (73) ¥ 1 4 |
n * o
L4 | | | | |
bynyetbes dazoBuii cexTp y s | 1 1 1
TOYKAaX, 0 BIAIIOBIAAaI0Th YaCTOTHO- : l l l L 1 l l s
My CIieKTpy (puc. 4). o| 1 2 3 4 n
Hexaii Ttenmep ¢ynkuis f{r)
3a/I0BOJIbHSIE  YMOBHU  PO3BMHCHHS PucyHok 4

byukuii y pan Oyp’e Ha cerMeHTi [—
¢ £].
Tonai BoHA PO3KJIAJAETCA Y TPUTOHOMETPUUHMHA psij Dyp’e

e8]}
a .
S(@)~ 70 + Zan cosnwt +b, smnwt,

n=1
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e
Ie w:E,aﬁo

nmt nmt
(t)~—+Za cos—+b smT. (74)
VY mpomy pasi CneKTpaibHi xapaKTepHchH € TAKUMHU.
YacTOTHHH CIIEKTP M1, M2, ®3, ..., Oy, ... (PHUC. 5) (75)
@ @ @ @ @ @ r——>
®] w2 W3 or On
PucyHnok 5

YacToTa ) Ha3MBAETHCSI OCHOBHOKO YaCTOTOI), a I1HII YaCTOTH € KPaTHUMH
OCHOBHI 4acTOTI: M = AWM.

AmmumityHu# cnekrp (puc. 6):

Ay, Az, Asy oy Ay . (76)

AMITITYTHUN CHEKTP € HAWBaXJIMBIIIOW XapaKTEPUCTHKOK CHUTHATY ado
IHIIIOTO TIPOIECY, L0 OMUCYEThCS (pyHKIIE f{f), OCKITBKU Ieif CHEKTP J03BOJIIE
OIIIHIOBAaTH BIJCOTKOBHHM BKJIQJ THX YH IHIIUX TapMOHIK y CIEKTPl MEPIOTUYHOTO
CUTHAITY.

Enepretuunuii cnekTp:

W], Wz, W3, o Wn, (pHC. 7).
®da3zosuii cnexTp (puc. 8):

D15 Py D5 w05 Prig waa w (77)
4, w,)
T !
T | ? [ ] 1 d | f
' ’

i : : : ® ° I : ? ’ : : l (] . I

——‘—‘—‘—$—0—‘—$—$—‘—0—I—) 1 & ¢ & 4 o & & b o >
O o1 @ o ©n o Q| ©1 0 o ©n On

Pucynok 6 Pucynok 7
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A
On
. .
* *
P 2N
* ) S O B
e I 1 1 I e I 0 1
y N VR P W W S " S _—_— >
O| o m o My o
Pucynok 8

8.2 CnexTpajbHi xapakTepucTHKH psaay Pyp’e y KomIuiekcHii (popmi

Posrisinemo ¢yHkiio f(f), ska Ha CerMeHTi [—m; 7| 3aJ0BOJBLHSIE YMOBHU
po3BuHeHHs1 QyHKUIT y psag Oyp’e. Oynkuii f{f) BiANOB1IAE€ TPUTOHOMETPUYHUHN Psij
Dyp’e (54), a Takox psg Pyp’e y komruiekcHin hopmi

+o0

f@O~ ) c,e™, (78)

N=—00

a oro KoeiIeHTH ¢, BU3HAYAIOTLCA (POPMYJIOHO
1T .
¢, == j f)e ™ ar, (79)
T
-7

nen=..3,2,1,0,1.2.3,....
3a popmynamu Eitnepa
e =c,(cosnt +isin nt).

~" Ha3MBaIOTHCA FAPMOHIKAMM Yy KOMIUIEKCHiH dopmi, a

int
Bupasu c, e’ +c_,e
YuCNa O, =Nl HA3UBAIOTHCH Xguabosumu yuciamu. Pag dyp’e (78) y koMmmnexkcHiit
dbopmMi siBIIsIE COO0I0 CyMYy HECKIHUEHHOI KIJTBKOCTI TAPMOHIK.
Tapmoniku c,e™ +c_ e MaoTh CBOI XapaKTEPUCTHKH, CYKYIHIiCTh SKHMX

YTBOPIOE CIIEKTPaIbHI XapaKTepUuCTHKH psany Pyp’e. CyKyIHICTh XBHIBOBHX YHCEI

YTBOPIOE YaCTOTHHI COEKTP ..., —H, ... ,—3,—2,-1,0,1,2,3, ... n, .... (puc. 2):
vy =My ., —3,-2,-1,0,1,2,3,...1,..... (80)
. LS $—8 . . 2 & 2 o—8 2 L B S L 4 & L 4 -
—n -3 -2 -1 0 1 2 3 B n

Pucynok 9
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OcoOnUBICTIO I[LOTO CIIEKTPA € TE, 10 BIH YTPUMYE sIK J0JIaTHI, TaK 1 BiJI’€MHI

qacToTH. Bim’eMHI 4YacTOTH He MawoTh (I3UYHOTO 3MICTY Ta MAalOTh JIHIIIE

MaTeMaTHYHe OOTPYHTYBAHHS.
Posrnsmemo cymy ¢, +c_,e"', ska yTBOpIOE n-HY TapMOHIKY Y

KOMIUTEKCHIH (hopMi.
Maemo

. I - i
¢ 8™ v g = —((at,1 —ib,)e™ +(a, +ib,)e mt):

1
((an —ib,)(cosnt +isinnt) + (a, +ib, )(cosnt —isinnt))=

1 . . : .
—(a, (cosnt + isin nt + cosnt — isin nt) + ib, (—cosnt — isin nt + cosnt — isin nt)) =

=a, cosnt +b, smnt.
OTxe, KOMIUIEKCHIM rapMOHIIIl BiJIMOBIIA€ A1HCHA TApMOHIKA.
Takum 4MHOM BBEJIEHHS BiJl’€MHHX 4acTOT 3yMOBJICHE 3PY4HICTIO Y poOOTi 3

KOMITJIEKCHUMH YHCIIAMH.
Ammnityaauii cniektp (puc. 10) yTBoproeTbesi MOIYISAMH KOE(DIIIEHTIB Cy:
(81)

c_1b [Cols [€1] 2] |€3 5+ 5Cn

) ) geeey geee

b]

s C_2a Y

gy

vees|C_p C_3
AMHHiTyﬂH Cp HA3UWBAKOTBCA KOMIIJICKCHHUMH aMHﬂiTy,ﬂaMH. BcTanoBumo

3B’SI30K MIXK aMILTITy1aMH A, Ta KOMIUICKCHUMH aMILUTITyIaMH  Cy.

=(geargtis lal=gla ol

1
¢, =—(a,—ib,), |c,|=
n 2( n n) ‘

1
|C‘n :EAH (82)
A
[l
i 1
| S ¢ S B 4
’ ’
I N T O T P S
PR Y WY WPV W SR VY S R W S S WP S W -
“n 3.9 10| 1 2 3 n n

Pucynox 10
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Daz0BHI CHEKTP ..., Opy ..., O-3, O-2, O_1, Po, P1, P2, P3, ..., Op, ... (puc. 11):

ceey Py ovs P35 P2, P15, Po, P1s P25 P35 .5 Py -+ (83)
da3u @, 3HAXOAATHCS 32 (POPMYJIOIO
Qn =—arg ¢, , (84)

OCKUTHKH aMILTITYIU €, € KOMIUICKCHUMHU.

A I.
P L
o
R
I
R
YREIFEEEEEEE
- -3 /2 =1 | e
99—+ —9o o *iii—ii*‘—i‘;—
:IT:::T.01234 n n
A
|
I Y
e
L
| e
¢
Pucynoxk 11

Hexaii teriep dynkuis f{f) 3a70BOJIbHSE YMOBHU PO3BHHEHHS (GYHKLIT y psi
dyp’e Ha cermenti [—{; £]. Tonl BoHa pO3KIANAETLCA Y TPUTOHOMETPUYHUM P
dyp’e abo y psaag Pyp’e y koMIuiekcHiid Gopmi

inmt

fO~ Yee ! (85)
abo o
fO)~ D ce™. (86)

Y upoMy pasi CreKTpalibH1 XapaKTEPUCTHKH € TAKUMHU.

YacToTHUM CHEKTP ..., O py ..., O3, ®_2, O_1, Op, D], 2, V3, ..., Op, ... (pUC. 12):
ey Dy ey 3, W2, O], Mg, O, D2, O3, «.vy O, ... . (87)

AwMrumiTyiHul cniekTp (puc. 12):
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A
[
! !
IO 1O ¢
oTo ‘u':::":::?oTo
AR NP N NS S VY NN NS \— S " N - S W S
(O] ®-3 -2 CD—IO ®m M2 M3 ®n Wy
Pucynoxk 12
Enepreruunmii cnektp ..., W, ..., Wa, Wo, Wi, Wo, Wi, Wa, Wi, ..
(puc. 13):
s Wy ooy Wy, W, Woo, Wo, Wi, Wao, Wi, oo, W, ...
W, A
! !
T ¢ LA I |
A T 3 B R 2 A
[ N S NSNS, S W U W S W 5 {0 S " PN
W—n -3 -2 0)—10 ®W M2 3 ®n Wn
Pucynok 13
dazoBuii ciekTp (puc. 14):
sy (p*i’h cey (p*?): (p*Z:t (p*la (POD (pla (P29 (P3; seiny (P}T) L]
A T
P *
o
Yoo
) S N
* | | : | I
Pl
—Wn —3—2 —O] s
A S R S B B ) R I
R O 02 03 ©n o
| : : | | | 'y
l [ : I e
I l : I .
R
L] e
e
[

Pucynox 14

55 Wops. 58 s

(83)

(89)
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CrnexrtpanbHoro (YHKIIE€0 a0 CHEKTPaIbHOK IUIUIBHICTIO psiny Dyp’e
HA3UBAETHCS (PYHKIIIS

4
S(nAw) =2/c, = j F(0)e™ ! gy
-7
Ockuibku criekTpaibHa QyHKIIA S(#A®) € KOMIUIEKCHO3HAYHOKO (YHKIIEIO,

TO BOHA XapaKTEPHU3YETHCS MOJLyJIeM Ta (a3010, SKUM BIJIMTOBIAAIOTH JBa JiHIHYAaTHX
CIIEKTpA: aMILTITYIHUH Ta (pa30BHiA.
AMIUITYTHUM CHEKTPOM p(nA®) HAa3UBAECTHCA MOAYJIb CIEKTPAIbHOT (PYHKIIIT,

TOOTO
I
p(nA) =[S(naw) = [ f(D)e""dr
-

®azoBum criektpoM D(nA®) HA3UBAETHCS APTYMEHT CHEKTpalbHOI (yHKUIT,

1110 OepeThCsl 3 MPOTUIICKHUM 3HAKOM, TOOTO
D(nAw) = —arg S(nAw) .
3a 1ormoMororo criekTpambHOl yHKINT S(nA®) Oyab-aKy dhyHKI0 f{x), 10 33710~

BOJIbHAE€ YMOBH PO3BHMHCHHS s Dyp’e Ha cer MEHTI [—; {], MOHa mogaTH y BUT. J'IHI.[i
b k]

=40
1 .
%) = — S(nAw)e™ ™
/() Zm S S
IUTS TOYOK HeTmepepBHOCTI f{x) Ta y BHIIISII
1 < 1 inAwx
FUE=0+ f(x+0)= ) — S(nAwk"™,

1€ X — TOYKHU PO3PUBY IEPLIOTO POJY.
Takum uywHOM, sKmIO mnepioguyHa ¢GyHKUisA f(x) € 3amaHO0, TO MOXKHA
noOyyBaTH ii CIIEKTP YaCTOT Ta HABMAaKH, SIKIIO BIOMO CHEKTP 4acToT (PyHKIIII, TO
MO>KHa 3HaUTH 1 caMy (QyHKIio f{x).
OTxe, MOXKITHBI J1Ba TIOJIaHHS QYHKIIi: 9acoBe, Koau QyHKIIA f{) € QyHKITIE
yacy /, Ta YacTOTHE, KOJM € BHM3HAUYEHHUM CIEKTp, TOOTO aMIumTyau p(rAwm)

YaCTOTHHX cKagoBux e .
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IIpukjiaam 10 MyHKTY 8

Mpukaan 20. Oyukuis f{x) 3ananda rpadiudo (puc. 1) Ha cermenri [0; 4];
1) 3anucatu  ¢ynkuiro  flx) B
fo ! aHAITHYHIN GopMi.
2) Posknactu  ¢yskmito  flx) y
TpUroHOMETpUYHUH psjg Dyp’e.

14 4 B 3) Posknactu ¢yskmiro flx) y psan
C D dyp’e y KOMIUIEKCHIH Qopmi.
o i 2= 3 4' ;; 4) TloOyayBaTu aMIUNTYAHUN CHEKTP
HA m = 5 TapMoOHIK JUIf
Pucynok 1 no npuxnamxy 20 TPHUTOHOMETPUYHOTO psify Dyp’e.

5) TlobynyBaTu aMmIUNITYAHUH CHEKTP
Ha m = 5 rapMoHIK 1718 psjy @yp’e y KOMIUIEKCHIH (opMi.
6) I[loOynyBaTH €HEpreTHYHUN CICKTP HA /M = 5 TapMOHIK IJI1 TPUTOHOMET-
pudHoro psagy Dyp’e.
7) IloOyayBaTh €HEPreTUUHMI CIEKTP HA m = 5 rapMoHIK 11 pany Pyp’e y
KOMIUIEKCHIH (hopMi.
1) I'padik 3amanoi pyHKuii sBiIsge co00I0 JamMaHy 3 BEpIIMHAMU Y TOYKaX
0(0; 0); A(1;1); B(2;1); C(3;0); D (40).
AnanitiiHo 118 GpyHkuis Ha cermenTi [0; 4] onucyeTbes y Takuid crocio:
(x, sxmo 0<x<1;

1, aKmo 1<x<2;
f(x)= _
3—x, ko 2<x<3;
0, akmo 3<x <4,

2) dynkmis flx) va cermenti [0; 4] 3anoBonbHsie yMOBH Teopemu Jlipixie.

[ToOyayemo Tpuronomerpuunuii psit 3a hopmysaamu (33) ta (35):

2 3

—%(3—;@2

fxdx+fdx+j(3 x)dx+.|.0dx]:% %le

0 0

o

1
au__

3
xcos—dx+fcosn7dx+j(3 x)cos%dx+_..0 cos%dx]
2

o!——.—..—

:E(Il +12 +13 +14)
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o (. 2 gy O |-
I R Tl I = cos—dx V=—sn——70 I
0 2 N 2
2x . mel 2 1 . nTmX 2 . nm 4 mrx1
=—sin——| ——|sin——dx=—sin—-0+——cos =
nm 2 | nmy 2 nm 2 nm 2 |y

2 . nm 4 nm 4
COS— —

=—smn—+ .
ni 5 n2ﬁ2 5 n2n2
2 pmx 2 . oamt 2 2 . nm 2 . nm
Izzfcos—dx——sm— ——smmt——sm————sm—
1 nm 2 |y mm
U=3-x;

nmx
[3—_!.(3—x)c037dx— decos%dx V——sinT

23-x) . nﬂ:x‘ b o 4 nmnx
= sin +— sm——dx= O——smmc— 5 COs =i
nm 2 ‘2 i 2 nm nom 2 |2
4 3nm 4
__n2n2 cos 3 +n2n2 COSHT.

4
Iy = J‘Ocos%dx:().

Toni
1( 2 nt 4 Nt 4 2 .nm 4 3nt 4 Nt
a, =—| —sin—+—Cc0S— ——— ——sin— — cos + cosS—
2l 2 p’n P onm 2 nln 2 nln
1 4 nm 3nm " 1{ 4 4
=— COS— — COS— [+ — COSAT — =
2 nir? 2 n’n? n’m?
_ 2 2sin2nm - sin A + 2 (cosnm—1)= 2 (cosnm—1)
n2n2 n2 2 n2 2 ’

1 3

1

b :2{E|;xsinn§xdx+.!.sm2dx+'|.(3 x)sm—dx+jO smdx}
1

Po3srisiHeMo KOXHUI 3 iHTErpasiB OKpPeMO.

1 =% dU =dx

. nmX
II:J'xsdex-— dV:sin@dx; V:—icos@ B
0 2 nT &
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2 a2 ¢ 2 nm 4 ol
=——C0s——| +—|cos——dx=——cos—+0+——5sin—— =
nT 2, nmy 2 nm 2 nem 2 1
2 nT 4 . nm b, nm 4 | nmm
=——cos—+ sin——0=———cos—+ SIn—
ATt 2 nznz 2 e 2 nznz 2
< . HNTX 2 x|’ 2 2 AT
[, =|sin—dx=——cos——| =——COSAT+ —COS—.
i 2 nm 2 | nm nm 2
, _3(3 | mrxd U=3-x; dUQ__dmgx B
L %R 9 o dV—sm—dx V=—""cos— |
2 2 nm 2
3 3
2 2 2 4
= G- x) S 2 [ cos" gy = 0+ cosnm - sin | =
nm 2 nm 2 nm n4n? 2 |,
2 4 . 3nn 4 2 4 . 3nm
= —COSNT — sin - SIN NTT = — COSAT — sin ;
i ) 2 pinl — ) 9
2
1, = [0-sin "= dx=0.
2
1 2 nr 4  nm 2 nT
b, =—| ——cos—+——sin———cos—+
20 nm 2 nm 2  nm
2 nt 2 4 . 3nm 4 . hm . 3nm
+——C0S— + —COSNT — ——Sin =——|sin——sin—— |
nm 2  nm n°m 2 nom 2
Omxe, maemo Tpuronomerpuanuii psan yp’e wia dynkii fx) Ha cermenti [0; 4]
1 nmt . 3nm) . nnx
b :— — —(cosnm—1 cos—+— sIn— —sin—— [sm—— |. %
£ Z[ (cosnm—1) I sin 2 sin 2% sin 7 ] *)

&) HOﬁyﬂyEMO psa @yp’e y KOMIUIEKCHINH dhopmi, CUparodYuch Ha GopmMynu

(59) 1a (58):

1 2 3 4
1
¢ :Z[jxdx+jdx+j(s—x)dx+j0de:
1 2 3
2
2 —l l+l+l —1
| 42 2) 2
1

= 2 2 _ 2 B B -
c _4uxe dx+!e dx+.2(3 xX)e dx+£0 e 2 dx

1
¥ —=(3—
3| ===

|
4|2

0

1
:Z(]l+]2 +]3+14)
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Po3risitHeMo KOKHUM 3 IHTErpaliiB OKPEMO.

I _inmx U=x; dU =dx
B[ 2 dxe| o im 2 |
1 dV=e 2dx, V=—-=—"-re 2
0 InT
x| gL _im i 2 |
=——e | + je 2gx=—T"t 2 +0-—— e 2| =
inm o Inmy inm (inm) '
_inm _ inm
I 2 + 2
=——=e e 2 —
nm HZTEz I’iz']'f2
2 inmx inmx Inm
- 2 M 2
12:J‘e 2 dx=——e 2| =—¢ " e ?
| INTT nt AT
1
_inmx U=3—x; dU =—dx
] _I 3 x)e 2 dx_ _inmx 2 _inmx | —
3= ) dV=e 2de V=—ire 2
Nt
3 .3 inmx . inmx 3
21(3 X) mmc 2i ) 2i —inm 4 9
— ——\|e % dx=——1©e""- e =
nm ) hmY nm (nm) ,
2 4 3inmx 4
_ L inn T —Inm
=% — 3 2€ % 3 2°¢
nt n T n T
Toni
. inm inm . ) inm ,
1| 2i —7 4 —7 4 21 —inm 2i —7 2i —inm
G| L gt & A~ A g~
4| nm n°m nem nm nm nm
3inm mrc 3inm
4 Ty 4 —inm 1 o 4 e 4 —inm
——3 2°¢ T3¢ =—|e * ~l-—5e )
n 1 n n T n i n i

Takum uynHOM, psin Pyp’e y KoMIuiekcHiH hopmi mis GyHKIT f{x) Ha cerMeHTi
[0; 4] mae BUTIIAA

f(x)~—+ Z [ —1+e"3'27n+e"’”“]. (¥%)

4) [Nodymyemo aMHJ]iTyILHHﬁ CIEKTp Ha I’ ATh TApMOHIK 117151 psany (*) (puc. 2).
2 nm . 3nm

Ockinbkn ag = 1 1a a, =——(cosnn—1); b, =

tounicTio 10 0,01 Maemo:
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4
ay =——5 ~—0,41;
I
a, ~0;
4
a3 = B _0,05
On
a, =0;
4
as = &= _0,02 ;
251
AnA
1e¢
.
I 2 ] . : ° 9 e
0 ] 2 3 w4 O35 Wn

Pucynok 2 no npukiany 20

2
Gg = ——l—1)3
1 TEZ( )
¢, =0;
2 ;
C; :—9?(1—1);
¢y =0;
Ce =— 1+1);
5 anz( )
3HaXOIUMO aMILTITY AN
=22 _ 029,
i
lea|=0;
=22 _ 0,03,
on?
lca|=0;

D
‘CJ"zs
TE

=0,01;

by=0;
4
251°
3HaX0AMMO aMILTITYy U A,

:1/a§+bf.
Ao=1; 4, =0,57; 4, = 0;

A3 =0,06; A4 =0; As = 0,02.
5) Tlobyayemo  aMILUTITYIHHHA
CIEKTp Ha IT’SITh TAPMOHIK 11 psiy (**)

bs . = 0,02 .

(puc. 3). Ockinekn a@p=0,5 Ta
M :3nm .
= 21 2[6 'S g +e_”mj,
nom
10 3 TouHICcTIO 10 0,01 Maemo:
€l :_22(1‘”);
T
Gy =00
Gy > (1+1)
c_y =0
2
¢ = 1—i
- 257t2( )
e |- 22 o9,
‘C—z‘_
e =22 _o03;
O
c_o|=0;
e =22 0.
251°
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Pucynok 3 no npuxnany 20
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6) IloOymyeMo eHepreTHUHHIl CIEKTp Ha IT'STh TapMOHIK i psaay (*) (puc. 4).

- _ B _ 42
Ockutekn Wy =ay ta W, = 4, , 10

W, A
W() = 1; W, = 0,33;
W>=0; W3 =0,0036; 19
W4 =0; W5=0,0004.
7) I1o0ynyeMo €eHepreTUUHHI CIEKTP
0,33@----
Ha IT’SITh TAPMOHIK IS psiTy (7). T
OCKi_]]];KI/I 0,00036 4 ) 004 : . .. . ? -
2 ’ 5 0 m] 2 ®3 w4 05 (a7
w, :‘60’ talW, =, =’c,n , TO
Wo=10,25; W1 =0,08; Pucynok 4 no npuknanay 20
W, =0; W5 =0,0009;
Ws=0; Ws=0,0001.
W, A
1 @
0,25 .0 oi
----- Y--e
% e " ¢ >
w5 W4 M3 W2 M1 ( ] w2 M3 w4 5 Wn

Pucynok 5 no npuxnamy 20
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Bingnosiab:
1 21 nmx 1 nm 3nm nmx
X)~—+— —(cosnmt—1)cos—+ —| sm— —sin— |[sm— |;
f()znzz[z( m-leos=) ( 2 2] J

2
n=1\1 h

f(x)~l+L i T e e,
2 n’

n=—0

Ipuxaaa 21. Po3knactu dyskmito f(x)=e * y psig Pyp’e y KOMILICKCHIH

¢opmi Ha cermenTi [0; 3] Ta moOyayBatH ii (pa30BHiIl CIEKTP.
Pos3B’da3anus

3amana ¢yukuis Ha cermeHTi [0; 3] 3agoBoabHsA€ ymoBH Teopemu Jlipixie,

9 -
2l=3,l= 5" 3HaX0aUMO KOe(]IIEHTH ¢y Ta Cp:

3 3
17 .. 1 Py I -3
c=<le'dx=—e’| =—=(e”" -D)==(1-¢€7"),
’ 3{ A
3
q 3 B _i2nnx 1 3 _(1+l~@)x 1 1 —(lﬂzﬁ)x
Cp :_Ie e 3 dx:__[e 3 dx=—— € B
3 3 27mn
0 0 1+1T ’
:_l_ 3 e—(1+l~2_gm)3_1 _ ﬂ( —3+2nni__1):
3 3+ 2min 9-+4n’n’
= S (3 == S 2R (o o 2mn + sin 2mn) 1) =
9+ 472n2 9+4n°n
>—210i » .5 3—2mnni 3
. —N="——(0-e").
9+4n’n? e 4752”2( )

Toni pag @yp’e msa x [0, 3] Ma€ BUTJISA

) =(1- 6_3)2 3-2mnni iz—;‘,”x.

—. 9+ 411:2112
OCKIUTBKH

a3

abo
_3(1-¢) 2m(l-e )
" 9+4nn®  9+4nn?

7

TO
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2mn
¢, =—argc, = arcth .

3BiaCH

¢, = arctg% =0,38; Q, = arctg43—Tc =0,45;
8n
¢y =arctg2n=283; ¢, = arctg? =0,48;

Qs = arctngn =0,49.

o A

283 .
2 1

1

M5 4 O3 O O eFre
; t ; -

‘ ‘_......_...._.Ji...._...._....,.'.'.'.'_'.'.'.'.'.'.'_'.'.'.'.'_'.'.'.'.'.'."_".".".7 2

Pucynok | no npuknany 21

9. Anpoxcumanisi pyHKIiH TPUTOHOMETPHYHHM MHOro4wieHoM ®@yp’e
9.1 Anpokcumaiisi pyHkuii MHorowieHom @yp’e

V 3anexHoCT! BiJ CBOIX BIacTUBOCTEeH (pyHKISA f{x) MOxke OyTH PO3BHHEHA Y
TOW uM 1HWMH psan, sk psaa Teinopa, psa Makiopena, y3aranbHeHuid pang @yp’e,
TPUTOHOMETPUUHUH psan DPyp’e.

Axmo ¢yskuig f{x) po3BUHEHA Yy ACAKUN psAO Ta 3a0BOJIBHIE YMOBH
PO3BMHEHHS y Ll psjl, TO cyMa Takoro psjay JOpIBHIOE 3HaueHHsM (pyHkuii f{x) y
BIIITOBIIHHUX TOYKaX.

3a aesaKuX 00CTaBHH IS XapaKTEPUCTUKH (QYHKIIT HE 000B’A3KOBO 3HAXOIUTH
CYyMY psily, B IKHH BOHA pO3BHHEHA, 2 MOKHA OOMEKHUTHUCH JIHIIIE YACTHHHOK CYMOIO
sy Sy(x), 10 MPUBOAUTH JI0 HAOIUKEHOT PIBHOCTI

J&) = Su(x),
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sIKa € TUM TOYHiIIe, yuM Oinbiine n. YactuHHa cyma S,(x) sBJjise COO0OK MHOTOUJIEH.,
3amina ¢yHKIIT f{x) HA MHOTOYIIEH S,(X) Ha3UBA€EThCs anmpoKcUMaliero QyHKIT f{x)
MHOTOWICHOM S,(x). IIpu oMy MHOTOWIEH S,(X) HA3UBAETHCS AMPOKCHMYIOUHM
MHOTOUJIEHOM.

SIkmio dyHKIisg f{x) Ha CerMeHTi [—7; 7] 3aJ0BOJILHSE€ YMOBH PO3BUHEHHS Y PSIIT
dyp’e, TO i1 AMPOKCUMYIOYUM MHOTOUJICHOM € JICSIKMM MHOTOWICH #-TO MOPSAKY

n
7)) .
Pn(x)=—+2akcoskx+[3ksmkx. (89)
2
k=1
Posrasinemo, skuMu MaroTh OyTH KOoeilIeEHTH O Ta [, 11100 anpoKCUMYI0YUid
MHOrowieH P,(x)3a JaHoro n JaBaB Hailkpaille HaOJMKeHHs 10 pyHKIIT f{x).
BrnpoBagumo BenuMuMHY O, fAKa Ha3MBAEThCA CEPEIHBOKBAAPATHUYHUM
BIIXMJICHHAM MHoOrowieHa P,(x) Bin ¢yHkiii f{x) Ha cermenTi [a; b] Ta BU3HAYAETHCS
dhopmyIoro

b
1
8= [(f()~ B () dx,
—da
a
a juist pyHkuii f{x), 1o BU3HAUYeHa HA CErMEHTI [—m; 7],
(L
1
5= [P () dx
T
—T

a0o
2

U n
Szzzlnj f(x)- 0;)+Zakcoskx+BkSka dx. (90)
T k=1

Jlust Toro, mo0 anpokcumaiiisi OyJia HaMKpaniow, MaeMoO 3’SICYBaTH 3a SIKUX
3HaueHb KOe(iieHTIB oy, 0, B, (k=1;2;..;n) dynkuis & sax dynxuis 27 + 1

3MIHHOi Ha0yBa€ HAMMEHIIIOTO 3HAYCHHSI.
Bukonaemo cniporeHHs mia 3HaKoM iHTerpana i3 popmyiu (90)

62=1j A =210 22+ 0, coskx + B, sinkx [+
21rc_7t 2 %5
n 2
+(%+Zakcoskx+ﬁksmkx] dx,
k=1

1 T ” T 1< e
6% = 2—n:[ fz(x)dx—z—fc_[t f(x)dx—;;otk _f £(x)coshxdx —
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__ZB"C If(x)smkxdx++——jdx+—2ak jcos kxdx +

-7

+2—1ni[3,% jsmzkxdx +—a02ak j.coskxdx +—aOZBk jsmkxdx+
k=1 g =1 k=1 g
+ — ZZaka Icoskxcospcdx++ ZZaka J.coskxsmjxdx+
k=1 j=1 k=1 j=1
+— ZZBkB Ismkxsmjxdx
k =1 j=1

BpaxoByrouu, 1110

T Y
4 J.f(x)dx:ao, LS If(x)coskxdx:ak ,
s o

- -n
1 T T
- j £(x)sin kdx = b, jcos2 Joxdx =0,
T

-7

T T
Ismzkxdxzo jsinloccoijdxzo, ne k# J,
- —T
T T
Icoskxcoijdxzo, ne k#j, jsinkxsin Jxrdx=10,
e a

ne k, j=12,...,n, OoTpuMaemMo

OLoao

Z(Otkak +l3kbk)+—+ Z( aj +Bi)-

52 :ﬁ j 2 (x)dx -

2 n
- ) .. o 1
ko y mpaBiif 4acTUHI JOAATH 1 BITHATH BUpPA3 (40+2 E (af +b,f )J, TO
k=1

TOI1

—jf()dx ———Z(ak+ﬁk)+ (cty —ay)* +- Z((ak a,)* + (B — b)),

[lepmi Tpu JmomaHku m[paBOi YacTHHHM HE 3alekarh Bil Koe]ilieHTiB
ay;ags b (k=12;...;n). Yci iHm 10laHKM TPaBoOi YaCTHHHU € HEBij eMHUMH. Tomy

8? mocsrac HaMMEHIIOrO 3HAYECHHS, AKIIO LI JOJAHKH OyayTh IOPIBHIOBATH HYIIIO,

TOOTO, SIKIIIO
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Qg = Ag; Oy = A300, =y,e.s0, =a,5 By =038, =b5,....B, =b,.

Tomi
=—jf (x)dx ———Z(awbk On

Y TakoMy pa3i BHXOAWTH, IO aMPOKCHUMYIOUHH MHOTouneH FP,(x) nae
Halikpame HaOmmkeHHs 10 QYHKIIT f{x), SKIIO BiH Ma€ BUTIISAT

P, (x) =a70+2ak coskx +b; sinkx ,

k=1
TOOTO sAKIIO P,(x) 30iraeThcs 3 MHOrowieHoM Pyp’e st GyHkii fx).

9.2 HepiBuictb becceas. PiBuicts [lapceBasis

3 popmyin (3.206) BUXOJIMTh, 110 OCKiILKH 8% > 0, TO

1 : 2 2
jf (x)dx— 4—2;(ak+bk)20,

a OTKe,

1 > 3

— % +b

ﬂ:J.f( zz(k -

IIpunmycTumo, o #n — 0, ToA1 MaEMO
Lf o L 2 N2, g2
= xX)dx=—a; + » (a; +b;). 92
n_j;f() 24 ;:1(" 0) (92)

HepienicTs (3.207) Ha3uBaeThcst HEpiBHICTIO beccentst.
Axmo dyHkiisa f{x) HA CErMEHTI [—TT; 7| 3a10BOJILHAE YMOBU PO3BUHEHHS Y P

Dyp’e, To 8% NOPIBHIOE HYIIIO KOJIM /1 — 00, y TAKOMY Pasi
1 n 2 n
I YAt} (93)

PiBHicTh (3.208) HazuBaeThCs piBHICTIO [TapceBas.
3a pomoMoror HepiBHOCTI beccenss MOKHA JIOBECTH Ba)KJIMBY BIIACTHUBICTh
koedimientis psga Dyp’e.

Teopema. fIkio ¢pyHkuis f{x) € KyCKOBO-HENEPEPBHOIO HA CErMEHTI [-T; 1], TO
il koepimienTn yp’e NPSIMYIOTH JI0 HYJIS, SIKIIO 7 —> 00, TOOTO



77

Im a, =0,

e 94
lim b, =0. 4
n—o0

JloBeTeHHH

Sxmo dyskiis f{x) Ha cerMeHTi [—T; 7] € KyCKOBO-HEIEPEPBHOIO, TO 1 (PYHKITis
[*(x) TakOK € KyCKOBO-HENEPEPBHOKO HA CETMEHTI [—TT; TT].

Toni 13 HepiBHOCTI beccens BUXOIUTh, 1110

[s'e} T

1 1
Y(a; +b) < [ FP 0 -,
o e 2

o0
a 1e Oo3Hayae, Mo pag Z(af +b,? ) € 30DKHHM pAgoM. 3a HEOOXIJHOK O3HAKOH
k=1

30DKHOCTI psAly MacMo
lim (a; +5;)=0,
k—o

3BIJIKHA BUXOAUTH, 0 lim @, =0 Ta lim b, =0, 3Biaku Burmusae (94).
k—0 k—o0
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I';1aBa 2
IHTEI'PAJI ®YP’€. IHTEI'PAJIBHE IIEPETBOPEHHSA ®YP’€
1 Interpan ®@yp’e B aiiicHii popmi

Hexaii ¢pynxuis f{x) 3a710BOJIbHSAE YMOBH:
1) Bu3HaYeHa B iHTepBal (—ow0; +00);

2) € abCoaOTHO IHTErPOBHOIO B iHTEpBaIl (—00; +o0), TOOTO
+0o0
j| f(x)|dx=K <o
—00
3) na Oynb-sikomy cermenti [—{; £] moxke Oyt po3BuHeHa y psajg Oyp’e, To6TO
o8]
f(x)= 6%0 + Zan cosnmx + b, sin nOx

n=1

3 koedilicHTaMu

1 ¢
4 =7 S (x)dx;

.f(x)cosn(oxdx;
—f

/
b, = % pr(x)sin noxdx

T
e wzz, W=D, v

Sarmmmemo psn Oyp’e y BUTIISAL
1 14 o0 1 £ 1 /4
f(x)= > I f(x)dx+ Z ] If(x)cosnwxdx COSnMX + 7 Jf(x)sin nwxdx [smnwx |.
—/ n=I\\"—¢ =t
JIst 3pydHOCTI 3MIHHY IHTETPYBaHHS X Y BU3HAUEHUX 1HTErpajiax MO3HAUYUMO
yepes £
1 (1 ¢ 1e .
f(x)= Y, _[ f()dt+ Z P If(r)cosnootdt COSHMX + P If(t)sm notdt [smnmx |.
—/ n=1\\ "¢ —/
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3B1CH MaEMO

f(x)= J.f(t)dr += ij(t)(cosnmrcosnmx + sin nt sin noX)dt

nl_[

a0o

f(x)=— J' F()dt+ - Z j £(t)cosna(t —x)dt . (95)

n 1_y
[Tpunyctumo, 1o £ — . Yucna m; 2m; 3o, ..., #O, ... YTBOPIOIOTh YaCTOTHUH
cnektp. [lo3naunmo ® = w; 20 = o; 30 = 3, ..., IO = Oy, ... . Y TAKOMY pasi

YAaCTOTHHM CHEKTP CKIAQJAETHCS 3 YHMCEN M1; M2; M3, ..., Op, ... . [Ipy mpomy
T
Aw, = ®,— ®,1 200 A®w, = O, — O, = nco—(n—l)(x):(a):g. ko £ — o, TO

A®, — 0. lle o3navae, mo koiu { —> o0, TO YACTOTHHUH CIEKTP 3 AUCKPETHOTO
CHEKTpa MEePEeXOaUTh y HenepepBHHﬁ CIIEKTP.

Tomi f(x)=— j f(Hydt+— Z jf(r)cosmn (t —x)dt.

nlp

o . ; T
ﬂpyrI/IH A0JaHOK IIpaBOl YaCTHHH IIOMHOKHMO Ta MOAJIMMO Ha Z .

f(x)—— j F)dt+— —Z[ j f(t)cosw, (t x)er

n=l\__y

f(x)= 2%? { f()dt + %2{ j f(t)cosw, (t — x)dt] Aw, . (96)

-/

OninuMo mepiuii ToAaHOK MPaBoi YacTHHU PIBHOCTI (96), komu € — oo.

j F(t)dt = j (0 dt

<lim - jf(z)\dr—hmz -0,

Hpyruii nonaHok mpaBoi yacTHHH (96) sBisie cO00I0 ITHTErpaibHy CyMy
BIJIHOCHO (.
OTtxe,

+00

lim i[ ff(r)coscon (t- x)dt]/_\o)n = _[ {Tf(t)cosm(t — x)dt) do
(—o = ) 0\ oo

OcCTaToOYHO MAEMO



80

Fl = j j £(t)coso(t —x)dt | do. (97)
T 0 \ -

Bupas y npasiit yactuni piBHOCTI (97) Ha3uBaeThest inmezpaiom Pyp’e nis
¢yHukuii f{x). B ycix Toukax HenepepBHOcTI (yHKUIT f{x) 3HaueHHs iHTerpana Oyp’e
30iratoTecst 31 3HaueHHAMM QyHKUii flx). Y Toukax X, 110 € TOYKAMH PO3PHUBY
MEpILOro pojy, € CIpaBeIMBOIO PIBHICTh

+oo[ +00

L I If(t)cosm(t—x)dt dmzl(f(x—0)+f(x+0)). (98)
R 2
3BakaroyM Ha MapHICTh PYHKIT cosm(f — x) dopmMymy (97) 3pydHO 3amucyBaTu
y BHTJISAII
f(x)= 2L j If(t)cosco(t —x)dt |do, (99)
T
a Gopmyny (98) y Burmsii
+00( +00
= I If(r)cosm(t —x)dt |do= l(f(x -0)+ f(x+0)). (100)
2T =] = 2

2 InTerpana @yp’e Jisi NAPHUX TA HeNAPHUX (PYHKUIH
2.1 InTerpan @yp’e st mapHUX PyHKILiA

Hexae ¢dyukiist f{x) € mapHOIO QyHKIIE0, SKa MOXKe OyTH TI0/IaHa 1HTETPAIOM

dyp’e.
3anumemo piBHICTS (97) y BUTIISAII
4o 400 +o( 400
1 1 : :
f(x)=— j If(t)coswtdt cosmxdm + — J If(t)sm otdt |smoxdon. (101)
T 0 \—o T 0 \—o

BHyTpimHii iHTErpan y JApPyromy [IOJAaHKY € IHTErpajoM BiJ HemapHOI
dbyukuii, ockibku f{f) — napua Gynkuis, a sinwf — Henapua Qynxuis. OCKUIbKH Mexi
IHTErpyBaHHs € CAMETPUYHUMH, TO TaKUH IHTErpas JOPiBHIOE HYIIIO.

TaxkuMm unHOM, 1HTerpan @yp’e 1715 napHOi PyHKIIT Mae BUTIIST

4o 400

f(x)= 1 I If(t)cosmtdr cosmxdo. (102)
T

0 \—
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OckibKH
+00 +c0
jf(t)cosmtdt =i2 Jf(r) cosmrdt
—o0 0
K 1HTerpal Bia mapHoi (YHKIIT Yy CHMETPUUYHHUX MEXKaX, TO

f(x):% f[ ff(t)cosmtdt]cosmxdm. (103)
0

o
2.2 Interpan ®@yp’e a5 HenapHuX QpyHKuUil

Hexail ¢ynkuis flx) € HenapHow QyHKLI€, sKa Moxe OyTH MojaHa
iHTerpaniom dyp’e.

bynemo Buxomutu 3 ¢gopmynu (101). BuyTpimHii iHTEerpan y mnepuomy
JTOJAHKY SIK IHTerpall 3 CHMETPHUUYHMMH MeEXaMH Bl HemapHoi (PYyHKII JIOPIBHIOE

HYJTIO.
Toni inTerpan @yp’e nasg HemapHOi QYHKIIT € TAKHM:
2 .
f)=2 j ( j f(f)sin mzd:}m oxdo. (104)
T
0\ 0

Ipukiaaau 10 nyukris 1 — 2

Ipuxknan 22. 3a1aH0 HENEPIOAUYHY (DYHKIIIIO
0, AKIIO X < —T;
f(x)=<6x+4, axkmo —nt<x <,
0, AKIIO T < X.

3uaiitu inTerpan @yp’e mas byHkuii fx) y aiicHii hopmi.

Po3B’s3aHH4
3amana (yHKIIS 33/710BOJIbLHSE YMOBHM iCHyBaHHs iHTerpasia @yp’e. Bynemo
KOPHCTYBATHChH 1OIaHHsM (97).

a0

f(x)= vl—J‘ (61 + 4)cosm(t — x)dt dw
E O\-=x

- dV =cosw(t — x)dt, Vzlsinu)(t—x) N
0)

o0
R ES T
TEO Q)]

T 6 T
——Isinco(t—x)dt do=
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| 4 . 4
:_I Jins sin (1 — x)—ﬂsma)(—n x)+£cosc0(t—x) do =
TCO 0) OJ .
17 4 4
:_I ik sin (7 — x)+£sinco(ﬂ:+x)+%cosco(n—x)—
T w o

6 : 4 o1
—— cos®(m + x) dw——j —smm(n X)+—sino(r— x)——smu)(fc+x)+
o ® )
4 . 6 6
+—sIn (1T + X) + — cos®(n — x)— — cosw(n + x) |dw=
©® ® ®
: 67 4 4
= —I —SIN TWCOSMX — — COSTMSIN WX + — SIN TEWCOSMX — — SN WX COSTM —
® 0) ®

67r ) 61 ) )
— —— 81N TTWCOSMX — — COSTIMSIN MX + — SIN TTWCOSWX +

® o ®
4 6 6 . .

+ —SiN X COSTIM + — COSTMCOSMOX + — Sin TOSIN X —
® I o’

6 6 . .
——5 COSTMCOSMX + — Sin Twsin &x |dw, e @ #0.
® ®

[Ticist criporeHHs OTpUMaeMo nojaanHs GyHkii flx) dyepes iHTerpan dyp’e y
nicHIN popmi
[s.0}
3 ) 2 . . .
S(x)=—|| ——cosmesin ®x +—sin T®COS®X + — Sin TWSIn X [dw,
® Q)
0

e w#0, x#+m.
BiagnmoBias:

2z

o 8]
3 : 2 . . S :
f(x)=—|| — —cosmmsin ®x + — SN TOCOSMX + — SN TWSIn X |[dw,
T ® ® ®

e miO, X#EIR;.

Ipuxaaa 23. OyHKi0

T
cosx, AKIIO | x [< E;

Jf(x)=

T
0, skmol|x|[> 2’

noaaTH iHTerpanom @yp’e y niicHiit hopmi.
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Po3B’sa3aHus
3anmaHa QyHKIIS 3aJ0BOJILHSE YMOBH ICHYBaHHS iHTeTpana @yp’e Ta € mapHOIO
(dyHKII€EO.
bynemo kopuctyBartuch Gopmysoro (103).

+oo| 2 +o| 2
|
f(x)=— J. Icostcosmtdt cosmx dm =— j J.(cos(l + )t +cos(l — m))tdt cosmx dm =
Talo ol
L
(1 1 2
=— J. sin(l+ o)t + ——sm(l — )t | cosmx do=
™ 1+ l-o
0

+o0
:lj( I
e 2 1

sin(1— (D)E]cosoaxdco =
1+ 2

P sin(1+ m)g — osin(1 + m)g +sin(1 —(o)g +osin(l - o)~

cosmx dm =

1
e ) l-o

1 1 (mom (mom
=— s smf ~+—o|+sm ———0 [+
nol—u) 2 2 2 2
(Tt = N
+o|sm| ———o|—sin| —+—o || |[cosox do=
[ [2 2 j (2 2 ]D

| i | ( W Tm)j ( T nm)
= I cCOS— +cos— |+ | cos— —cos— | [cosmx dw.
I8 7 1_@2 2 2 2 2

OcTaTto4Ho MaeMo:
+o0
%) 1 W
f(x)=— 5 COS——COoSmX do,
T l-o

T
oe x#+*—, @#=*1.
2

+00

BinnoBiasb: f(x)zg'[ ! cosEcosmxdc),

2
T =
0 €Y

T
Ie x#ig, OE
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Ipuxnan 24. OyHk1i0
0, akmo —oo<x<lI;

f(x)=1<x, axmo —1<x<1;
0, axkmo 1< x < —o0,

noAaTH y BUIJIAI IHTerpana ®yp’e y mificHid Gopmi.

Po3s’s3aHu4
3amana ¢yHKLiS 3aJ0BOJbHAE€ YMOBH ICHyBaHHs iHTerpama ®yp’e Ta €

HenmapHow (PyHKIIE Ha TPOMIXKKY [—1; 1].
Bbynemo kopuctyBartuch Gopmysoro (104).

it U=t dU =dt
@

+00 1 1
- t 1 )
=— || ——coswt +—|coswidt |smoxdn=
e ) o ©
+co 1 +00
2 r 1 1 . ) 2 | )
=— || ——cos®w+—snot s oxdm = — ——Cosm+—sSn® sin wxdw,
T o 0] 0} 0 e 8 0) 0)

me =0, x#1.

+0
BingmoBigs: f(x):gJ.[—lcosco+%sinoajsin(0xdco
mel o ®

me o0, x#1.

3 Interpan @yp’e y KOMILIEKCHil popmi

Hexaii ¢pynxuis f{x) nonana interpanom @yp’e (99):

f(x)=21ﬁ f[j:of(z‘)cosco(t—x)dr}m.

—o0 \ —00

CkopuctaeMoch GopMyJI010

1{ ioi- .
COS(O(I—.?C)ZE(QMQ X) 4 piolt x))_

Toni

fx)= ﬁ J { [rolee + e )dr}dw

—00 \ —00
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abo
1 o0 400 1 +00( +00
= fﬁ)(t—x) . —f(!.)(t—X)
f@= j j S0t | do+ j J' ft)e dt |do.  (105)
—o0\ —a0 —00\ —o0
Poszrnstnemo apyruii 3 iHTerpaisiB npaBoi yacTuHU piBHOCTI (3.220)
+oo [ +o0 +of +0
7= j { j 10 e*‘mwdr}m = j ( j f(r)e'm’dr}mm -
0=-z 0) z —oo( +00 ‘ .
- +oo —o0 = J. J.f(r)emdt e Fdz=
do=—-dz; —00 +o0 +oo\ —oo
+o0f +00 ) )
= f j f)e™dz |- e dz =
Z=0; = ) +o0( +00 _ '
- . T | |= j j (e ™ dt e deo.
dz =do : —o0 —o0 —o0 \ —0
[ToBepTatounch a0 piBHocTi (105), oTprMaemo:
1 +oo( 400 1 +o0( +00
e iwt —imx o ot —iox
f@= j j S dt | dwr+ j j £ dt e deo,
3B1JIKH
1 +o0( +00 _ _
Pl = j I F()e™ dt e de . (106)
21
—00\ —o0

Inrerpan y npasiil 4yacTHHI HA3UBAETLCA inmezpaiom Pyp’c y KOMIUIEKCHIH
dopmi s pysaxuii fx), a dopmyna (106) HazuBaeTbes pozsunenmusam gyukyii f(x) B
iHTerpan yp’e y KOMIUIEKCHIH (hopmi.

3AYBAXEHHS. ¥V nporeci neperBopeHb OYyJ0 IOKa3aHO, 10 JIPYTHi 1HTerpas
piBHocTi (105) MokHaA TIPUBECTHM JI0 TAKOTO K BUIJALY, SKHH Mae€ MEpIIMi 1HTerpal.
MoskHa 1 mepIuii iHTerpa MPUBECTH JI0 BUTIISAY, SKUH Ma€ IPYTUH iHTETpall.

VY Takomy pa3zi OTpUMaEMO

+co( +o0

f(x):z—ln j j F)e ™ dt | de. (107)

—GO\ —C0
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IaTerpan y mpaBiii YacTHHI TaKOK HA3MBAEThCs 1HTErpaiom @Dyp’e y
KomruiekcHi ¢opmi, a dopmyna (107) e€ possuneHHsm ¢ynkuii fx) B iHTErpam
Dyp’e y KOMIUIEKCHIN Gopmi.

IIpuxkiaagu 10 nyHKry 3

IMpukaan 25. 3anano HenepioauuHy QyHKILO
0, AKIIO X <—T
f(x)=<56x+4, akmo —n<x < T,
0, AKIIO X > T
3uaiitu iHTerpan @yp’e s GyHKIi fx) y KOMIUIEKCHIH hopmi.
Po3B’si3anus

3anana QyHKUIS 3a70BOJIbHSAE YMOBHM 1CHyBaHHsA 1HTerpana ®dyp’e. bynemo
KOPUCTYBaTHUCh nojganHsm (106)

| | | U=61+4  dU=6d
_ b iot ~don g _ . _
f@=o | [6re e dele™™do=| ) g L o
—\—T W
+00 T T
_ L[| -0t e’ + Ez' Jelmtdt e " Ydo =
21 ® O
S g
+o0 T
=L _Ml-eicmt +Mi€—imﬂ _|_62€imt o IOX g
2% - ® ® ® .
1 F( 6n+4 6m+4 6 6
== | [ 2 e T gl =g g }e_’mdco,
21 0] () ® )

—00
me =0, x#+m.
[Ticns cnponienHst orpumaemo noaaHHs QyHkiii f{x) yepes interpan Oyp’e y
KOMILIEKCHIH (hopmi

+c0
1 O, am . —diwn: b odar ey O o @ b -
S == | |- +eT)i——(e"" —e )i+ — (" —eT) | do,
2% ® ® ®
—0

mem#0, x#+m.

Bin inrerpania dyp’e y KommiekcHid ¢opmi MO)KHA MEPEHTH A0 1HTErpasa
@yp’e y niiicHii GopMi 1 HABMAKH.

[Tokaxxemo, 1110 3HalaeHuH 1HTerpan Pyp’e y KOMIUIEKCHIN (opmi Moxke OyTH TIpH-

BeJICHHIA J10 1HTerpaia Oyp’e y miiicHii Gopmi s i€l sk QyHKIT (IMB. MpUKIag 25).
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V nporieci nepetBopeHs OyaemMo KopuctyBatuch Gopmysiamu Eitnepa, a came:
e’ =cos@+ising, 2cosp=¢e"" +e ':

e " =cosp—ising, 2isinp=e"" —e?;

S(x)= 3 I (— @2icosom+ i2sino)rt+ %2isincon)e““"dm,
27[ e [6)) ® 0

ne o # 0.

s
2 T . 2 . 3 . o
f(x)z—! ——ICOSOT+ —SMO T+ — iSO T [(Coswx —isn wx)dw,
T ® ® ®

—C0

ne o # 0.

2+oo 3

T, T : .

f(JC) =— ‘[ — —I1COSMTCOS®X —— COSM TSN X + — SN D TCOSM®X —
T ()] ® ®

— —ISINOTSINOX + — SN O TCOS®X + — SN O TSN OX |dO,
® ® ©®
mewm =0, x2Lx.

3anuuieMo OCTaHHIN 1HTErpall y BUIVISLI CYMH JIBOX 1HTErpasliB

2

+co
2i T 2 . : .
f(x):—j — Z—COSMTCOSMX — —SiN () TTSIN OX + — SN O TCOSOX {d® +
T ® ® ®

—00

2

+00
2 T ) 2 3 . .
+ = || = =—cos®mMmSIn ®X + — S ®TCOSMX + — SN ® TSI WX W,
T . ) ® )

o0
mem#0, x#+m.
OT1xe, MaeMo

4+OO 3 2 3

T . . : .

f(x):.[ — ——COS®TSIN OX + —SIN @ TSI OX + — SINOTCOsOX do,
my ® ®

ne o # 0, x #+m (mopiBHsITE 3 BIMOBIIO JI0 IPUKIaay 22).
Kopucryrwounce Gopmynamu Eitepa oTpuMaHuii pe3yiabTaT MOXHA HPHUBECTH
710 BUTJISIILY:

1 F( 6n - 4 -
f)=5 | (——“(e’m gy IOy
T )] ®

+ % (ei(mE g A )]e_imxdw.

o
1 +00 6 4
BignoBiae: f(x)=— (——n(elm+e_wm)i——(elm—e_1m)i+
2m - ® ®
+ % (eI(D’J'E e—I(L}TE )]e—zwxdo),
©

fnewm £0, x++m.
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IMpukaan 26. Oyukiiro f{x) 3aaaHo rpadiyHo

» A [Monatu ¢yukuito flx) y BUIsI
iHTerpana ®yp’e y KOMIIEKCHIH Gopmi.
. C Po3B’sizaHHs
3anmumeMo aHaJiTHYHE 3aBIaHHsg
A A ~ Gynkuii f{x):
0 5y Y . 0, sxmo x<2;
f(x)=12, sxmo 2<x<4;
Pucynok 1o npuknany 26 0, axnio 4<x.

byaemo kopucrtyeatuck Gpopmyioro (106).

Sf(x)= i TUZ@””W] g Hm= % T{_ ée“‘”

—o\ 2 —0

. toe 1
1 . . »
:__j _(84103_82@ e z(m:dm,
Tt 6)]
—a0

mewnz0, x#2, x#4.

4
e—IO.)Xd(D —

2

OtpuMaHuii BHpa3 MOKHA CIIPOCTHTH:
. oo

f(x)= L j l(c:os403+ isin 40— cos2w—isin 20)e " do =
nd o

— ((cos4® — cos2wm) +i(sin 4o —sin 2w))e " do =
)

—00
. +oo 1
i . : . i
=—— | —(-2sin3msin m + 2isin wcos3w))e P dw =
nd o
—00
2i [ si 2" si
i [ sinm, . , i sin . i
== (sin3w—icos3m)e Imdco=—.|. (cos3w+isin3m)e " dw =
m o) nd o
-0 —ao

2+c|o . 2+OO i
SIN® 3¢ —i SIN® (3
:_I__eﬁwe zu)xd(D:_J'_.ez(_’, x)(ndm,
T ® ) ®
—o0 —00
meoz0, xz2, x#4.
OT1xe, MaeMoO

) 400 | ‘
fy== [ 2261000
I ()]

—00



&9
+00

BiﬂHOBiﬂB: f(x):g J. ﬂ.e;(l%—x)wdm,
T ®

—0

mewmz0, x=2, x=4.
4 IleperBopenns @yp’e y aiiicHii popmi
Hexaii ¢yHkuist f{x) 3a00BOJbHSIE YMOBH 3a SIKUX BOHAa MOxe OyTH mojaHa

iHTerpaiom dyp’e.
Bynemo Buxoautu 3 hopmynu (97) Ta 3anumieMo ii y BUIIIsII

+00( +a0 +00( +00
f(x):l J. If(t)cosa)rdt COSMX doa+l j. J.f(t)sino)tdt smox do. (108)
" 0 \—o " 0 \—o0

BreneMo no3HayeHHs /1 BHYTPILIHIX 1HTErPaliB:

A(w) = \/IE If(t)coso)tdt;

. (109)
1
B(w)=— t)sin wrdt.
(@)= f Q)
Barmmmemo GyHKINO f{x) 3 ypaxyBaHHSAM ITUX [TO3HAYCHb:

1 +90
f(x)=— f (A(®)cosox + B(m)sin ax)do . (110)

Vn 0

dopmyau (109) Ta (110) Ha3UBaIOTLCA HpsAMUM TA 0OEPHEHUM NEPEMBOPEHHAM
@yp’e y niiicHii dopMi.

®opmyna (110) mae po3BuHeHHs GYHKINT f{X) HAa TAPMOHIKH, 9aCTOTH SKHX
HEMEePEepPBHO 3MIHIOIOTHCA Bif 0 710 oo.

3aKkoH PO3MOJIIY aMIUNTYJl Ta MOYaTKOBMX (a3 y 3ajeKHOCTI Bif 4acTOTH
omucyeThes GyHKIIIME A(®) Ta B(w).

5. IleperBopenns @yp’e A5 NaPHUX Ta HeNAPHUX PYHKIIH

5.1 Kocunyc-neperBopenus @yp’e

Hexait ynkmis f(x), mo nmomgana dpopmynamu (101), € mapHOto QyHKITI€ETO.
VY takomy pasi B(w) = 0 sk iHTerpan Bij HenapHoi QyHKUIT 3 CHMETPUYHUMHU
MexaMu inTerpysanns. [lpu npomy nepersopenns @yp’e nabysae BUIIIALY
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] ® (111)

Ta HA3UBAETHCA MPSMUM Ta 00EPHEHUM KOCHHYC-TIepeTBOpeHHAM Dyp’e BIANOBIAHO.

5.2 Cunyc-neperBopenns ®yp’e

Hexait pynkuis f{x), mo nonana dpopmynamu (101) € HenapHowo dyHkuieto. Y
Takomy pa3i A(w) =0 sK iIHTErpas BiJ HEMapHOi PYHKIIT y CHMETPUUYHHX MEXkKax.
[Tpu uboMy nepersopeHHs Pyp’e HaOyBae BUTILALY

4 0 (112)

Ta Ha3UBAETHCA MIPSIMUM Ta OOEPHEHNUM CHHYC-NIEPETBOPEHHAM Dyp’€ BIIIOBIIHO.

Ipukyaau 10 NyHKTIB 4 — 5

IMpukaan 27. 3anano HenepioAUuHy (PYHKI[IO
0, AKIIO0 X < —T;
f(x)=46x+4, axmo —nt<x< T,
0, IKIO T<X.

3naiitu npsame ta odbepHeHe neperBopeHHs Dyp’e y gidicHid dopmi s i€l
(YHKIILI.

Po3B’s3aHu4

3anana GyHKIIIs 33JI0BOJIBHSIE YMOBH 1CHYBaHHsI iHTerpaia Oyp’e.

[Ipsime Ta obepHene nepetBoperHs Pyp’e Oynemo mrykat 3a popmymnamu (109).

A((o):ﬁ [ r()cosor, B(oo)zﬁ [ rsinods,

U=6t+4, dU = 6dt

4+
1
A(m)_ﬁj.(6r+4)coswl‘dt ~| dV = coswtdt; V:lsin(ot }
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T

1[6t+4 . 67 .
= sin ¢ —Ismmzdt =
V| o w02
—L 67“_45‘.1'11.(0'rc+A_6Tc—+43]'11(,011+icoso).a‘jt —Lﬁsmm’n
\/E Q) 0] »° —n \/ECO ’
new#0, x+=*mw.
1 +m U=6t+4, dU = 6dt
_ 0]
1| 6t+4 "6
= — cosmt +~Icosa)z‘dt =
N - e @7
1| 6n+4 —6n+4 6 . |°
= — cosa)n+7coso)n+—zsm(ot =
Jr 0) 0) ® n
_ 1 —lz—ncoswwr 12 smmn}
Jr 0 o’

ne=0, x+1rx.
[TincraBnsemo A(w) ta B(w) y popmyny (110), maemo

8
A(w) = sin
O
1 l
{B(w) = \/_(—choscorwasmmn);

SIN M TCOSMX+ ——

Fx)y= I (— ncoscon%——smoan)smmx}doa
= or :
new=0, x#=+m.

3AYBAXEHHA. fxmo npoBecTH AedKi COPOIIEHHS B OCTaHHINA (opmymi, TO
orpuMaemo 1iHTerpan ®Pyp’e nmus 3amaHoi ¢yHkuii y giiicHid ¢opwmi. IlopiBasiite 3
PO3B’SI3KOM HpUKIamy 25.

-

BiagnmnoBianb:

A(w) =

8 .
Sin M TG
o1

1

1
B(®w)=——=(—ncos®n+ —sin ®n);
() \/—( o )

f(x)= J_ j.(m\/_ lj_( ncosmn+ésmmn)smwx)dco

e ®#0, x#=+m.
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IMpukaan 28. 3uaiitn neperBopenHs Oyp’e y miiicHi Gopmi 11 GyHKIIT

T
0, IKII0 X<——;
a
) T T
f(x)=4sinax, axkmo ——<x<—;
a a
T
0, IKIo0 — < X.
a

PosB ’a3aHu4.

: : T T :
3ajmaHa (QyHKUISE Ha OPOMDKKY [——;—} € HemapHow (YHKLIE Ta
a a

33/I0BOJIbHSIE YMOBHM ICHYBaHHsl iHTerpaina @yp’e. Byaemo umykartu repeTBOpeHHs
dyp’e 3a (bopMyJIaMH (112).

F.(w)= \/7_.. sin atsin wtdt = (I(cos(a ®)t — cos(a + ot)) dt

s
_1\/5[5i11(a—03)t_sin(a+0))1j 1
2Vn\ a-o a+o 0
. O
=L i) sin(n—@j— : sin(rc+9) = 2“““7
2Vnla-o a) a+o a V2n(a® - %)

T
aew#xa, x#+#+—.
a

OTtxe, MaeMoO

. T
5 @sin—
Fo(@) == ——%
T (a® - o)
+00
f(x):gaj. 21 2sinEsino:umcfco,
/I 0 a~ —o a

T
aew#ta, x#t—.
a
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Bingnosiab:

. TT®
2 asm —
Fs(m):\/;(az_ofz)‘;

—+0o0

f(x):gaf 21 2sinﬂsinooxafoo,
T 0 a~ —o a

T
ae®#xa, x+#t—.
a
IIpuxaan 29. 3naiitn KocuHyc-niepeTBopeHHs Pyp’e s pyHKIIL
3, gkmo 0<x<2;
J(x)=
0, IKIO 2 <X.

Po3B’s3aHu4
Ockinbky 3aganHa QyHKINS BU3HAUYCHA HA MPOMDKKY [0; + 00), MPOIOBKUMO ITHO

(GyHKI0 y mapaui cnocid Ha mpoMiKOK (—oo; 0). OTpuMana (QpyHKIIS 3a10BOJIBHSE

YMOBH iCHYBaHHA 1HTeTpana dyp’e.
bynemo kopuctyBaTtich popmynamu (111):

mexm #40, wdd,
Tomi

B
f(x):(\/z] Ismzmcosmxdco.
T ®

0

F. (o) =3\/Esi1120);
oVr

Omxe, MaeMoO

+o0

f(x)= g I S coswxdw,
L T3
menz0, x=+2.
BinmoBign:
Fc(m):iﬁsinko,
o\
9 o0 .
flx)= d j S260 cosmxdw,
T
§ 0

Tea£0, x+2.
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6 IleperBopenns ®@yp’e y komiuiekcHii gpopmi

Hexait ¢dyHkIis f{x) 3aJ0BOJIbHAE€ YMOBH, 3a SKHX BOHa MOXe OyTH
nogaHa iHTerpaiaom dyp’e.
bynemo Buxoautu 3 popmyiu (3.221) ta 3anumeMo 11 y BUTIISAL:

1 v ot ..

F(o)=——= [ rwe ar;

< - (113)
1 —imx

f@)== :[CF((:))e do.

.

®opmynu  (113) Ha3uBarOTBCS BIAMOBIAHO ApsAMUM mMd 00epHEeHUM
nepemeopenuam Dyp’c y KOMIUIEKCHIN (opmi.

PosristHeMo neski 0co0auBOCTI iepeTBopeHHs Dyp’e:

I. Sdxwmo nopiBusTu nepuy Ta aApyry dopmynn (113), To MoxHa
MOMITUTH, O U1 (OPMYJIM MAIOTh CXO0XKY CTPYKTYPY, ajle HEBJIACHUN 1HTErpa
3 mepimioi GopMyau 30IraeThCs y 3BHYAMHOMY pO3YMIHHI, a HEBJIACHUM
1HTerpan 3 JIpyroi Gopmysu 30ITa€ThCAd Y PO3YMIHHI TOJIOBHUX 3Ha4YeHb. o
Toro 3 nepiry 3 ¢popmya (113) MoxkHa po3yMITH SIK BU3HaUeHHA PpyHKIINH F(m),
a apyra 3 dbopmyin (113) sBnse codoro noganHsa iHTerpana @yp’e B iHIIOMY
BUursAAl. 110 popmyny MOXkKHA PO3IIIAIATH SIK TBEPJKEHHS, 1110 33 OJJHUX 1 THX
caMuX 3HaueHb X (yHKIIA f{x) Ta IHTErpaJ 3 TpaBOi YaCTHHH (HOPMYIH
301raeThCs.

2. Slxmo ¢yHkiigs flx) € aOCOMIOTHO I1HTErPOBHOI (PYHKIIIEIO, TO
dbyskmisgs F(®) € oOMexeHOI0 HemepepBHOK (YHKINEI, sKa MPSMYE 10 HYJI,
KOJI |®| —> .

3. IlepetBopenns ®yp’e  F(w) € MHIAHUM OmMEpaTopoM, TOOTO s
OyIab-IKHX A1, A2

EQqfi+ 2 f2) = ME(f) + M F(f).

Ao A — ue JiHIAHMNA omepaTop, TO MJIs BUKOPUCTAHHSA I[LOTO
oreparopa BaxJIMBO 3HATH Moro BiacH1 GyHKIi1, ToOTO Taki GyHKIII @, 110 AP
= AQ.

Buiachumu dyskuisimu neperBopeHHs @yp’e € GpyHkuii

2
X

(p,I(x):co,,(x)e : )
ne®,(x) — MHOTOWIEHM cmeriaapHoro Buay n = 1; 2; 3; ... . Taki QyHKii

Ha3UBAETbCH PyrKyiamu Epmima.



95

Axmo fi(r) Ta fo(f) — BnacHi QyHKIID neperBopeHHs Dyp’e, fAKI €
IHTETPOBHUMH Y 1HTEPBaJI (—00; +00), TO CHPABEIJIMBOIO € PIBHICTh

f@=[f@fE-vd,

npu 1boMy QYyHKIIA f{x) Ha3usacmvcs 320pmKoro 1 MO3HAYAETHCA K fi * f> a00

fi o f2 dnsa neperBopennss @yp’e cripaBeyIMBOIO € PIBHICTh

F(/i* ) =FNF(f2).
Ilpukiaaau 10 NyHKTY 6

Ipukaan 30. 3HaiiT iHTErpajyibHe nepeTBOpeHHs Dyp’c y KOMIUICKCHIH
dopmi s GyHKIT
0, sxmo x<-1;
f(x)=1<1, sxmo —1<x<1;
0, sxmo 1<x.
Po3B’si3aHHA

3anmana (yHKIIIS 3aJ0BOJIBHSAE YMOBH, 3a AKUX ICHY€ iHTerpan dyp’e.

bynemo xopuctyparucek ¢popmynamu (113).
1

1
1 i 1 7. i .
F(U)):—f—'[e = g | = (e 1(0_6103).
275_1 2 ® -1 \/E ®
Tomi
l_ +OOe_[m effﬂ
JS(x)=— edo,
21‘:_DC
ne o # 0, x#+£l.
OT1xe, MaeMO
r ; B -
Flo)= (e ~e);
OV 2T
9 .t —m)_ o .
f@=o- [ e do,
27c_ ®
e o#0, x==l.
BinnoBiab:
' l. » .
F(w)= (e m—el(’));
V2T
) R
f(x):i J. uemxdco,
21
. —Go

me o =0, x==+l.
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IMpuxknax 31. 3uaiiti neperBopenHs Dyp’e y KomIuiekcHid dopmi Juist
byHKIIii
3, gkmo -0o<x<0;

el

e, gxkmo 0<x < +oo.

Po3B’sa3aHu4
3agaHa (pyHKIIIS 3a00BOJIBHSIE YMOBH ICHYBaHHs 1HTerpana @yp’e.
Bynemo xopuctysatucek Gopmynamu (113):

) 0 ) |~
1 —kt_—iot 1 —t(k+io) 1 e—r(kﬂm)‘
F=.,—|e e di=——|e dt = — : =
(w) "Zn-([ m,g 2n k+io ‘0
S 1 % 1 OO— l
V2n(k +iw) o k+io) 0 2k +iw)
Toni
+00
1 1 [wx
w)=— —e do.
/(@) 211_-[ k+io
OT1xe, MaeMo
1
F(o)=——;
() 2r(k +io)
3 +00 1 .
") ?i(JJ.’CdG),
/(%) 2n_wk+ia)
e x#0.
BignoBiab:
1
Flo)=————;
(©) V21 (k +im)
1 +o0 1 .
xX)=— emdoo,
(%) 271:_mk+i(0

e x#0.

7 CnekrpaJjibHi XapaKTepUCTUKH iHTerpaja ®yp’e

VY eneKkTpoTeXHIYHUX Kypcax npsime Ta odepHene reperBopenns Oyp’e 10cuthb
4aCcTO PO3IJAAAI0Th Y TAKOMY BHUTJIA/L:



2

S(®) =ﬁ j (e ™ dt;
= (114)

1 e iox
f@)=—= L S(®)e™ do.

@OyHkis S(®) Ha3UBAETLCA chekmpanvHol yHkyicto inmeepana Pyp’e ado
CReKMpPAIbHOIO WIIbHICMIO.

Monyne cnektpanbHOi (GyHKIIT |[S(®)| Ha3WBae€TbCS AMILTITYIHO-4YaCTOTHUM
cnekTpoM iHTerpana ®yp’e (puc. 15).

o

S()]]

Y

Pucynok 15

Ksagpar momyns cnekrpansHoi QyHkuii [S(m)]* HasuBaeThes cnexmpanvHoo
wiinbHicmio enepeii ado cnekmpom enepeii.

HopwmarnizoBanotw eHeprieto £ iHTerpana @yp’e Ha3UBAETbCS MaKa eHepeis,
AKA GU3HAYAIOMbCS eHePeicio, 10 POo3Ciioembcs cmpymom flx), AKUA TpOTIKae yepes
omip B 1 Om.

HopmanizoBana enepris £ 3HaxoauThes 3a GopMyIioro:

E= j 2 (x)dx = j S(w) do. (115)

Oyukiist P(w) HazuBaeThesl (azoBUM CIIeKTpoM iHTerpaia dyp’e (puc. 16).

da30BUH CIIEKTP BU3HAYAETHCS (DOPMYIIOIO
O(w) =—arg S(w)
abo

ne U(w)=ReS(w), V(w)=ImS(w).
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Do) ]

Y

Pucynok 16

I'padiku amrritymHoro cmektpa |S(w)| Ta dazoBoro cmekrtpa DP(w) mms

inTerpana @yp’e sBISIIOTH co00K0 OOBIJIHI JIO BIJMOBIHUX CIEKTPAIBLHUX
XapaKTepUCTHK psany Dyp’e.

CnekTpanbHl XapaKTepUCTHKH i1HTerpana dyp’e BIIIrparOTh 3HAYHY POJb Y
TEOpIi CUTHAJIB.

Pann ®yp’e Ta iXHI CHEKTpaldbHI XapaKTEPUCTUKHU SABISIOTH COOOIO
MaTEeMaTHYHY MOJICTb IETCPMIHOBAHUX MEPIOAMYHUX CUTHAIB.

Iarerpan ®Pyp’e Ta HOrO CHEKTpalmbHI XapaKTEPUCTHKH SBIAIOTH CO00I0
MaTEeMaTU4YHY MOJEIIb JAETEPMIHOBAHUX HENEPIOJAUYHUX CUTHAIIIB.

Jocuth 4acTto uacoBe mnomaHHs f{f) curHasa OyBae CKIaJHUM, a HOro
criekTpanbHa QyHKIisS S(®) Moke OyTH 3HAYHO MPOCTIIMIOHO.

Jlo Toro  , CHeKTpajbHE TMOJAHHS CHUTHANIB J1a€ MOMKIUBICTH MPOBOJUTH
aHaJli3 TPOXOJKEHHS CHUTHAIB uepe3 IIMPOKUM KIac eJIEKTPOTEXHIUHHX,

pPamiOTEXHIYHHUX KiJl Ta CUCTEM.
IIpukjaaau 10 nyHkry 7

Ipuxkaan 32. 3HaiiTi ciekTpanbHy QyHKIIIO iHTerpana @yp’e ais GyHKIii
0, axkmo x<-—1;
f(x)=1x, axkmo —1<x<1;
0, sxkno 1< x.

Po3B’da3aHHA
3ayaHa (pyHKLIS 330BOJIBHSIE YMOBH 1ICHYBaHHs iHTerpaina dyp’e.

Kopucryemocs ¢popmyiioro

S(o) = ﬁ [roear:
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+1 I =i dU dt
S te” " dt = =
(0‘)) J_“.e dV eﬂmtdt V_* —imt
®
1
it _iot iJ‘ —iot 1 I LA
—e —— e dt |l=—=| —e T +—eT+——e¢ =
| o RO x/21r{c0 ® im> _1]

f
_ 1 i(e—im+eim)+i(e—iw_eim
\szE @ (02 .
OTtxe,

i . ;
_2(e I(D_em))],

®

S(w Rt Ly W
(w) = y—{ ( )
ae m# 0, x#=l.

) ) 1 I _; ; i i ;
BianoBiap: S(®=—|—(e ™ +e)+— (=€) |,
5 \/ﬂ[a)( ) wz( )
ne®=0, x==+l.

Ipuxkaan 33. 3HalTH CHEKTpalbHY UIUIbHICTD y
NPSAMOKYTHOTO  HEMEpIOJUYHOTO  BiICOIMITYJIbCA, e
3aJ1aHOTO TpadivyHO

Po3B’da3anus

%
S(w) = —— j Ae 'y, N
vam %, A -
2 _E E
S(w)=— i —iwi (e _eim-j): Pucynox no npuknany 33
V2 ® 27Tm

|
A

Ai [ T .. ®OT Ot . . (1)1,‘) 24i . o7
= COS— —[SIN— — COS— —(SIn— | = sin —
27Tm 2 2 2 2 2T 2

T
me o #0, x;tJ_rE.

. OT

BignoBige: S(w)= sm—

\/_03

T
nein,x#iE.
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